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RENDICONTI
DELLE SEDUTE

D ELLA  ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Seduta del 13 dicembre IÇJ3  

Presiede i l  Presidente della Classe Beniamino Segre

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofìsica)

Matematica. — C omplementarity between nilpotent self map pings 
and periodic autohomeomorphisms. N o ta (#) di L u d v i k  Jan o s , pre­
sentata  dal Socio G. S a n so n e .

R iassunto. ■— Sia (X , f )  una coppia form ata da uno spazio di H ausdorff com patto 
e d a  una trasformazione continua /  : X-> X tale che per qualche n >  i l’iterata f n è idem- 
potente, ossia, f 2n = f n. Si m ostra che la categoria C di tali coppie può essere immessa 
naturalm ente e fedelmente nel prodotto Ci XC2 delle due sotto-categorie piene Ci e C2 dove Ci 
consiste delle coppie nilpotenti ( f n è costante per qualche n >  1) e C2 degli autoomeomor- 
fismi periodici ( f n è l’identità per qualche n >  1).

i .  I n t r o d u c t i o n

Let X be a com pact H ausdorff space (all spaces considered here are 
com pact H ausdorff) and /  : X -> X  a continuous selfm apping of X. Consi­
dering /  as an element of the topological semigroup X x of all continuous 
selfm appings of X with respect to functional composition and com pact 
open topology, we denote by F ( / )  the closed subsem igroup of X x generated 
b y f .  This sem igroup has been thoroughly investigated by  A. D. W allace ([1] 
and [2]) who obtained the following im portant result, (Swelling Lem m a), 
concerning those selfm appings for which V ( / )  is compact:

THEOREM i . i .  (A. D. W allace). Let y  be a compact Hausdorff space and  
f  : X ->  X a continuous self mapping such that V ( / )  is compact. Denoting by 
A the intersection of all iterates f n (yd) ̂ i.e., A =  n  { / W(X) | n~>\) the following  
statements hold :

(i) The restriction f \  A  of f  to A  is a homeomorphism of A  onto itself.
(ii) There exists a unique idempotent r e  T ( / )  which is a retraction of 

X onto A.

(*) Pervenuta all’Accademia il 22 settem bre 1973.
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We shall apply this theorem  to the case where T ( / )  is finite. In  this case 
evidently the existing idem potent r  is an ite ra tio n /*  o f /  for some n >  1. Let 
C denote the category whose objects Obj (C) consist of such pairs and whose 
m orphism s 9 e M orph [ (X , / ) ,  (Y, g)] are such continuous m appings 9 : X -^Y  
for which £-09 =  9 0 /  for (X , / )  and (Y ,g)  e Obj (C).

We denote by Ci the full subcategory of C generated by nilpotent pairs 
( /  is such th a t f n is constant for some n >  i) and by C2 the full subcategory 
generated by pairs (X , / )  w here/  is a periodic autohom eom orphism  ( / “ is the 
identity m apping  for some n >  i).

U sing Theorem  i . i . we shall construct functors Fi : C -> Ci and 
F2 : C -> C 2 and using our previous results [3] we shall prove our m ain result:

T h e o r e m  1.2. The product functor F  =  Fi X F2 provides a fa ith fu l embed­
ding o f the category C into the product Ci x C 2.

Thus m  this sense the subcategones Ci and  C2 can be viewed as complementary 
in the category C.

2. C o n s t r u c t io n  o f  f u n c t o r s  F i  a n d  F 2

Let (X , / )  e Obj (C), we consider the relation R on X defined by 
R = A x A U { ( r , r ) | r e X }  w ith A  defined as in Theorem  1.1., and consider 
X* =  X /R . Thus the space X* is obtained by shrinking A to a point and 
is obviously again com pact Hausdorff. O bserving that there is a unique 
continuous m apping / *  : X*' -> X* rendering the following diagram

X / X

TU TU

ix*--------
/*

■> X* com m utative

(tc being the natural projection), we obtain in this natural way a new pair 
(X * ,/* ) which is evidently nilpotent since /**  takes X* to a point if f n takes 
X onto A.

