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M eccanica. —- On the second boundary value problem in the linear 
theory of micro polar elasticity. N ota di D. I es an, presentata (#) dal 
Socio D. G r a f f i .

RIASSUNTO. — In questa Nota si stabilisce un teorema di esistenza per il secondo pro­
blema fondamentale nella teoria di elasticità micropolare.

In  this paper we consider the second boundary  value problem  in the 
static theory  of anisotropic and inhomogeneous m icropolar elastic solids. 
Using the m ethod given in [1] we establish an existence theorem.

Let us consider a finite region Q of three dim ensional space, bounded 
by the surface S. In  w hat follows we denote the components of the displa­
cement vector by % , the components of the m icrorotation vector by cp,-, the 
components of the body force vector by /,. and the components of the body 
couple vector by l{.

T he field equations of the static theory of m icropolar elasticity can be 
w ritten in the form  [2]

( 0  A n ■-■■■/,

wherè

(2) U =  (U; , 9,-) , /  =  (/„• , /,-) ,

and A u has the com ponents

d /  du  9<p \
(3) 'M' 2^7 \^jiki y y  îkm tymj >

9 / du^ dtyj \
A Z+ i U =  —  aJT \B ii j i  +  Cjikl +  B klji S-lkm —

A dûs T) d(Ç>s *
îjk ^  jkrs y y  îjk jkrs y y  îjk ŝrm A }krs tym •

!n  (3). Sijk is the alternating symbol and A ijU (x) , B ijkl (x) , <Zißl (x) are the 
constitutive coefficients.

W e will consider the second boundary value problem  of the m icropolar 
elasticity theory, defined by  th e  boundary conditions

(4) P iu) =  o on S ,

(*) Nella seduta del 26 novembre 1973.
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where

(5) p  (u) =  (/,• (u) , («)) ,

3«, „  3cp ?/ o'9/ \
(% ) “f" dxfc ®I km  9 m J  )

I  d u , 3<p, \
^ 2  (^) ^  ^  “j~ ^ j i k l  ' çiXfe k l j i ^ Ik m  9my H j  y

nj being the direction cosines of the outw ard norm al to S at x.
In  [2] we established the following relation

(6) j M A u  dx =  —  j  up (u) dx  +  2 j  U  (u) dx  ,
Q S* Q

where U  is the internal energy density

(7) 2 U  (u) A ijk i &ij ~j~ 2 Bzŷ / &ij T  ^dijki * i j  y*ki •

In  (7) we have used the notations

(8) e i j  =  u j , i  +  z w  ? k  , y -ij =  <pj,i •

In  our case the relation (6) becomes

(9) /  u A u  dx  =  2 j U  (^) d # .
Q Q

It is known (see e.g. [2]) th a t the solution of the boundary  value 
problem  (1), (4) is determ ined to w ithin an additive vector of the form

(10) ui =  ai +  zijk bj x k 9 ? =  bi y

where a{ and b{ are a rb itra ry  constants.
In  w hat follows we establish an existence theorem  using the results 

from [1 ]. T he functions A ijU , , C{jkl are supposed to belong to C°°
and the quadratic form U  is supposed to be positive definite, so th a t

( u )
*\/ = 1

where c is a positive constant. W e assume th a t £i is C°°-smooth [1, p. 61]. 
T ak ing  into account (8) we can write

(12) ea  =  ï »  +  zijk (rk — ?i) >

where
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W e have

(h ) E  e %  =  E  { t j  +  2 Ti j  z i jk  ( r h —  4,) +  [% -k ( r k — ^ )]2} =
2 ,.7 = 1 *,.7=1

=  E  { '* % ■ +  t e w  ( r k — % ) f i  ^  E  y %.*»y=i *,>=1
so th a t

(15) 2 U (« )  •>*  t  (Y2y+X *y) .
*,.7=1

To prove the existence theorem  for the boundary value problem  (1), 
(4), as in [1, p. 91], we consider the equation

(16) A  u - ^ q ^ u — f ,

where qo is any  positive constant. F irst we consider the boundary  value 
problem  (16), (4). U sing (9) it follows tha t the inequality to be proven in this 
case is the following ([1, p. 62])

(17)
Q

U  (u) dx  +  qy j  u dx  >  cQ || u ||f ;
Q

cQ> o (cQ=  const.) ,

for any  u  =  (% , 9,-) e H i (O). By H i (Q) is denoted the H ilbert function 
space obtained by the functional com petition  of C1 (Q) with respect to the 
scalar product

( 18) (u , v \  — J D 5u T>sv dx (p <  s <  1) .

Using (15) it is easily seen th a t the inequality  (17) is implied by the 
following inequality

3 V»
0 9 ) / E  (ï?y +  *?>•) dx +  I ^ d x >  II  » Ilf ; CX >  o , (cx =  const.) .

./ i , j= 1 J
Q Q

In w hat follows we shall prove the inequality (19). We denote

u a> =  («! , «2 , «3 , O , O , o) . , uV) =  (o , O , O , <px , 92 , cp3) .

U sing the second K orn’s inequality [1, p. 92], we obtain 

(20) f  Ê  t j  d x  +  /  I W  d* 2> *2 II *(1) II? ; ^2 >  O , (*2 =  co n st.).
J 2,-7 =1 JQ Q

Obviously, we have

(21) E  (?,■ y)2 dx +  [«(2)]2 dx =  Il « (2) Ilf •J i,j=1 * ./Q Q

U sing (20) and (21) it follows the inequality (19) which implies (17). From  (17) 
it follows th a t the boundary value problem  (16), (4) has only one solution
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which is C°° in Q. Since our differential system  is form ally self-adjoint, it 
follows th a t a C°° solution of the following equation

(22) A u  +  Ç0 u  —  ku =  f }
with the boundary  condition (4), exists when and only when

(23) j  f p d x  =  o ,
Q

where p is any  C°° solution of the boundary value problem  (22), (4) with 
/  == o. In  the case X =  qQ the only C°° solution of the homogeneous system 
is u° given by (10). From  (23), (10) it follows

THEOREM. The boundary value problem (1), (4) has solutions belonging 
to C°° (Q) i f  and only i f  the C°° function f  satisfies the condition

(24) j fu °  dx =  o ,
‘h

where u° is given by (10).
T aking into account (2), (10) and the fact the constants a{ and b{ are 

arbitrary , the relation (24) implies and is implied by the following relations

( 2 5 )  f f . d x = o  , f  (eiJt x . f k +  / . )  dx =  o.
y y

These relations m ean th a t the resultant force and the total m om ent should 
be zero.

The solutions of the boundary  value problem  (1), (4) given by above 
Theorem  minim ize the functional [1]

(26) 0 ( U) =  J  [U («) — uf] dx ,
Q

in H i (Ü).
O ther existence theorem s in m icropolar elasticity were established in

[3-6 ].
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