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Geometria differenziale. -— Union curves and wunion curvature
of a curve in special Kawaguchi spaces of order two. Nota di Upar
PraTap SincH e SHrRI Krisuna Deo Dusky, presentata ® dal Socio
E. Bompiant.

RIASSUNTO. — Diversi Autori hanno gia studiato le wnion curves (curve assiali) e la
relativa curvatura sugli spazi di Finsler. In questo lavoro tale teoria viene estesa ad uno spe-
ciale spazio di Kawaguchi di dimensione pari. E anche ottenuta I’espressione della curvatura
geodetica delle «union curves ».

1. INTRODUCTION

In an #z-dimensional special Kawaguchi space Kz of order 2, the arc
length of the curve x* = %(¥)  is given by

(1.1) S=J [A,‘(x,yé) ' 4+ B(x, )" dz, p==o0,3/2
where

'i dx? " a?

Y= 0 FE e

and A, , B are differentiable functions of #* and x’.

In order that the arc length in the space should remain unaltered under
any transformation of the parameter # we must have the so-called Zermelo
conditions,

'

(1.2) A x'=0 , Apyr=(p—2)A, |, By x' = B,
where
oA 3B
Asy = S 0 Bo=a

And since s given by (1.1) is a scalar, it follows that A, is a vector. The nota-
tions and symbols employed (without explanations) in this paper are same
as those of A. Kawaguchi [1] @,

We consider an 7—dimensional subspace K» of K# represented by the

equations x* = 2’ (#*) and the matrix of the projection factors pj = —azz~ has

rank #. If we denote @, and 4 the quantities in Kz corresponding to A, and
B in K# respectively, it follows that the equations similar to (1.2) hold for
@, and &. Putting

Gz'j = 2/ 7 T L) , Gaﬂ = 2 Q) — A

(*) Nella seduta del 26 novembre 1973.

(1) Latin indices run from 1 to 7, Greek ones a,B,v,8,c,p from 1 to 7 and w,v
from 7 + 1 to ».

(2) Numbers in the brackets refer to the references at the end of the paper.
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it follows (Yohida [3]),
(1.3) G,‘j?i?l{= Gog .

On assumption that 7z, are both even and det (G,;) does not vanish
identically, it is easy to show that

(1.4) P e =19 and G¥™Gg, =87,

where p?{if- G* G, 2% (_G“B being the tensor reciprocal to Gyg).

The connection I of K7 and I'" of Km are given as

(1.5)  2D¥=(2A,, 2" —Bu)G" |, 2T%= (245, &' — bg) G™
where
Y dag
A, = S and g, = o

The covariant differential of a contravariant vector field o'(x*, ) homoge-
neous of degree zero with respect to x* is defined by Kawaguchi [1] ,

(1.6) &' = dv’ 4 Tix v’ d2*
where
: ert :
=g = D

If % is a vector field il} Km such that o = p, " then the induced covariant
differential 32" (= p7 82") is given by

(1.7) 8™ = do* + %, o° du”,
and it has been shown that ([3])
(1-8) Thy = 87 (e + Tx 2427
Yoshida ([3]) has defined
(1.9) Pl = Dy 20 S gl + T 4 65 — T £,
where’
Pup = 3pulol.
Using the vectors ZLz" of K, normal to K, ISIf;a can be expressed as

O

(1.10) H, = Hi, i{
where

(1.11) HY, = G™ G,, 7 Hfy — G*'
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For the tangent vector dx’/ds of a curve C: ' =x7(s) of the subspace Kz,
Yoshida ([3]) has obtained the relation

S ; Sux o ..
(1.12) 5 —p;a—s——=H§YuBuY
where
. dx? . da>
A {0 ZR—
= and 4% = I

2. UNION CURVES

E. Bompiani was possibly the first person to consider, more than half a
century ago, the union curves on a surface of a projective 3—dimensional
space under the name of axial symmetric curves. These notions have been
extended to Riemannian and Finsler spaces. We now proceed to discuss
union curves in special Kawaguchi spaces.

Let C:x" = x°(s) be a curve of K. Consider a congruence of curves
in K7 given by a vector field A such that to each point of K# there passes
one and only one curve of the congruence. At the points of the subspace Kz,
we may write ([4])

(2’. I) )\i = /% p; + E I‘(V) 7\:&i y F(v) :"—' 0.

It is assumed that this vector is normalised by the condition (as in Yoshida [3])
(2.2) Gy NVM=r1.

At a point of a curve C, the linear space generated by the vectors
id);—(= 4 %) and qi(=%<£i>) is called the osculating surface of the
curve. The curve is said to be union curve relative to the above mentioned
congruence if its osculating variety contains the vector »’. Thus, for union

curve relative to »*, we have,

. . du® .
(2:3) N = Api < + By
where A and B are parameters to be determined. Now, the equations (1.10),

(1.12), (2.1) and (2.3) yield

o 7 5 du® o 7 v du®* dB $
(2.4) z ?a‘FXP(v)?vi =(A—az§‘+Bﬁ)Pa+ BH,g ci‘s %73
where
. Sur
4 =&

Since p¢ and 7' are linearly independent, so we have,
v

dau®
(2.5 = ASE By,
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and
. _ v dz* d%B
(2.6) P(V) —_ BHag T T M
In the case of an even-dimensional special Kawaguchi space of order
two, the following conditions hold (Watanabe [2]),
(2.7) SA“.(J.) =0 , Ai(j)(K) =0 and G,’I‘(K) = 0.

