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Geometria differenziale. —  Union curves and union curvature 
of a curve in special Kawaguchi spaces of order two. Nota di U d a i  

P r a t a p  S in g h  e S h r i  K r i s h n a  D e o  D u b e y , presentata (*> dal Socio 
E. B o m p i a n i .

R iassunto . — Diversi Autori hanno già studiato le union curves (curve assiali) e la 
relativa curvatura sugli spazi di Finsler. In questo lavoro tale teoria viene estesa ad uno spe
ciale spazio di Kawaguchi di dimensione pari. È anche ottenuta l’espressione della curvatura 
geodetica delle « union curves ».

I. Introduction

In  an ^-dim ensional special Kawaguchi space K n  of order 2, the arc 
length of the curve x t =  x t ( t ) ^  is given by

( ï . i )

where

S =  j [A;(x , X) x { + B ( x ,  X)]1,f dt ,

i _ dx*
d t X* ==

d2 x* 
d t2

P = ¥ ° ,  3/2

and A { , B are differentiable functions of x i and x \
In  order th a t the arc length in the space should rem ain unaltered under 

any  transform ation of the param eter t, we m ust have the so-called Zermelo 
conditions,

(1.2)

where

il
, ( P -  2) A, . Bw x l == p B

dA i
> —

3B
'iU) ~  & dx*

And since .s* given by (1.1) is a scalar, it follows th a t A,- is a vector. T he nota
tions and symbols em ployed (w ithout explanations) in this paper are same 
as those of A. Kawaguchi [1] <2>.

W e consider an  ^ -d im en sio n a l subspace Km  of K n represented by  the 
equations =  x l ( u f  and the m atrix  of the projection factors p « =  - ^ r has 
rank  m. I f  we denote aa and b the quantities in Km  corresponding to A,- and 
B in Kn  respectively, it follows th a t the equations sim ilar to (1.2) .hold for 
aa and b. Pu tting

G?y hs-fii) » Gaß :=: ß â(ß) ß̂(a)

(*) Nella seduta del 26 novembre 1973.
(1) Latin indices run from I to n, Greek 

from m -j- 1 to n.
(2) Numbers in the brackets refer to the

ones a , ß , y , 8 , e , p from 1 to m and u , v 

references at the end of the paper.
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it follows (Yohida [3]),

( I -3) G,y p i p i  =  Gaß .

On assum ption th a t n , m  are both even and det (G,y) does not vanish 
identically, it is easy to show th a t

(1.4) and Gp“ Ggy =  8“ ,

where p* =  G“s G,y (Gaß being the tensor reciprocal to Gag).
T he connection T* of K n and Ta of K m  are given as

, 2 r a =  (2 a$y u Y — (̂ß)) Gßa

daQ
and * » r = -W -

0 -5 ; 2 1

where
dAi
dxm

T he co variant differential of a contra variant vector field v (pc , x z) homoge
neous of degree zero w ith respect to a;* is defined by  Kawaguchi [i]  ,

(1.6) 8v =  dv +  r ; K vj  dxK

where

r;-K =
5r

dx* dxK
■ =  r ky.

If va is a vector field in K m such that v =  p « then the induced co variant
differential 8va (== p* 8v )  is given by

(1.7) 8v* =  dva +  Fßy dur}

and it has been shown that ([3])

( I -8) t f r  =  t f  ( f a + ! % # * ? ) ■

Yoshida ([3]) has defined

(1.9) Hgœ =  Dg p i  =  p U +  r ; K Pi P l  -  fig  X ,

where
p U = d p ild u &.

o
Using the vectors nl of K n, norm al to K Hßa can  be expressed as

(I . IO) Hßa == Hßa r i
U*

where

( I . I I) H£a =  G VM> G,y f i  Û Û  =  G"v » , Hßa .
J  V V
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For the tangent vector dx*/ds of a curve C :x* = x* (s ) of the subspace K m, 
Yoshida ([3]) has obtained the relation

( i . 12) 

where

Sx* ,i Sù01 .0 .
—  A  - t — =  HßY vP uycb

x l = dxi
dT and if- = dua

ds

2. U nion curves

E. Bom piani was possibly the first person to consider, more th an  half a 
century  ago, the union curves on a surface of a projective 3-dim ensional 
space under the nam e of axial sym m etric curves. These notions have been 
extended to R iem annian and Finsler spaces. W e now proceed to discuss 
union curves in special Kawaguchi spaces.

