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Geometria differenziale. — General decomposition of Berwald's 
curvature tensor fields in recurrent Finster space. Nota di H. D .  P a n d e  

e T .A . K h a n ,  presentata dal Socio l ì .  B o m p i a n i .

R iassunto . — Estensione di alcuni risultati di T akano [3] al caso di spazi di Finsler 
ricorrenti in relazione ai tensori di curvatura secondo Berwald.

i .  I n t r o d u c t io n

Let us consider an ^-dim ensional Finsler space Fn w ith a positively 
homogeneous function F (x , x) of degree one in &  w ith a local coordinate

system x \  The m etric tensor g iy ( x , x) ~  ~~ âf- dy F2 (x , £) is sym m etric in its

lower indices i  and j  and is positively homogeneous function of degree zero 
in x k. Let T ) ( x ,x )  be any tensor whose co variant derivative in the sense 
of Berwald [2] is given by

( i .I ) '-pz __
l J{k) —

dV;.
Sxk

ST)
~s¥

SGL
~sF Ik ■ -t ; gxjk .

The curvature tensor fields given by Berwald are

9a G‘ S2 Gi , SGY 3Gy(1.2)

and

( ï-3)

where

H}t =
dxk Sxj

I p  i sgy    p  i
SxJ S F  ky dxJ yj Sxk ’

Tji dGh  9G:
Jkh ~  SXh dx*

jh i C 'X f ' i  C'Y r ' i  i f ' i  SGY ^  i SGY+  Gjk G \h   G jh Gyk +  Gy jh — GlYjk - djch

r  i kh
Jjkh

SxJ

The curvature tensor fields H j , and H)kh hold the following identities: [2]

(*•4) —  H l(y) +  H)k(h)Xh =  o ,

(*•5) ^jk(h) +  H \h{j) +  H \j(k) — o ,

(1.6) H jkh (i) +  H )hi{k) +  YŸjikQi) +  HL Gy ji +  Ujk G\Jh +  H j/G ^ . =  o,

( r -7) Hjkh +  HLy +  Hj\jk =  o ,

(*) Nella seduta del 15 dicem bre 1973.
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and

( 1 • 8) { H)kh (/) +  H)ik {h) +  H)M } x l — H I  Gyjk —  H J Gyjh .

We have 

(i*9)

together with

H ,y ’ H  h
i j h  = 9H/

dx* *

H,. =  Hh
ih •

The com m utative formulae for the Berw ald’s curvature tensor fields are 
as follows:

( i . io) f(A) (k) —  (h\ —« «
3T Tii-jïr^-hk,

(I .h ) 

(I .I2 )

and

dV-
V  «  w -  t;- w H L +  T} —  t ;  h j «  ,

=  O,

( t-O )
/ (h ) \ S x k

r-plt  y 'T'Y /~'2J-y kh .

A Finsler space is said to be B erw ald’s recurrent Finsler space if its 
B erw ald’s curvature tensor field satisfies the condition, [i]

(*•*4)

where V t are the com ponents of a recurrent vector field.
The following relations can be shown easily in view of (1.14)

(*•15) y  HÙW =  V/ HÌ*>
and

(i- i6 )  UJHl) =  V l ì ìJk.

2. D ecom position o f B erw a ld ’s cu rvatu re  te n so r  f ie ld  Hj iA.

D efinition (2.1). We consider the decomposition of the Berwald’s 
curvature tensor field in the following form

(2-0 HJ** = x ;9„
where <piÂ ( x , £) and Xy ( x , £) are two tensor fields such that

(2.2) x ; v ; =  / y .

pj  is a non-zero vector field and is called a decompose vector field.
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We prove the following theorems:

THEOREM 2.1. In  view of the decomposition (2.1), i f  the recurrence vector 
fie ld  Y  m is independent of x \  the identities fo r  H take the form s

(2 -3) Pj 9kh +  Pk 9hj +  Ph 9jk — 0 >
and

(2.4) Vy 9m +  V , <p*y +  Y h <?jt  =  0

Proof. Because of relation (2.1), the equation (1.7) takes the form

(2.5) X} <?kh +  XI <vhj. +  X \ %-k =  o .

M ultiplying Vt* in (2.5) and using (2.2) we obtain (2.3).
D ifferentiating (1.15) with respect to x l and applying the com m utative 

form ula (1.13) we have

(2.6) HL G\ji — h ; ,  G h  — H iY Glji =  0 .

M aking a cyclic interchange in the indices k , h and I in (2.6) and adding 
the expressions thus obtained we have,

(2.7) H L g L  +  H L G \ jk +  H J ,G V  =  O .

In  view of the relations (1:6), (1.14), (2.1) and (2.7) we get

(2.8) X} (V, cpM +  V , 9 ^  +  VA 9«) =  o .

M ultiplying V,* in (2.8) and using (2.2), we get the result (2.4).

COROLLARY 2.1. I f  the recurrence vector fie ld  Y m is independent of x \  
then the recurrent and decompose vector fields are identically equal in view 
of (2.1).

