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A nalisi m atem atica . — Again on the strong solutions of the 
Navier-Stokes equations in three dimensional space (*\ N ota di G i o ­
v a n n i  P r o u s e , presenta ta (**} dal Corrisp. L. A m e r i o .

RIASSUNTO. —- Nella N ota II dal titolo On the strong solutions o f  the N avier-Stokes 
equations in  three dim ensional space la dim ostrazione del Teorem a 1 risulta incom pleta in un 
punto. Si dà qui una dim ostrazione leggermente modificata e semplificata di tale Teorem a.

In  Note II of the work “ On the strong solutions of the Navier-Stokes 
equations in three dim ensional space ” the proof of Theorem  1 stated in Note I 
is incom plete at one point. In w hat follows we shall give a slightly modified 
and simplified proof of this Theorem , utilizing the same notations introduced 
in Note I. Setting

(1) M =  m ax I z  (x) \ ,
x e Q

let us denote by v (x  , /) the solution a.e. in Q of the Navier-Stokes inequalities

relative to K M (with f  — o) satisfying the initial and boundary conditions
(1.2), (1.7) of Note I; by  the theorem  proved in § 2 of Note I, such a solution
exists and is unique.

We begin by proving the existence theorem; we shall show, for this, 
—>■

that v ( x ,, /) is also a solution a.e. in  Q o f the homogeneous Navier-Stokes 
equations satisfying  (1.2), (1,3).

By the assum ptions made, v is such that

(2) e L2 (o , T; N 1) , ^ ( ^ ^ ( o J i N 1) , Aw(*) e L2 (o , T  ; N°)

- v ( t ) e  K m in [o , T] 

and, V T(t) 6 L 2 (o , T  ; N km) ,

(3) I ----- pAz; +  (y X grad) v j X ( v — / )  dQ <  o.
Q

Denote now by Q ' the set C Q  in which \ v\ =  M and by Q n the set Q — Q';

bearing in m ind w hat was proved in § 1, Note I, the function v (x  , t) is a 
solution of the N avier-Stokes equations a.e. in Q " } i.e.

(4) J  ----- f̂ Az; +  (y Xgrad) v j x h  dQ" =  o

(*) Istitu to  M atem atico del Politecnico di Milano. Lavoro eseguito nell’am bito del Gruppo 
Nazionale per l’Analisi Funzionale e le sue Applicazioni del C .N .R ,

(**) Nella seduta del 15 dicembre 1973.
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Wh restriction to Q " of a function e L 2(Q , T  ; N°). Setting-, as is obviously 

possible, h =  v -— /  and subtracting (4) from (3), we obtain

(s) I  ----   p-Az; +  (v X grad) v j X (v — /) dQ' <  o

V/ restriction to Q' of a function 6 L 2 (o , T  ; N k m) .

Observe that, by the definitions given, , — — e L2 (Q) and that, since
*  dxj

—7*
j v I takes its m axim um  value on Q )

3 02
(6) -  j  Av  X v dQ' = 

Q'

d*v.
h  -rir vs d Q =j  ,k=l dxk

3
2j ,*=1

3 /  3Vj dv.
dx, \  dx, J /  \ dx,k \  k 1 \ k

\2
dQ' =

Q'

dv
~W X V  y i~U> |2 d Q ' = o

Q'

d Q ' = - /
Q'

r r
j (v X grad) v X v dQ' =  j  (rot v) À v X v dQ'

Q' Q'

+  \  j  grad  I v \2X v  dQ ' =  o .
Q'

Hence, substituting (6) into (5), we obtain

(7) j ( ~ ^  — p.Az/ +  (v X grad) v) X /  dQ '
Q'

>  o .

Since we can change I in — /, from (7) it follows that

(8) j  ----- - pAv +  (v Xgrad) v) X /  dQ' =  o
Q'

V/ restriction to Q' of a function e L 2 (o , T  ; N km). It is then obvious 

th a t (8) will hold V / restriction to Q' of a function 6 L 2 (o , T  ; N°).



12 Lincei -  Rend. Se. fis. m at. e nat. -  Vol. LVI -  gennaio 1974

A dding (4) and (8) we can conclude th a t v (x , t) is a solution a.e. in Q of 
the Navier-Stokes equations. The existence of a solution a.e. in Q satisfying 
conditions (1.2), (1.3) of Note I is therefore proved. The uniqueness of such 
a solution is, on the other hand, well known (see Prodi [6]; refer to the 
bibliography at the end of Note I).

L et us now prove the m axim um  principle expressed by Theorem  2 stated 
in Note I.

This follows directly  from  the proof of the preceding theorem . We have, 
in fact, shown th a t the solution in Q of the homogeneous Navier-Stokes equa­
tions belongs to K M, i.e. th a t

I v {x , t) I <  M a.e. in Q,

where

M =  m ax I z (x) | .
x  e Q

The m axim um  principle is therefore proved.


