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Analisi funzionale. — On the Fourier series with respect to
S-integral. Nota @ di Yasust TAKEMURA, presentata dal Socio
G. SANSONE.

R1ASSUNTO. — L’Autore applicando la nozione di integrale S di Saté definisce le serie
di Fourier di una funzione e ne studia alcune proprieta.

I. INTRODUCTION

The Fourier series had given mathematicians to reconsider strongly
the notions of function and integral, and as its result the Riemann integral
and the Lebesgue integral have been discovered.

Professor Sat6 introduced the notion of the S-integral in his paper [1].

Here, it is natural to ask the following questions.

Is it possible to define the Fourier series on the S-integral including the
L—integral?

Is it possible for us to find analytical meanings of this formal series?

In this paper, we concern with these problems.

2. NOTATION

We shall use some notations from [1].
Let f(x)€ S (a, d), then we write

5 a 5
ff(x)dx={f(x)dx , [f(x)dx=—{f(x)dx
a [a,] 5 a
A function f(x) belongs to Sy(a, §), if and only if the function belongs to
S(a,?b), and
lim Ap (e) = o
A—>o00
where ¢y = {x:|f(x)| >A,x€[a,b]}.
A function f(x) belongs to S; (@, #) if and only if the function is

S-integrable in («, ) whenever ¢ < o < < 4.
Let f(x) €S, (a, &), then the function

P =[/@d  F@=.0

is called the indefinite integral of £ ().

(*) Pervenuta all’Accademia il 25 settembre 1973.
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Let f(x)€S,(a,é). A function f(x) belongs to S,(a,4) if and only
if the indefinite integral F (x) has almost everywhere a finite differential
coefficient equal to f(x).

This is written in the form of

F'(x) =f(x) for x€]a,?d].
We write
Sy(a,b)={f(x):F@)eC’([a,d]), f(x)€S,(a, 8}

Suppose that a function g (x) is absolutely continuous in [a, &].
Then we define

Si4(a,8) ={f(®): f(x)gx)€S3(a,b), f(x)€Ss(a, b)}.
Let f(x)€ S (a, b).

Suppose that a function g (x) is absolutely continuous in [a, &].
A function f (x) belongs to Ss(a, 6) if and only if we have

'xd
Flog@) = | 4 F@g)ds,
where F (x) is the indefinite integral of f(x).
Further we shall use the following notation:

Sp(@,8) =S, (a,8) NS, (a,b)),
Sep (@, 8) = So1 (@, 8) O Sy (a, 6),
Sez (@, 86) =S (@,6) N Sg(a,?d),
Sea (@, 6) =Sz (a,8) N S4(a,b),
Ses (@ ,6) = Sea (@, 8) N S5 (a, b) .

3. Let f(x)€Sy(a,b). We can define
(1) a,,=%/f(x)cosnxdx, é,,:%/f(x)sinnxdx (n=o0,1,2,--+).

The numbers «, , 4, are called the Fourier coefficient of f(x). Then we may
consider the formal series:

(2) Jx) ~ ay/2 + i (a, cos nx + &, sin nx).
n=1

This formal series is called the Fourier series of f(x). Without stated the
contrary, each function has the period 2w and it is finite.
Let o7 < 1.
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We shall use the notation:
1— 2

P.@)= 2(1—27cost+ r2) ’

P, (#) is known as Poisson’s kernel.
P, (#) is an even function with period 2 7 for — oo < # < 4- oo, moreover
it has the following property:

P,(#) > o,
P s =0 —n<t o
3
D<o o<t<
Let o< 7 < 1.
We have
7" cos nu—r"*tlcos(m—1)u r*tlcos (n + 1) u—#"12 cos nu
''''' 1—27cosu -+ 72 = 7" cos nu + I—27cos u -+ 72

<7;: 1 ’2,...),
hence we obtain

n
I 72 o N b 2 (7Tl cos (72 4 1) u—7"+2 cos )
— =1+ 2 7* cos ku -+ .
I1—27cosu 72 =1 I—27rcosu-+7r2

Let 2z =¢—x, then we have

P,(t—x) = i + Z (cos At cos kx -+ sin At sin kx) »* -
CRR = |

ritlcos (7 - 1) (2— x) —r*t2cos n (¢ — x)
I —27cos ({—x) -+ r2

By

[ rtlcos (n + 1) (£ — x) — r"t2 cos 7 (¢ — x)
| I—27cos ({—zx) + 72

yntl (I + ;4)

(1—7r)2 (m=1,2,--),

i

we have

0.

lirﬁ r*tlcos (n 4 1) (¢ —x) —r"t2cosn (t—x)
s o0 I—27cos (—x) + 72 -

The left side is uniformly convergent in — co < # < + oo.
P, (#—x) may be expanded as the following

(3) P,(t—x) = ;— + Z (cos 7t cos nx -+ sin nt sin nx) »”.
n=1

The series of the right side is uniformly convergent in — co < ¢#<C 4+ oo,
—oo <y < +oo,0 < <.

