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Meccanica. — Whittaker s equations of non-holonomic mechanical 
system s(#). Nota di D j o r d j e  S. D j u k i c  presentata ^  dal Socio 
B. F i n z i .

R iassunto. —■ Il suddetto estratto rappresenta la diminuzione delle equazioni diffe
renziali del moto del sistema meccanico anolonomo per mezzo dell’energia integrale. Le equa
zioni differenziali del moto sono in effetti le equazioni Hamel-Boltzmann date nelle quasi- 
coordinate. Le Whittaker equazioni esequite sono applicate su un problema semplice della 
meccanica anolonoma.

i. In t r o d u c t io n

W hittaker (see [i] or [2], p. 64) has shown th a t the energy integral can 
be used for the reduction of a given holonomie conservative dynam ical system 
with n degrees of freedom to another dynam ical system  with only (n —  1) 
degrees of freedom. In these equations, the so-called W hittaker equations, a 
generalized coordinate plays the role of tim e as the independent variable. 
The solution of the equations yields the trajectories of the motion.

The aim  of this article is to extend W hittaker’s idea to non-holonomic 
m echanical system s which possesses an energy integral.

Let us consider a non-holonom ic dynam ical system. In this system  the 
num ber of independent coordinates (ç± , • • •, qn) required in order to specify 
the configuration of the system  at any  tim e is greater than  the num ber of 
degrees of freedom ( n — /) of the system, owing to the fact th a t the system  
is subject to /  constraints, which are expressed by the num ber of I  non- 
integrable kinem atical relations of the form

( 0  L  ask q k ~  o ( s =  I , •••>/)>
k = ì

where ask are given functions of the generalized coordinates Gfi , • • Çn).
For such m echanical systems the governing equations of m otion expressed 

in term s of quasi-coordinates, the so-called H am el-Boltzm ann equations 
(see for exam ple [5], p. 370), are

(2)
d 
d t

9L
9cùs 2  2  r ur=l 1 = 1+1

dL 
9còy co. 9L

9ns =  p ; (s — I  -\~ -, n).

(*) Department of Mechanics, Mechanical Engineering Faculty, University of Novi 
Sad, 21000 Novi Sad, Yugoslavia.

(**) Nella seduta del 12 gennaio 1974.
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Here: L  =  T  — II-L ag ran g e’s function; T-kinetic energy; Il-p o ten tia l energy; 
P ,-n o n -conservati ve forces; Tq-quasi-coordinates.

The quasi-velocities <ùs(s =  i , • • •, n) are linear com binations of the 
velocities, and they  are selected in such a way th a t the first /  of them  are equal 
to zero as follows from  (i).

(3)
din.,

2  a sk Ç k — °  i (s =  I , • • •,/),

(4 ) °>e , — a ek $k (e — /  +  I , • • •, n),
k= l

where the aek (e =  /  +  1 , • • •, n ; k  — 1 , • • •, n) are given functions of 
£i »* * - , 9n - Solving (3-4) with respect to the q k we have the equations

n
(5) Çs =  S  bsk <*k (s =  I , • • • , » )  ,*=•/+1

where the bsk are functions of q1 , • • - ,q n .
These n  equations together w ith the n —  /  equations (2) forms the 

system  of i n —  /  equations of the first order whose solution furnishes n  
quantities gs and n  — /  unknown quasi-velocities <ùe .

The so-called objects of anholonom ity y sfm have the structure

(6)

and

2 1 ;
k = l r— 1

dask
dÇr

daSi
k K, b.rt ^km y

( 7 )  I , • • • , * ) .

I f  L agrange’s function does not explicitly depend on time, i.e. d L /d t =  o, 
and if the non-conservative forces are equal to zero (P* =  o) this m echanical 
system  possesses an energy integral in the form (see for exam ple [3], p. 200)

n

(8) 2  w,  L  =  h =  const.
s~/+l 3<ù-'

2 . W h i t t a k e r ’s e q u a tio n s  f o r  a  non-ho lonom ic  m ech an ica l system

A t this point we generalize W hittaker’s ideas [1] to non-holonom ic con
servative m echanical systems.

L et us suppose th a t the quasi-coordinate plays the role of tim e as the 
independent variable. T han  we have the following relation

(9) 0  =  I i ) ,

where =  dizpjdTzn .

<*>p — <*>* Tip'
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If  we replace in the Lagrange function L  the quasi-velocities com by (9) 
we have the function Q, i.e.

(10) L (Tti , • • •, 7T„ , COn " •. <■>*):=  Q (71b " * 5 'L :1 , TU-[ , • 7U/2_i).