Proof. It is obvious from  the equations (2.3) and (2.4).

T h e o r e m  (2.2). Under the decomposition (2.1), i f  Y m is independent of 
the direction, the tensor fields H fik , H}^ and <$kh satisfy the relation

(2.9) v ,  H L  =  v ,  Hyi -  V, Hjh =  Pj V»

Proof. M ultiplying (2.1) by a recurrent vector field V,- and using the 
relation (2.2) we have,

(2-io) V,. H’ju  =  pj <?ih.

From  the equation (2.3) and in view of the fact 9^ — —  9^ we obtain

( 2 • 1 1;) Pj <p ih =  Pk ?ja — Ph %k ■
C ontracting the equation (2.1) in the indices i  and h we have,

(2.12) H * =  X} 9* •
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Transvecting (2.4) by X / and using the relations (2.2) and (2.12) we get,

(2.13) Pj 9kh — H jk V , HyÂ .

Com bining the equations (2.10) and (2.13) we obtain the condition (2.9).

T h eo rem . 2.3. The recurrent vector field  V,- and the tensor fie ld  X} behave 
like a recurrent vector and a recurrent tensor fie ld  with respect to the decompo
sition (2.1), i f  Y  { is independent of x l and they are given by,

(2.14) V i(m) =  \ m V ;,

and

(2H5) Xy (w) =  Xy ,

where ~hm and are non-zero vector fields .

Proof\ D ifferentiating (2.9) covariantly  with respect to x m and using the 
relations (2.1) and (2.9) we obtain

(2.16) "V"i {ni) X^ tyfch == Vh(m) Hy  ̂ “ Vk (m) Hy  ̂ .

M ultiplying (2.16) by V2- and in view of (2.9) we get

(2.17) i(m) ( fih ^jk  k Hy*) “  (m) Hy  ̂ V , (w) H/A) V,- .

A gain m ultiplying VÆ in (2.17) and using (2.17) we get

(2.18) (fih n Jk —  Y k H,*) Y a =  Y a{m) ( fih Hyk —  V , HJk) Y , .

T hat is

(^2.19) Y  i (jn^Y a Y  a (m) Y  ̂ ,

provided

V , Hy  ̂—  V , Hy* O.

W hich implies

'Yt(m) I'm i y

where \ m is a vector field.
D ifferentiating (2.2) covariantly  with respect to x m and using (2.14) we 

obtain

(2.20) Xy ( )̂ - Pj (m) "km Pj .

Again differentiating the equation (2.20) covariantly with respect to x l and 
in view of (2.14) and (2.20) we get

(2 .2 I ) Xy (m) (/) Yj  j- X/ p j  (m) X/ \ m Pj p j  (m) (/) I'm (/) Pj X^ ^y .
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Subtracting from (2.21), the result thus obtained by interchanging the indices 
I  and m in (2.21) we get,

(2.22) (Xy (»,)(/) - X j  V,- =  (Pj(rn)(Z) P j ( l ) ( m ) )    ( f m  (/) h ( m ) )  P j  •

A pplying above the com m utative form ula (1.11) and using the fact
3 m 3

7^77 (Xy) V, =  — -  (pj) where V,- is independent of we obtain

(2.23) P y  H j m l  — ( f m { l )  X/(m)) P j  •

M ultiplying VY in (2.23) and tak ing  into account the relations (2.1) and (2.2) 
we get

(2.24) XYV, 9mi — — X/(W)) VY .

T ransvecting (2.24) by V a and using the equation (2.24), we obtain

(2.25) x ;v ,v ,9 w = x : v , v y9^.
T h at is

(2.26) x ; v ^ x : v Y.

M ultiplying X / in the equation obtained by differentiating (2.26) covarianti y 
with respect to x m and in view of equations (2.14) and (2.26) we have,

(2.27) x{ (x;(JW) + x̂  x;) -  (xiXm) + xw xi) x JY.

M ultiplying (2.27) by V,- V 7- and m aking use of (2.2) we get

(2.28) ( x ^ x ; (w)~ x : (w)x ö v , v /== o .

T h at ‘is

(2.29) a x ; w -  x i (m)py,
which proves the result (2.15).

T heorem  2.4. Under the decomposition (2.1) the decomposed vector 
fie ld  pj and the tensor fie ld  <?kh behave respectively like a recurrent vector 
and recurrent tensor fie ld  as tgiven by

(2 .3 0 ) Pj(m) — (fm 4 ~ l̂ m) Pj )
and

(2-3 9kh{m) =  ( y m fl m) 9kk •

Proof. D ifferentiating (2.2) covariantly with respect to and with the 
help of the relations (2.14) and (2.15) we have the result (2.30).
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F urther differentiating (2.9) covariantly  with respect to x m and using the 
equations (1.15), (2,9), (2.14) and (2.30) we obtain (2.31).

COROLLARY 2.2. I f  Y m — \Lm =  —- \ m then the vector field  fi) and the 
tensor field fykh are covariant constant.

Proof. It is obvious from (2.30) and (2.31).
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