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Geometria. — On a classical theorem concerning algebraic systems 
of hyper surf aces m  a projective space or m  a projective variety 
N ota di U m b e r t o  B a r t o c c i  presentata <***> d a l  Socio B. S e g r e .

Riassunto. — Viene stabilito in ogni caratteristica l’analogo del cosiddetto Teorema 
delVIndice per sistemi algebrici di ipersuperficie di uno spazio proiettivo o di una varietà 
proiettiva (cfr. B. Segre [9] per il caso della caratteristica zero) e ne vengono tratte alcune 
applicazioni.

I. -  I n tr o d u c tio n

We shall deal with a projective ^-dim ensional (r >  1) space P r defined 
over any  algebraically closed field K of characteristic p  >  o, and choose once 
for all a universal domain O over K (we shall always use the language of 
A ndré W eil’s « Foundations of Algebraic Geom etry » — quoted as FAG — 
for varieties and cycles, generic points, general theory of intersection multipli-

In  j n \
city). P  , N == ( ^ 1 —  I, will designate the projective N -dim ensional

space representing all hypersurfaces of P ’ of degree n ( >  1), and Lx C P N, for 
each point ^  e P r, will be the Veronese hyperplane corresponding to x  in P N, i.e. 
the set of all hypersurfaces of degree n containing x  [the hyperplanes L x form 
an algebraic variety  isom orphic to P r in the dual space P N of P N, the so- 
called Veronese variety of indices ( r , n)]. Finally, CD. will indicate the K-closed 
subset of P N representing all hypersurfaces of degree n w ith multiple 
components.

D e f i n i t i o n  i. -  Let V C P N be any 8-dim ensional subvariety  of P N of 
degrçe m  defined over K. We shall call the algebraic system of hypersurfaces 
associated with V, and denote it by 2 =  E (V ), the set of all hypersurfaces of 
P r corresponding to points of V. 8 and m will be, respectively, the dimension 
and the degree of 2 .

Remark -  For the sake of sim plicity we shall always suppose throughout 
the first three sections th a t 2  has no fixed  components. Furtherm ore, we recall 
th a t such a system  is often called an irreducible algebraic system  (see [9] (U 
or [14]).

From  now on we suppose 8 to be greater than  zero.

(*) Work compiled at the Department of Mathematics of the University of Cambridge 
supported by a grant from the Italian National Research Council.

'((*) **) The Author wishes to thank most heartily Prof. J. Murre for his kind assistance 
during the preparation of the manuscript.

(***) Nella seduta del 19 giugno 1973.
(1) The numbers between [ ] refer to the Bibliography at the end of the paper.
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D e f i n i t i o n  2. — The index v of S  is the num ber of distinct points in the 
o-dim ensional cycle (L5in  • • • n L ïg) - pNV—write v =  4±[(L5[ n  • • • n  L?g) • pV V] — 
where ^  X • • • X is a generic point of P r X • • • X P ' over K.

8 times
From  this definition it follows th a t v <C m } and it m ay be shown th a t 

there exist algebraic systems such th a t v <  m:

Example I .  — W rite the generic conic of the projective plane P 2 as

a m  X 0 a i l  X \  “I“ a 22 X \  ^01 x 0 X 1 T  a 02 X 0 X 2 T  a i2  X 1 X 2 =  °>

and consider the i-d im ensional algebraic system 2  associated with the variety  
V of equations a22 =  aQ2 =  a±2 =  o , a ^ — 4 aQQ aQ1 =' o (suppose^ =j= 2)* The 
degree of 2  is 2 but its index is 1.

The so-called Index Theorem  in the case K =  C— complex num ber 
field— asserts th a t the index v is equal to the degree m provided tha t V  is not 
contained in ^  say 2  has no variable multiple components (see for instance [9]; 
the first proofs are in [2], [4], [5], 10]). This theorem  is generally proved by 
m eans of differential methods. We w ant to give here a complete algebraic 
proof of this proposition, which does not give any additional inform ation 
if p — o in view of the so-called Lefschetz principle (FAG, p. 306), but which 
contributes also in the case of positive characteristic furnishing a necessary 
and sufficient condition for the equality  m  =  v.

Needless to say, the following is a ra ther elem entary application of the 
general m ethods of the theory  of algebraic correspondences as developed by 
A ndré Weil in FAG and in the fundam ental paper [14] and by Oscar Zariski 
in m any papers but specifically in the first chapter o f  [16].