Then differentiating this expression one obtains

( i o
3L 
3co n

sa
3(0̂2

n — 1
- 2̂ =1

(0̂
(02n

30
3tu ’P

3L I 30
(^  =  1 » * * *, »(12) 3co p _  (O/2 3tu‘P

- O

(13)
9L

37uw
3(0

j (m  =  I , • • -, n).

Com bining (11) and (12) we have

(14)
90 

3(0 ̂
__ dL 

9(0/2

«—1
+  2 - 

/= i
3L

3(0̂
iùP
(0/2

Using this equation the equation of energy (8) m ay be w ritten in the form
3

(*5) f f f  ^  (f-m ! > ~P) “- (f-m > > WJ =   ̂ j
{ m =  I , • • • ,n  ; p =  i ,• • •, n — i) 

where (15) furnishes as a function of the quantities 7^, • • •, tz„ , rix, ■ ■ - ,K _ i

( 16) “ * =  '“ * ( % , • • • ,  , rri , • • ■, n'„_i , h) .

Substitu ting for in the function 3Q/3oo„, we obtain the function L '
! 90(17) V (nx , • • •, tt« ; 7T]' , • • •, n'n_ x) =  —  (tc-l , n„ ; <i>n ; k'i

which will be called W hittaker’s function.
D ifferentiating the equation of energy with respect to tz„ and 7^ 

{ m =  I , - ■ ■ , n  -, p  — I , • • •, n —  i), and recalling th a t depends on Tzm : 
and 7iß by (16), one obtains

(18)

( o )

30 _ /  32 O ÿto 3(o„\
3k 'p “ * [ 3on 9n'~ +  >

30  __ / 32 0  d2Q 3oì„ \
3nm \ 3(o„ 3tv„ ' 3co2 zKm j >

while from  (17) we have

(20) 3L'
3tt ffi

dz O
3(ô j

dv  _  92o
3tu' 3<o 37t' 'P n P

( m =  I , . . ., n ; p  =  i —  i) ,

32 O 9(0/2 
3(o2 3tt̂  *

32 O 3cô
3(02 37t' ’n P

( j n  =  I , •  • - ,  77 - ,p  =  ! n  —  ! ) .

(21 )
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Com paring equations (19) and (20), we have

(22) 3Q 3L'
-------  =  C0;. — —  ,0"Km OTZm

and com paring equations (18) and (21), we have

(23)
an

C0«
du

Com bining these results with equations (12) and (13), one obtains

(24)
3L

diùp
dV
^ p

3L
=  CO

dV 
n dnm ( p = h I ; m =  I, • * ? n).

Substituting these equations into the H am el-B oltzm ann equations of 
m otion (2) (P * = .o )  and relations (5), and taking into account (9) and tha t 
d /d t  — co„ d/d7u„ , we obtain the system

(25)
d 3L' , 9L' , 3L'

VjV KD  r  2mà 2-À  T tp  OJT' 7Zt >
QTUW r — 1 t = l-Y 1 d r

(26)

where

~  =  2  bsP TZf +  bsn ,
Q.7Zn p — l-\-\

(P — I +  I , • • •, n — 1), 

0  =  I , • • • , » ) ,

(2 7 )
n — 1 

2 ,  3 L
nP 3<

( m =  I , • • •, n ; r  =  /  +  1 , • • •, n — 1 ).

Here, U n denotes the function 9L /3co„ where cox , • • •, co„ are replaced by 
ni ,. . ., 7T̂ _i using (9) and (16), i.e.

(28) n „  (71, , • • •, n„ ; Tri , • • • , 7T«-l) =  (% , • • • , 7t„ ; «1 , • • • , W J .

Now these equations (25) m ay be regarded as the equations of motion 
of a new non-holonomic mechanical system where L ' is L agrange’s function, 
7zn plays the role of tim e as the independent variable and the Q* are “ non
conservative forces Thus the energy integral (8) enables us to reduce a 
given non-holonomic m echanical system with ( n — /) degrees of freedom to 
another non-holonomic mechanical system with (n — 1 —  /) degrees of free
dom. W hen the m echanical system is holonomie and the quasi-coordinates 
are true coordinates and the equations (25) reduce to the known W hittaker 
equations (see [2], p. 66). Hence, the equations (25) m ay be called W hitta
k er’s form of the H am el-Boltzam ann equations for non-holonomic conserva
tive m echanical systems. As a rule when one uses the H am el-Boltzm ann 
equations (see for exam ple [5], p. 371), one m ay omit in the function L ' 
the nonlinear term s with respect to n [ , • • •, n'z. Also, the condition th a t 
ttj = = . . .  =  tcJ =  o can be used only after calculating the term s dlJjdn’r .
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Here we have (2 n —  / — 1) equations (equations (25-26)) of the first 
order w ith respect to the , • • •, qn ; tt;+1 , • • •, izn_x whose solution yields 
these (2 n —  / —  1) quantities as function of nn