Let C : x l — x l {s) be a curve of Km. Consider a congruence of curves 
in K n given by a vector field V  such th a t to each point of K n  there passes 
one and only one curve of the congruence. A t the points of the subspace K m , 
we m ay write ([4])

(2.1) >? =  * * £  +  S r , (V) tv F(v) H= o .

It is assum ed th a t this vector is norm alised by the condition (as in Yoshida [3])

(2.2) G I .

A t a point of a curve C, the linear space generated by the vectors 
dx* I ' dua \ • / S • \ .

TÏ7~ \ ft a ) an<  ̂ $J( ~ ' d 7 ^ ) )  *s caHed the osculating surface of the
curve. The curve is said to be union curve relative to the above m entioned 
congruence if its osculating variety  contains the vector Thus, for union 
curve relative to Xz, we have,

(2.3) V  =  A p ‘a —— +  By’

where A  and B are param eters to be determ ined. Now, the equations (1 .10), 
(1.12), (2.1) and (2.3) yield

“ À + I t  r (v) »•' =  ( a ^  +  b p *) p i  +  b h : 0(2.4) t

where

n 1

pcc
ds

Since A  and n* are linearly independent, so we have,

dua
(2-5) ta =  A - ds Bp«,
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and

(2.6) r (V) =  B H
v d  ua 
aß ~ds~

d  u® 
di'

In  the case of an even-dim ensional special Kawaguchi space of order 
two, the following conditions hold (W atanabe [2]),

A <0')(K)(2.7) 8A iU) =  o

A pplying these conditions, we obtain,

and G fVl

(2.8) ds =  o and Gaß p a du®
di'

ij(K)

O.

O.

T he equations (2.3) and (2.8) give

(2-9)
def

^
dxi
di' y  =  a  .

P u tting the values of A  and B in the equation (2.5), we find

(2.10) du®
di'

—  X dua
ds

T he equations (2.10) are the differential equations of the union cur ves provided 
th a t the ratio

v d  u®
~dJ~

duy
di' / r (v>

is independent of v.
From  (2.9), we get

(2-II) 

where 

(2.12)

S i W  =
dua \ / 

1
fi —  X dup 

di' )

~  V  LTV LTV? — Zj  ^yß
du* du® du8 duz 
di' di' di' di'

is defined as norm al curvature of the subspace (Yoshida [3]). Hence, we 
conclude

THEOREM 2.1. I f  a union curve is geodesic in the subs pace of an even-dimen
sional special Kawaguchi space (n >  2) and the normal curvature of YLm in 
the direction of the curve is not zero, then the component of the congruence tangen
tia l to the subs pace is tangent to the curve i.e.

ds

Theorem. 2.2. I f  the congruence of a curve is normal to the subspace K.m, 
the union curve is a geodesic on the subs pace of an even-dimensional special 
Kawaguchi space.
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Proof,
yields

Since the congruence is norm al (i.e. ta — o), the equation (2.1)

X =  G{j dxi
ds V  = o .

The equation (2.10) reduces to p a =  o. This completes the proof.

3. U nion curvature 

The vector w ith contravarian t components

(3-0 ,

is called the union curvature vector of C relative to a congruence X* and its 
m agnitude ku is called the union curvature of the curve. From  (3.1), we have

(3-2) kl =  Gap -q y\p ,

whence

(3.3) kl =  H ~ 2  j s  (h;t ^  “ p f / %  x

x G ^ < - / » +  j S ( H 5Y^ ( ! f ) 7 S r ? , )) x

where we have used the relation

and

■(3-4)

dua
G“p 1 7  ?

