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Geometria differenziale. — Pseudo-projective curvature identities 
in F ins 1er space. Nota, ^  di H . D. P a n  d e  e A. K u m a r ,  presentata 
dal Socio E . B o m p ia n i .

R iassunto. — Estensione agli spazi di Finsler di identità relative ai campi vettoriali 
di deviazione e di curvatura pseudo-proiettiva.

i . I n tr o d u c tio n

We consider an  ^-dim ensional F insler space Fn whose m etric tensor
defined by g {j  =  F  (x , x )i [1], is positively homogeneous of degree
zero in & 9 where âf- m eans d/dF. The covariant derivative of a tensor field 
Tj is given by

0  • 0  =  3, V  —  A* Tj) G r  +  t ;  g L  —  T m g■%.

T he deviation and projective deviation tensor fields H) ( x , x) and 
Wj- (x , respectively are defined as follows:

(1.2) H i ( * ,* )  =  2 a. G*' — (dA h  G‘) x  +  2 Gli G1 —  (â, G‘) {dk G l) ,

(1 -3) W i (x , ir) =  HÌ —  H8i —  (3,- H | —  % H) x y/(^ +  1)

where the function G' (x , £) and the tensor H I (x , x) is positively hom o­
geneous of degree two in the ± ‘, and

HÌ =  ( n — i) H.

2. P s e u d o -p r o je c t iv e  c u r v a tu r e  t e n so r s

The pseudo-projective deviation tensor field W *’ (x , £) [2], is given in 
the form

(2.1) W** ( * ,* )  =  aW j +  bU)

where a and b are scalar functions depending on (x , x) and homogeneous 
of degree zero in x \  T he pseudo-projective curvature tensor fields are 
defined by

(2.2) a) W y  (x , £) =  I  \ h w ; /  (1) , b) {x , £) =  â, W

(*) Pervenuta all’Accademia il 24 luglio 1973.
( I ) 2 A[ÿ] =  Aÿ — Aß  and 2 A(ÿ) =  Aÿ +  Aß .
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The following identities have been obtained: [3]

(2 .3) «) W*'' =  i ( « - i ) H  , b) W * 'V = o

c) w : ; / ‘ == w * 1' , d)  w ^ - /  =  w I ; .

W ith the help of equation (2.1), we obtain two more tensor fields H # (x , x) 
and YŸhjk (pc , ;r) defined sim ilarly as in the equation (2.2). T hey  are

(2.4) Hi,- (x , x) =  A  jSfc A(W,*/ -  aWyi) —  A  f t ,  aV& )} +

+ - { W t j  —  aW ij}
and

(2.5) Hi# ( x , * )  =  j {  $ lh A  (W*/ -  aw ;ï) +  %  A  W *‘ (2) _

— « #  w ;} —  ad{l) w;-]) —  à/ a  (% « # w j j )  —

— -J (fui, a #Wyj +  \ ha #  %) Wyj)} +

+  {A —  dWi# —  0 /*) Wly) +  3/ A (WÎ; — aWV) j . 

U sing equations (2.1), (2.2), (2.4) and (2.5), we get 

(2-6) M/[Ä W y/ =  S /^  Wyj,

where we put

(2 .7) (A) M« (a:, £) =  2 |â(/ b dh) A j 

and

(2.8) (B) Sik (x , x) =  2 jb\h $i) ci +  ad(j bdh) — -(- — .

W ith the help of equations (2.2) and (2.6), we obtain

(2*9) 3 Wmy =  3 SihWlnj +  2 {3m S/f, Wy]--- 3y S/pj W ĵ —

3m M /^  Wyj* +  d j ÌA i[h  W w] -f- S/[^ 3yj W \  M/[W 3yj W //  } ,
and

(2 .IO) 3 M/£ Wnmj ~  3 {S/, WLy +  S/>&) W^y--- (dn M/̂ ) W*y} +

+  2 {($L s /[jS) w l] — (aL  M/[Ä) W*{ —  %  s# o  wL] +

+  (3nj M/[a) Wm’j -f- (3„ s /t,) 3(«) Wy]  (ò„ Mi[h) W,-]’ —

(éy S/[A) 9<„) W^ +  (3y M/^) 3<*) Wm5 +  (3W S/[W) 3/] WÎ fi- 

fi-̂  S/[w âyj„ W j--- (9„ M /[w) 3yj Wk ---- Ml[m d j]n W*‘} .