(29) ~  Kp (nn , h , c± , • • •, c2n~ i-i) , (ft =  I  -f- I j • • • f n —  1),

(3°) 9 s — 9 s (nn > ^ > Cl J * * • > C2n-l-l) , (s =  I , • • • , n),

where h , cL , • • - , c2n- i - 1 are constants of integration. W hen (29-30) are 
substituted in equation (16) and after integration one obtains a functional 
dependence between nn and the tim e

(31)
dnn

co (tu , h  , o. . . .  c0 7 Pn ' n ’ ’ 1, • , 2w —/—I/ 2̂ n-l ;

where is an integration constant. Hence, we have the complete solution
of the equation of motion.

Com bining (14), (17) and (9) we have W hittaker’s function in the form

(32) r , v 1 3L ,
L = k ^ nr

9L
dCùn

where on the right hand side m ust be elim inated using (9) and (16).

3. E xam ple

Let us illustrate the application of the present theory  to a simple non- 
holonomic problem  (see [4], p. 20). Two m aterial particles Mi and M2 of unit 
mass (m =  1) are joined by a rod of constant length b and negligible mass. 
The system  can be moved only in the vertical plane and only in such a way 
th a t the velocity of the ro d ’s centre is directed along the rod.

L et be the independent coordinates qx ,q %, qs (n =  3), where q1 and q2 
are the C artesian coordinates of the ro d ’s centre (the axis Oq2 is vertical) and 
qz is the angle between the rod and the Oqx axis.

Now, the L agrangian function is

(33) L  =  q \ +  q \  +  #1 — 2 gqz

and the axial velocity of the ro d ’s centre yields the non-holonomic constraint

(34) ■— #7 sin qz +  q 2 cos q3 =  o , (/ =  1),

where g  is the grav ita tional constant.
Let us introduce the quasi-velocities

“ i =  *1 =  —  #! sin qz +  #2 cos qz ,

“ 2 =  *2 =  — qx cos qz — q2 sin qz ,

“ 3 =  *3 =  #3 •

(35)
(36)

(37)
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Com paring (35) w ith (34) it is obvious tha t cox =  o. From  (37) we have that 
tc3 — q U sing (35-37) L agrange’s function transform s into

(38) L  =  (o| +  --C ù| —  2gq2 +  --- .

Com bining (38), (9) and (8) (s =  2 ; n =  3) we have the energy integral in 
the form

(39) “ 1 (— +  ^2 ) = h  —  2 gq2 ,

whose solution is,

(40)
h — 2 gq2

Now, from (32), (38), (9) and (40) one obtains W hittaker’s function 

(41) L ' =  2 J (h —  2 gq2) +  f i 2) •

In  this exam ple the objects of anholonom ity takes the values

(42) y}2 =  YÌ3 =  Y?2 =  Yls =  0 ; Ï 23 =  1 >’ ï f 3 =  —  1

t ^ = °  ; U  =  — r f i  >' y Ü t = ° ;  ( v , ( x , t =  1 , 2 , 3).

Substitu ting (41-42) into (25) (̂ > =  2) and using (7), (5) and (35-37) we obtain 
W h ittak er’s equation of m otion (here is n — 1 — 1 =  1)

(43) (h —  g s i n q 3( ^  +  7Z22]j =  o .

This equation m ust be solved together with the following equations

(44) d L  =  _  COS q3 7T2 ,

(45) -^■ =  — sin ^ 3 ^ ,

(46)
3 __

dTu3 1

which are obtained by solving (3 5.—3 7) with respect to , q2 and ÿ 3 and 
using (9) (fi =  2 ; n =  3) and the fact tha t =  o.

The solutions to equations (43-46) are

(47)
, ■ 2 1 7I2 =  ---^ 1  COS TC3 j C2 ,

(48)
2 2

qx =  c2 Sln ^3 +  2 ' sin  2 7t3 +  c3 ,

(49)
sA. 9 A , h b2q„ —  C n  COS 7To -----  COS“5 7To . +  „

■ 3  2 3 2^ 4  %gc\

(50) CO£II

w here k  , c1 ,, c2 and c3 are constants o f  in tegration .



D jordje S. D jukic, Whittaker's equations of non—holonomie, ecc. 61

S ubstitu ting (47-50) into (40) and after integration (co3 — d7r3/d/) we 
have the quasi-coordinate n 3 as a function of the time

(51) ^3 =  “  +  ^4 .L1

where c4 is a constant of integration. Hence, we have the complete solution 
of the problem . This solution (equations (48-51)) is same as those obtained 
in [4], p. 53 by application of A ppell’s equations of motion for non-holo- 
nomic m echanical systems.
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