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Geometria differenziale. — Pseudo-projective curvature identitios
tn Linsler space. Nota® di H. D. Panpe e A. Kumar, presentata
dal Socio E. Bowmpiant.

RIASSUNTO. — Estensione agli spazi di Finsler di identita relative ai campi vettoriali
di deviazione e di curvatura pseudo-proiettiva.

I. INTRODUCTION

We consider an n—dimensional Finsler space F, whose metric tensor
defined by g,--:ifé?j F?(x, %), [1], is positively homogeneous of degree

zero in #’, where 3; means a/ay The covariant derivative of a tensor field
T} is given by

(1.1) Tin =0 Tj— (3, T) GI' ++ T Gl — T%, G2

The deviation and projective deviation tensor fields H}(x,%) and
Wi (x, #) respectively are defined as follows:

(12)  Hi(xr,2)=28G —(3,5G)# +2G4LG — (34G) (5 G),
(1.3)  Wi(r,#) =H]—HS — & Hi— 5 ) #)(n + 1)

where the function G’(x,#) and the tensor Hj (x,#) is positively homo-
geneous of degree two in the %, and

E(ﬂ-l)H

2. PSEUDO-PRO]ECTIVE CURVATURE TENSORS

The pseudo-projective deviation tensor field W;* (x , %) [2], is given in
the form

(2.1) Wi (2, %) = aW; + 6H;

where @ and & are scalar functions depending on (x, %) and homogeneous

of degree zero in #. The pseudo-projective curvature tensor fields are
defined by

(2.2) @) W,i,;-’(x,;z):%éww,’;’ W 8 Wiz, 2) = 8 Wy

(*) Pervenuta all’Accademia il 24 luglio 1973.

(1) 2 A = Ajy;—A;  and 2 A(,-j) =A;+A;.
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The following identities have been obtained: [3]
(23) @) Wi'=b(n—1DH , & Wi %' =o0
0) Wil &= W' . d) Wii = Wy

With the help of equation (2.1), we obtain two more tensor fields Hj, (x, %)
and Hjj (x, %) defined similarly as in the equation (2.2). They are

(2.4) Hyj (v, ) = = {8 5 (Wi — aW)) — 5 (uaWyp | +
W — W)
and
B Y P R N P
— By a 4 W)y — adyy) W) — & — (G a W) —
— ‘;‘ (@i @ 3 W)y -+ dp @ 4 d) VV;])} +
5 (Wi — aWiyy— (3 @) Wiy) + & — (Wi — aWjp)).
Using equations (2.1), (2.2), (2.4) and (2.3), we get
(2.6) My Wﬂ = S, W, ]],
where we put
def. . .
(2.7) (A) My (x, %) =2 {a(, b, _;_}
and
def. . I . . . 1 I . .
(2.8)  (B) Su(x,#) =2 {ba(,, S8 a + ady by 4 30 b5 a}‘
With the help of equations (2.2) and (2.6), we obtain
(2.9) 3 My W, = 3Su Wi, + 2 {3, Sy Wy — & Sys Wi, —

— 3, My, Wi + 3 ) My Wy ++ Sipm 95 Wi — My, 33, W5 3,
and

(2.10) 3 My Wik = 3 {Su Wi, + (3, Su) Wi — (8, My) Wil +
+ 2 { (B Su) Wiy — (8l M) Wy — (& Sys) Wiy +
+ (& Mig) Woi 4 O Sits) 8y Wiy — (3 Migs) O W —
— (& Sun) By Wiy + (& Mugs) 3y Wi + (3 Sipm) 8 Wi -
+ Sttm Sn Wi — (3 Migy) 3 Wi — My, 85 Wi’}

(2) The indices 7 and ; in the notation ( ) are free from the symmetric and skew
symmetric parts.
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3. PSEUDO-PROJECTIVE VEBLEN AND BIANCHI IDENTITIES

We define the expression for the pseudo-projective Veblen identity in F,
as follows:

7 def. 7 3 Z 7
(31) Tl/mmj,é =3 Mlh {Wj;mj,k _l_ Wj;k,m + W;jm,n _{' WZ%%,/} = O.

THEOREM (3.1). In any Finsler space F, the pseudo-projective Veblen
identity is given by the equation (3.2).

Progf. Differentiating covariantly equation (2.10) in the sense of
Berwald and using (3.1) we obtain

(3-2) Thinmie = Qlinmir + Elpumiz = 0,

where Q;.}mmj,é (x,%) is the sum of the first 28 terms containing W;”, W},
My, Sy, and their derivatives and Ef;mmjé is defined the remaining last'g6 terms
in the right side of (3.1). The alternative form of (3.2) can be defined as
follows:

(33) Tpl}mmjk == Qﬁl}mmj& + Eﬁl}mmjk =0
as a consequence of lowering the indices.

THEOREM (3.2). The pseudo-projective Bianchi identities are
(34) 3 My (Wajs + Wik + Win ) = 3 {Su (Whx +

+ Witm + Wi ) + (s Wiy + Sui Wi +
+ Su; W) — (M s Wi + My Wit + My, Wi} +
+ 2 {@n Sui ) Wiy -+ (& S o) Wi ~+ (3 Suagp) Wiy —
— (3 Mgt (1) Wi — (& Muga, ) Wif — (3 Myps, () Wi -+
+ (B Sis Wine 9 Sips Wiym -+ 3 Sy Wiy ) —
— (3 Mgy Wile -+ & My Wit + 8 My Wi ) — (& Supniay) Wiy —
— (3% Stthytm) Wiy — B Stpnii9) Wiy + (& Migs, ) Wing +
+ (B Magh,om) Wit' + B Mgiy i) Wik — (3 Syps Wiz -+
+ 3 S Wiy, + 0 Sua Wi, ) + (& Mips Wi e +
+ 3% Mups Wit + 8 Mup Wit 1) =+ Stimty 91 Wi - S my 3 W +
+ Sty Omy Wi — Mgty 351 Wi* — Mg,y 951 Wi* — Mige, iy 3 W' -+
+ Sim 9,7, Wis + Sit; 0 Wi, m + Site 9m Wi, ; —
— M 95y Wis — Mgy 3y Wity — M 8, Wiy }
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and

(3-5) K i = Xiinmss ~+ Yomiz = 0

where

(3.6 Kl jmgs = 3 My AWt + Wiis + Wit i} =0

and X,;mm,k (x,%) is the sum of the first 21 terms containing W,y , Wiy,
W,,mj , My, and Sy, and their covariant, derivatives, Y;;m,,,,k (x, %) is the remain-
ing last 72 terms containing the terms of Sy, My, and their derivatives.

Proof. Differentiating equations (2.9) and (2.10) covariantly in the sense
of Berwald, we easily obtain the identities (3.4) and (3.3).
From equations (3.2) and (3.5), we obtain

) . ) ) ; ; . .
G Thwmie + Thingin + Tiinami = Kimiz ~+ Kongnim - Kinggmn -+ Klimtng + Al

where A}}mmjk (x, %) contains S, 1VI;;,,W,’-A,VV;~e * and their covariant deriva-
tives. Thus we have the following theorem:

THEOREM (3.3). The necessary and sufficient condition that the pseudo
Bianchi and Veblen identities can be expressed in terms of one another is that
the tensor A;;,,,mjé (x , %) vanishes identically.
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