(2) The indices 1 and j  in the notation ( ) are free from the symmetric and skew 
symmetric parts.
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3. Pseudo-projective Veblen and Bianchi identities

W e define the expression for the pseudo-projective Veblen identity  in F„ 
as follows:

( 3- 1)  T Ihnmjk —  3 \ y ^ n m j ,k  4~ W j nk ,m  4“ W k jm ,n  “f" W m k n j }  ~  O.

THEOREM (3.1). In  any Finsler space Fn the pseudo-projective Veblen 
identity is given by the equation (3.2).

Proof. D ifferentiating covariantly  equation (2.10) in the sense of 
Berwald and using (3.1) we obtain

(3-2) T Iknmjk — I f  Ihnmjk +  Vihnmjk O j

where Q)hnmjk(x , x) is the sum of the first 28 term s containing W**, Wy, 
M a ,  Stt and their derivatives and F\hnmjk is defined the rem aining last 96 term s 
in the righ t side of (3.1). T he alternative form of (3.2) can be defined as 
follows:

( 3  * 3 )  T plhnmjk Ij,plhnmjk  T  E plhnmjk —  O

as a consequence of lowering the indices.

THEOREM (3.2). The pseudo-projective Bianchi identities are

(3*4) 3 M/* Q N m j.k  +  W j k,m +  Wkm,j) =  3 { (W^y^ +

+  W)k ,m +  W +  (Sih>k Wlmj  +  S W / k +

4~ Wkm) (MHji Wmy -j- Wy* -\- M/^y W ^)} 4~

+  2 {(dm S/[*((*)) Wj] +  (3y S W * ]  +  (ài S/[/S(y)) WL] —

-  (à» Mw *>) W* j— (ày Ml[K{m)) W* / -  (ài MW y>) +

+  (pm S/[ä W }hi +  ày S/[i w +  ài S/[Ä w  Lj,/) —

(à„ Mi[h Wy/,* +  ày Mi[h W*]‘m -f à* My[Ä W^.y) ■— (ày S W ^ ]  

' Wj] (3», S/^ ŷj) W*, +  (ày M/[*,(*)) WOT]

+  Wy/ +  (àm M/^j<y)) W*/ (ày Slß W ĵ,* +

+  i t  s nt W}hm +  Sfl* wlj,y) +  (ày Mut W +

4” % M/[,5 Wyj;OT 4~ M/[A W*](y) -j- S/[»,(*) 3yj W* -f- S ài] W* -j-

4“ S/[*,(y) àm] W*---3yj W* -------------  M/fŷ OT) 3*j W„‘ --- M/[*,(y) 3m] W*’ 4~

4- S/[m ày] W i'i -f- S/[y ài] Wh,m 4“ S/p àm] W\ j  ---

— M l[m ày] Wtk  —  M/[y d4] W&, — àm] WV j }
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and

(3.5)

where

(3-6)

^^■Ihnmjk X Ihnmjk “1“ ^ Ih n m jk  —' O

uef.
îhnmjk =  3 Mtt {W£yf* +  +  W:L,y} -  O

and XihnmJk {x , x) is the sum of the f irs t 21 terms containing W ^y, W ^y, 
> M Ik and  Sih and their covariant derivatives, Y)hnmjk {x , ir) A remain­

ing last 72 containing the terms of Sih , derivatives.

Proof. D ifferentiating equations (2.9) and (2.10) covariantly  in the sense 
of Berwald, we easily obtain the identities (3.4) and (3.5).

From  equations (3.2) and (3.5), we obtain

(3*7) T  Ihnmjk + I 'T'*

where A \hnmjk (x , ir) contains S/* , , Wy , W* ‘ and their co variant deriva­
tives. Thus we have the following theorem:

T h e o re m  (3.3). The necessary and sufficient condition that the pseudo 
Bianchi and Veblen identities can be expressed in terms of one another is that 
the tensor K)hnmjk (x , ir) vanishes identically.
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