THEOREM 1. Let f(x)€Sy (—mn, ).
Let (2) be the Fourier series of f(x). If the sequences {a,},{8,} are
bounded, then we have the following identity:

(4) -:t /f(t) P, (¢t —x)de=ay/2-+ Z (a, cos nx 4+ b,sin nx)»* for o <r<1.
n=1
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Proof. Let xeR* o<r<1.
Then we have the following relation:

oo
ldol/Z—l—Z | @, cos nx + &, sin nx | #*
n=1

< laliz + 3 (el + 16,17
Slagllz4+ 2Mr/1 —#
where M is a constant such that
la,|,l6,] <M (m=1,2,-).

The series of the left side is uniformly convergent in — oo < x << -+ oo.
By (3) and the Theorem 2.1 in [3], we have

! % / S (x)P,(z—x) dt—~<a0/z + E (a; cos kx + & sin kx) rk>
. k=1

= 2 ((L [ F () cos &t dz) cos Ax + (—E / F () sin At dt) sin /éx> 7t
b=nt1 |\ T T,

—T

< X Ual+160

k=n+1
= 2MprH (1 —7).

Let 7 — oo, then we obtain (4).

The following corollary can be obtained from the well known Riemann-
Lebesgue’s theorem.

COROLLARY (Fatou). Let f(x)e L (—m,x).
Let (2) be the Fourier series of f(x). Then we have (4).

THEOREM 2. Let f(x)€ Sy (a, d).

Let g (x) be monotone increasing and absolutely continuous in [a, b).
Then there exists a ¥ such that
b £

~

Jf(x)g(x)dx=g(¢z)ff(x)dx—l—g(b)ff(x)dx Where a<tE=<6.
a 4

a

Proof. By g'(x¥) = o and the Theorem 3.12 in [2], we have

b

b x
ff x)gx)dx=F(6)g (&) — fF(x) g’ (x) dx, where F (x) = ff (%) dx.

a
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Put
5 3

fF(x)g’(x)dx-—-——ufg'(x)dx, where m < pu <M,

m= inf F(x),M = sup F(x). Since F(x) is continuous in [a, 4], it

x€la,b] x€la,b]
follows that F(£) = p for some £ satisfying ¢ < & < 4.
Hence we have
3
[Fae e ae=rF @ e @®)—g @

a

Therefore we obtain the theorem.

THEOREM 3. Let f(x)€ Sy (— =, 7).
Let (2) be the Fourier series of f(x).
If the sequences {a,},{6,} are bounded and

t

(s) [(otx,)—S)dr =00,

0

then the Fourier series (2) of f(x) is summable (A) to sum S for every wvalue
of x, where

¢x,0) =[x+ +flx—n).

Proof. 1t is easy to see that

"

%/P,(;;)dx:I , /f]P;(:)]dxg 7/a.

0

By the periodicity of f(x) and the Theorem 4.3 in [3], we have
-%ﬂ@ﬂo~@W=%ﬁa+@R@w

and since P, (¥) is an even function, we have

0y

—TT

3

flx+HP,@Odt="1 | fx—2) P, () dz.
Let € [o, 1].

P, (#) is absolutely continuous in [0, «].

By the assumption, we have

6) (o (x,2)—S)€Sps (—m, m) for ¢,
€2 ((x,8)—S)P, () €Sy (— 7w, ) for ¢.



YASUST TAKEMURA, On the Fourier series with respect to S—integral 667

We define

t

(D(z‘)z/(cp(x,l‘)—S)dt (—m <t < 7).

0

Then ®(#) is continuous in [—m, =].
By the Theorem 1,

(8) %/(@(x,t)—-S) P,(z‘)dz‘:%f(cp(x,l‘)“S) P, (#)dr=
tn 0

o0
@ 3 i
=+ ,,%{ (@, cos nx + b, sinnx) 7* —S.

By (5), if we give an arbitrary £> 0, then there is a 8 >0 such that
©) | ®@)| < et (0<t< 8 <.

For such 3, by (7), we may consider

R .
Ilzf@(x,z)-—S)P,(z)dt , Iz-———’(cp(x,z‘)—S)P,(z‘)dz‘.
i :

)

By the Theorem 3.12 in [2], we have

8

L= 00) B.() — [@@ Pl dr.
6
It follows from (9) that
3
A= e ®(8)+s/zP’,<¢)dzg
(I —7)2 + 47sin2 — 3
2
ég (=792 —]—~7—2'Cw €.
( )

I—7)2+ 4rsin2%

P, (x) is monotone increasing and absolutely continuous.
Hence we obtain

£ b
IZ=P,(8)f(cp(x,t)—S) dz+ P,(T:)f(cp(x,t)———S) dr (d<E<m).
8 £

Since @ (¢) is continuous, there exists a constant M such that

|0 | <M for tefo,n].
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We have ‘
Il =2(@® @)+ P m@mM,
lim | [ (o(x,)—S)P, (&)t
r—>1-01|,
= lim |[L|+ lm [I]
r—>1-0 r—>1-0
< mef2.
Since ¢ is arbitrary, it follows that
T
lim [(p(x,t)—S)P,(#)d¢=o0.
r—>1—

By (8), (2) is summable (A) to sum S.
The following corollary follows from the Theorem 3.8 in [2].

COROLLARY. Let f(x)€Sps (— m, ).

Let (2) be the Fourier series of f(x).
If the sequences {a,} ,{b,} are bounded, the Fourier series (2) of f(x) is

summable (A) to sum f(x) abmost everywhere.
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