On the other hand Theorem  i . i .  says tha t the restriction f \  A is a homeo- 
m orphism  of A onto itself which in our case is evidently periodic. Denoting 
A by X** and /1 A  by  /* *  we just found two objects, (X * ,/* ) e Obj (Ci) and 
(X**,/**) e Obj (C2) assigned in natural way to the object (X , / )  e Obj (C). 
These objects are the values on Obj (C) of the functors Fi and F2 to be defined 
now. In order to extend their definition to m orphism s of C let (Y , g) be ano­
th er object in C and <p : (X , / )  -> (Y, g) a m orphism  from (X , / )  to (Y ,/ )  
and let us denote by <p* the m apping from X* into Y* induced by cp, i.e. the
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m apping 9*: X* ->Y* for which the diagram:

TU
J  g

v
X * ------------------------> Y* is com m utative,

9*

where izy and Kg are the natural projections associated w ith the pairs (X , / )  
and (Y ,g).

In  order to prove th a t 9* is a m orphism  we need the following.

Lemma 2.1. Let (X , / )  and  (Y ,g) be objects in C and  9 : (X , / )  -> (Y ,g )  
a morphism in  C. Then the mapping  9* constructed above is a morphism , i.e.
9*: ( X * ,/* ) - K Y V * ) -

Proof. W e have to show th a t £-*09 =  9 * 0 /* . To this end observe 
the following four com m utative diagram s labelled by (1) , (2) , (3) , (4) as 
indicated:

X

X*

/

(I)

/*

X

/

- * x

->x*

(3)

<p

(3)

Y

■Y*

(4)

H* Y

->Y*

Let x* e X*, then there is x  e X such th a t Tty (x) =  x* and by (1) we 
have =  f °  tty (x) =  7ry ° f {x) .  A pplying 9* we have by (2) 9*°/*  (x*) =
y 0 Tty ° f { x )  — ng o 9 ° f ( x )  and by (3) we have f  ° f ( x )  =  ng ogo <p(x) 
and finally by (4) we get Kg °go 9 (x) =  g*°'Kg ° 9 (x) which by (2) equals 
g*ocp*(x*). Thus 9 * o/* (* * ) = / o 9 * (**) q.e.d.

The functor Ft : C -*■ Ci is now defined sim ply by putting Fi (X  , / )  =  
=  (X * ,/* ) and F(9) =  9* for ( X , / ) , (Y , g )  e Obj (C) and 9 e M orph [ ( X ,/ )  ,

Similarly in order to define the functor F2 we need the following.

L emma 2.2. With (X , / ) , (Y,g)  and  9 as in Lemma 2.1. we have 
9(X**)C Y** where the meaning of X** and  Y** was defined above.

Proof. Let x  £ X** =  n  { f n(X.) | n [> 1}. Since 90 f  =  g  ° 9 it follows 
th a t (pofn= g no(p for every n~> 1. Since f  | X** is a hom eom orphism  onto,
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there exists for every n >  1 an element x 1 e X** such th a t 
A pplying <p we get 9 (x) =  9 o f n(.x ù  - ç  (x{) e g ” (Y). Thus, since n is 
arb itra ry  we conclude th a t 9 (x) e Y**, q.e.d.

This lem m a finally shows th a t the assignm ent F2 (X , / )  =  (X**,/**) 
and F2 (9) =  9** =  9 I X** is a functor from the category C into the cate­
gory C2.

H aving defined the functors F i :C ~ > C i  and Fa :C -> C 2  we observe 
the triv ial fact th a t both are onto (projecting the category C onto the sub­
categories Ci and C2 respectively). N ext we shall show th a t the product func­
to r F =  Fi X F 2 : C Ci X C2 which takes the category C into the cartesian 
product Ci XC2 is faithful. To achieve this we define the functor P : Ci xC2->C 
by  putting P K X i,/ ! ) ,  (X 2 , / ?)] =  [(X iX X a) , / iX /a ]  and P[9 i , 92] =  ? i X 92 
where (X x , f j),  ( Y1, gj) e Obj (Ci) (X 2 , / 2), (Y2, gj) e Obj (C2) and 9l : (X x , f j ) -^  
- * ( Y i , f t )  ?2 : (X a ,A ) - > ( Y a , A ).