) def
kg =  Ga0 p “ p* .

The scalar kg is called the geodesic curvature of the curve. If  we define
dcf . .

(3-5) % =  Ga0 f  =  G,y X‘ T'p

then using (2.9) and Gap =  1, we have

(3-6) Gap (/« -  X (*> -  X =  Gap t* tp X2.

Thus the  equation (3.3) reduces to

(3.7) i ’ - ^ - 7 s K ^ ^ ) 7 s i f . > r x

x ^  +  j S K ^ ^ / S r ? , , ]

x (G a pi?a ^  —  X2).

X
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Hence, we have the following theorem:

Theorem 3.1. In  an even-dimensional special Kawaguchi space, the union 
curvature of a union curve is zero.

THEOREM 3.2. The union curvature vector r f o f a curve C relative to a con
gruence in an even-dimensional special Kawaguchi space is orthogonal to C.

Proof. From  the equation (3.1).

(3-8) G«ß *)“ =  o •

This proves the theorem .

THEOREM 3.3. The necessary and sufficient condition that the geodesic 
curvature vector o f a curve be equal to the union curvature vector relative to the 
congruence V is that either the curve is asymptotic or the component of V tan
gential to the subs pace is tangential to the curve.

Proof. The proof follows directly from the equation (3.1) and the fact 
th a t for an asym ptotic curve

(3-9) Hpy —  —  =  o (Yoshida [3]).

4. Geodesic curvature of a union curve

The angle 0, between the vector ta and the unit tangent vector of the 
curve, is such th a t

(4-1) cos 6 =  Ga(3 fi (GaP t* fi) - 112

since
n  dua diß
G“ß ~dT "dT “  1 •

Corresponding to the given curve we define 9, the angle between the 
vectors t* and p by

(4-2) cos 9 =  Gag if“ P 13 (Gag if“ if13) - 1'2 (Gag P a p %)~l ß  ,

whence using equation (3.4), we have

(4-3) ^ ( G«ßt<y' A ~1/2 cos 9 =  Gag f* p H =  p p>.

The equations (3.7), (4.1), (4.3) and the relation X =  /g f t  yield

(4-4) & =  4  -  2 ( S  (HS, ^  ^ f ) 7  s  X

X i , ( G cos <p +  {11 (Hf', - p  — ) 7 Y  r d  X

X Gap ta tp sin2 0 .
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The following theorem  is im m ediate from the above equation.

Theorem 4.1. A necessary and sufficient condition that the union curvatu e 
(of a curve of K m) relative to X* be expressed in the form

(4 - S) K  =  kg —  { 2  ( Hgy —  rfv) }1/2 (Gccp t* U 12 sin 6.

is that

(4 -6) cos <p =  sin 0.

When the condition (4.6) is not satisfied the union curvature is given by (4.4).
Since the union curvature of union curve is zero (Theorem  3.1), the above 

theorem  reduces to the form:

Theorem 4.2. The geodesic curvature of the union curve relative to the 
congruence Xz can be expressed as

(4.7) t ,  =  ( 2  (Hsv %  4 £ ) 7 S  r f „ ) 'B(G „ * .)»  sin 8.

W e are extrem ely thankfu l to Prof. E. Bompiani for his valuable sugge
stions for im provem ent.

References

[1] A. KAWAGUCHI, Geometry in an n—dimensional space with the arc length S =  
=  j  f i i x  +  B)1̂  di, «Trans, of the Amer. Math. Soc. », 44, 153-167 (1938).

[2] S. WATANABE, On special Kawaguchi spaces, «Tensor» (N.S.) », 7 (2), 130-136 (1957).
[3] M. Y oshida , On the normal curvature and conjugate and. asymptotic directions of a sub

space of special Kawaguchi space, «Tensor (N.S.)», ig  (3), 251-254 (1968).
[4] U. P. SlNGH, On union curves and union curvature of a vector field at points of the curve 

of a Finsler space, « Bull. Cal. Math. Soc. », 59, 31-35 (1967).


