ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

GIOVANNI PROUSE

Again on the strong solutions of the Navier-Stokes
equations in three dimensional space

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 56 (1974), n.1, p. 10-12.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1974_8_56_1_10_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1974_8_56_1_10_0
http://www.bdim.eu/

IO Lincei — Rend. Sc. fis. mat. e nat. — Vol. LVI — gennaio 1974

Analisi matematica. — Again on the strong solutions of the
Navier-Stokes equations in three dimensional space ™. Nota di Gio-
VANNI Prousk, presentata @ dal Corrisp. L. AMERIO.

RIASSUNTO. — Nella Nota II dal titolo On the strong solutions of the Nawvier—Stokes
equations in three dimensional space la dimostrazione del Teorema 1 risulta incompleta in un
punto. Si da qui una dimostrazione leggermente modificata e semplificata di tale Teorema.

In Note II of the work ‘“On the strong solutions of the Navier-Stokes
equations in three dimensional space” the proof of Theorem 1 stated in Note I
is incomplete at one point. In what follows we shall give a slightly modified
and simplified proof of this Theorem, utilizing the same notations introduced
in Note I. Setting

(1) M = max |z ()],

xeQ

—
let us denote by v (x, #) the solution a.e. in Q of the Navier-Stokes inequalities

relative to Ky (with j?z 0) satisfying the initial and boundary conditions
(1.2), (1.7) of Note I; by the theorem proved in § 2 of Note I, such a solution
exists and is unique.

We begin by proving the existence theorem; we shall show, for this,

-
that v (x,¢) is also a solution a.c. in Q of the homogeneous Navier-Stokes
equations satisfying (1.2), (1,3).

By the assumptions made, 2 is such that
2  o@®el20,T;NY | o (Hel(o, T;NY) , Av(el?(,T;N%
o €EKy in [o,T]
and, Y/(2)el?*0,T;N%,),

(3) / (—%,v— — UAZ - (Zx grad)Z) X (;—7) dQ < o.
Q .

Denote now by Q" the set CQ in which IZI =M and by Q" the set Q—Q;

—
bearing in mind what was proved in § 1, Note I, the function v (x, %) is a
solution of the Navier-Stokes equations a.e. in Q" i.e.

) 3: - w—dp — - "
(4) (V—MAU -+ (v xgrad) v)x}z dQ"=o
Q-
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-
V/ restriction to Q"' of a function €L.2(Q, T ; N%. Setting, as is obviously

possible, % —=v—17 and subtracting (4) from (3), we obtain

~

(5) | (57 — 8o -+ @xgrad) o) x (0 —2) dQ' <o
Qr

—
V/ restriction to Q' of a function €L?(o, T ; Nk,).

- —
2
Observe that, by the definitions given, 57, %GLZ (Q) and that, since
e . . 7 !
|v| takes its maximum value on Q,
[ , 3,‘ azyj ,

©) ——/AZJdeQ=~ ‘ V4, dQ =

& g

~

f (oxgrad) vxo dQ' = [ (rot o) A wxwdQ' +
& Q

Q/
I ' e 2 g !
—{—Z/gradlvl XvdQ'=o.
d/
Hence, substituting (6) into (5), we obtain

) / (%—Z——}LA‘U—}— (vx grad) o) x /dQ' >o.
Q/I‘
Since we can change?> in -——Z from (7) it follows that
®) j (5 — uAw & (oxgrad) ) 7dQ = o
&
V7 restriction to Q' of a function €L? (o, T; N%M). It is then obvious

that (8) will hold V/ restriction to Q' of a function €L?(0, T ; N%.
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Adding (4) and (8) we can conclude that Z(x , %) is a solution a.e. in Q of
the Navier-Stokes equations. The existence of a solution a.e. in Q satisfying
conditions (1.2), (1.3) of Note I is therefore proved. The uniqueness of such
a solution is, on the other hand, well known (see Prodi [6]; refer to the
bibliography at the end of Note I).

Let us now prove the maximum principle expressed by Theorem 2 stated
in Note I.

This follows directly from the proof of the preceding theorem. We have,
in fact, shown that the solution in Q) of the homogeneous Navier-Stokes equa-
tions belongs to Ky, i.e. that

lo(x, /] <M . ae. in Q,
where

.
M=max|z(x)]|.
xeQ

The maximum principle is therefore proved.