Applying these conditions, we obtain,

3Gy L d 8
(2'8> TJ =0 and Gaﬁﬁ —d%_ = 0,
The equations (2.3) and (2.8) give
def dx? .
(2.9) A=Gy, g M =A.

Putting the values of A and B in the equation (2.5), we find
v duP du . du
(2.10) o= (Hp.,Y Lt {T/PM) (; — T”s)

The equations (2.10) are the differential equations of the union curves provided
that the ratio
doP duy

Her i g To
is independent of v.
From (2.9), we get

(o1 BT = k(=2 ) (r—2 )

where

def v pyv du¥ deP dud dus
(2.12) Ay = 20 Hyg Hh S0 <50 9 o
is defined as normal curvature of the subspace (Yoshida [3]). Hence, we
conclude

THEOREM 2.1. [f @ union curve is geodesic in the subspace of an even-dimen-
sional special Kawaguchi space (n > 2) and the normal curvature of Km in
the direction of the curve is not zero, then the component of the congruence tangen-
tial to the subspace is tangent to the curve i.e.

da®
ds

=\

THEOREM. 2.2. If the congruence of a curve is normal to the subspace K,
the union curve is a geodesic on the subspace of an even-dimensional special
Kawaguchi space.



U. P. SINGH e S. K. DEO DUBEY, Urion curves and wunion curvature, ecc. 397

Proof. Since the congruence is normal (i.e. #* = 0), the equation (2.1)
yields
A= G,, d = 0.

The equation (2.10) reduces to p* = o. This completes the proof.

3. UNION CURVATURE
The vector with contravariant components
def duP  du¥ 1/2 da
a0 e (B R o s).
v

is called the union curvature vector of C relative to a congruence 3 and its
magnitude £, is called the union curvature of the curve. From (3.1), we have

(3.2) b= Gop 1,
whence
8
(3-3) ko= F—2 {2 (Hav ddi duy) /Z F(v)}w

XGog 2+ (3 (13, Wy /S )%
x( xdi) (;: —- d”p)Gap

where we have used the relation

d oL
Gap :S _z‘)p = 0
and
Qdef « 4B
(3-4) kg = Gog p* pP .

The scalar £, is called the geodesic curvature of the curve. If we define
def

(3:5) =Gop " = Gy \' 2}
then using (2.9) and G, ;:u % =1, we have

" u* def\ @0 2
(3.6) Gap(z —x—dT) (t’——)\—dT) = Gy, £ 12 — 2.

Thus the equation (3.3) reduces to
(3.7) Bi= B —2( X (M S SO /3 )
X1, ° -|_{2v] (HEY d(f d”Y) /2 I‘(v)}

X (Ggp 2 2 —22).
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Hence, we have the following theorem:

THEOREM 3.1. % an even-dimensional special Kawaguchi space, the union
curvature of a wunion curve is zero.

THEOREM 3.2. The union curvature vector n* of a curve C relative to a con-
gruence in an even-dimensional special Kawaguchi space is orthogonal to C.

Proof. From the equation (3.1)'.

d
(3.8) Gog 1" % =o.

This proves the theorem.

THEOREM 3.3. The mecessary and swficient condition that the geodesic
curvature vector of a curve be equal to the union curvature vector relative to the
congruence N is that either the curve is asymptotic or the component of N tan-
gential to the subspace is tangential to the curve.

Proof. 'The proof follows directly from the equation (3.1) and the fact
that for an asymptotic curve

v e du¥ .
(3:9) Hi gy —=©  (Yoshida [3]).

4. GEODESIC CURVATURE OF A UNION CURVE

The angle 6; between the vector # and the unit tangent vector of the
curve, is such that

def
. cos 0=G, d” ZBG o B2
4 8
since
du*  doP —1
@4y ds

Corresponding to the given curve we define ¢, the angle between the
vectors #* and 2P, by

(4.2) cos @ = Gug #* p° (Gup #1812 (Gop p* p) 72,
whence using equation (3.4), we have

(4-3) leg (Gop £ £7)711% cos ¢ = Gig 2% p° = 2, p°.

The equations (3.7), (4.1), (4.3) and the relation A = B duf

(49 E=B—{Z(H G40/ B)

v B
X £y (Goo ) cos ¢ + Z( e S d(;‘:) /}_‘, T8 %
X G 2% £° sin? 0.

yield
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The following theorem is immediate from the above equation.

THEOREM 4.1. A necessary and sufficient condition that the union curvatu ¢
(of a curve of Km) relative to N be expressed in the form

@s) b=k Dk G G D) G e sin.
is that
(4.6) cos ¢ = sin 6.

When the condition (4.6) is not satisfied the union curvature is given by (4.4).
Since the union curvature of union curve is zero (Theorem 3.1), the above
theorem reduces to the form:

THEOREM 4.2. The geodesic curvature of the union curve relative to the
congruence N can be expressed as

@D A= (S (S S S )" G e sin 6

We are extremely thankful to Prof. E. Bompiani for his valuable sugge-
stions for improvement.
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