T he functor P is sim ply the cartesian product of pairs and m orphism s 
between them . It is easy to verify th a t its values are in C. Considering the 
composite functor S =  P oF  : C -^ C  we shall exhibit a natural transform ation 
T : IC->S from the identity  functor Ic to the functor S, and using our result [3] 
we will show th a t this natu ral transform ation t which assigns to each object 
(X , / )  in C a m orphism  t (X  , / )  from (X , / )  to S ( X , / )  =  (X* X X **,/*  x /**), 
provides a topological em bedding t : X -> X * x X**. This m eans th a t two 
m orphism s 9 and ^ which are distinct and going from (X , / )  rem ain distinct 
when transform ed under S. But this means th a t S is faithful and a fortiori 
F  itself is faithful.

3. T h e  n a t u r a l  t r a n s f o r m a t io n  f r o m  t h e  i d e n t i t y  f u n c t o r  t o  S

Lemma 3.1. Let(X.  , / )  and  (Y ,^) be objects in C and  9 a morphism from  
(X , / )  to (Y , g). Denoting by rj and rg the corresponding idempotents in T ( / )  
and  F  (g) respectively we claim that the following diagram

X rf
* X

9 9

Y ------------------------- ► Y
rg

is commutative.

Proof. W e know th a t r f =  f n and rg =  g m for some n and m > \ .  Since 
rj  =  Tf and r2g =  rg we can write rf  =  f  k, rg — gk where k =  mm,  and since 
^•09 =  9 0 /  our assertion follows.

Now we give the prom ised definition of the natural transform ation
t : IC-> S .
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If  (X  , / )  is an object in C, then  S (X , / )  =  P 0 F(X  , / )  is the  pair 
(X* X X * V *  X/**). Defining t : X ^ X * x X h  by t  (x) =  (izf  (x) , rf  (x)) 
where 7iy is the natural projection ay : X -> X* and ry the abovem entioned 
idem potent elem ent in T ( / ) ,  the Theorem  2.1. of the paper [3] says th a t r  is 
a topological em bedding of X into X* X X** and at the same tim e a m orphism  
from ( X , / )  to S (X , / ) •  To show th a t t  is a natural transform ation it rem ains 
to verify th a t for any  (X , / )  , (Y ,g)  e Obj (C) and any 9 : (X  , / )  (Y ,g)  
the following diagram  commutes:

T (X, / )
( X , / ) ---------------  > S ( X , f )

9

(Y ,* )
*(Y , g )

S (9)

* S ( Y  , g)

But this diagram , w ritten in explicit form is

( X , / ) -

9

( Y Î / )

-* (X * x X * * ,/* x /* * )

9* X 9**

* V**
*(Y,*)

-> (Y* x  Y**, / x . f )

and its com m utativity  follows easily from Lem m a 3.1.
From  w hat has been said at the end of section 2, this implies th a t F  is 

faithful, proving thus our Theorem  1.2.

Remark. The functor F : C Ci X C2 is not full. To show it, consider 
the finite pair (X , / )  e Obj (C) consisting of three objects, say {a , b , c] and 
the selfm apping /  defined by  arrows as follows:

•a

\ •  c

f  =
'a , b , c \ 
t> >c , b j

There are exactly  three m orphism s from  ( X , / )  to ( X , / ) ,  nam ely the identity  
9 and ^ defined by:

4, =  b  ■4 ■ d .
\è  , c ,b )  \c ,b  , c )



644 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LV -  dicembre 1973

The value of Fi on ( X , / )  can be sim ilarly represented by the graph

•  d*

and the value of F2 on (X , / )  by the graph

K •
b** "— "V * .

Since the num ber of m orphism s in Ci going from Ft (X , / )  into itself 
is two (one except the identity) and the num ber of m orphism s in C2 going 
from  F2 (X , / )  into itself is also two (also one except the identity) it follows 
th a t the total num ber of m orphism s in C iX C 2 going from Fi X F2 (X , / )  
into itself is four, showing th a t the functor F  =  Fi X F2 is not full.
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