II. -  T h e  I n d e x  T h e o re m  f o r  a l g e b r a i c  s y s te m s
OF HYPERSURFACES IN A PROJECTIVE SPACE

Before giving the more general statem ent of the Index Theorem  in any 
characteristic we need some further notation.

As before let 2 =  2 (V) be any  algebraic system of hypersurfaces of 
P r, and let $ be equal to 1 (substantially  only for typographical reasons, as 
we shall see later). Consider the product variety  P r X P N and its subvariety  
W  defined by

w  =  {xx-fì  e P r x P Np e  [ /„ I ) ,

where f n is the hypersurface of P r corresponding to the point 7] e P N and | |
its support.

W  is a non-singular subvariety  of P r x P ^  of dimension r  ff i 'N  -— 1, 
and it is clear that, for each rj e F n ,

p rpr [(Pr X ï])-p, xpNW] = / „  

where p rpr is the projection m ap p rp r: P ’’x P N-^P*’.



366 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LV -  novembre 1973

Consider now the K -closed subset Zo =  W n ( P 'x V )  in P r X P N. It fol­
lows im m ediately from the fact th a t P f x V  is not contained in W  (and tha t 
P r X P N is not singular) th a t Zo has only r-d im ensional irreducible components 
(FAG, V I, Theorem  1, Corollary 1) and so W  and P r x V  meet properly in 
P r X P N. Introduce the r-d im ensional cycle

z  =  w V xpN (P 'x v )  =  i ; d y z / ,
j=* 1

where Z i,-  - ,Z p are the irreducible components of Z and of course 
dj =  s(W *(Pr x V ) , Zj ; P r X P N) (according to the notation of FAG, VI).

Lem m a i . -  With the previous notation, let y) be a simple point of V  (pos­
sibly defined over an extension of K). Then

f r i ~ j L l  4 /  Pr?r [ ( P  X  7î) * p r x y  Z y ]  •
j=1

Proof. P r X Y] and Zy m eet properly in P r x V  provided th a t Y] is a simple 
point of V, and so we get

4/ P rpr [(P X Y]) * prx v Zy] Pr^r | (P X Y)) • prxy dy Zy
L j=1y=i

=  PTpr [(Pr X Y]) (W -prxPN(Pr XV))] = ^ V K P r X ^)' P^xP1■ W ] = / ,

(using FAG, V I, Theorem  9).
From  Lem m a 1 it follows in particular that each m ap (py : Zy -> P r induced 

by the projection m ap pr^r is a finite morphism , because 2  has no fixed com­
ponents. We shall indicate with 9* the corresponding m ap between the func­
tion fields, 9* : K (P r) -> K(Zy), and we shall say th a t 9y is separable if the 
extension K(Zy) D 9* (K (P r)) is separable.

We can now form ulate the Index Theorem  as follows:

INDEX T h e o re m  (case 8 =  i). -  With the notation as before, the equality 
m  == v holds provided that'.

(i) 2  has no variable multiple components',
(ii) each morphism <py : Zy P r is separable.

Proof. Let us take a generic point £ of P r over K and consider the
V

o-dim ensional cyclè L 5-pNV =  2  *'(Lr V  , f\i ; P N) i\t . The points ,• • - ,

are v distinct generic points of V over K defined over K(£), the algebraic 
closure of K(£) in £2, and so each of these, say y)7, is such th a t the point 
Z X 7)/ is a generic point over K of one— and then only one— of the varieties 
Zy , say Zy(/).

W e shall prove w ithout any assum ption about 2  [namely (i) and (ii)] 
th a t the identity

(O *'(Lr V , fu ; P N) =  dy(/) f t m
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holds, where X '(ó is the inseparability  degree of K(Z,-(/j) over cp*(/)(K(Pr)). 
Then the conclusion will follow easily, because the hypothesis (i) implies tha t 
each dj is equal to 1 (from Lem m a 1, with 7} as the generic point 7p of V  over
K), while the hypothesis (ii) implies tha t each p ^  is equal to 1.

In  order to establish (1), we begin by proving th a t

*■(l 5- v  > *1/ ; P N) =  d,-(0 * ((£ X P N) -Zm  , I XV], ; P 'X P N).

In fact we have

dy w *• ((£ X P N) • Zm  , 1 X yi7 ; V  X P N) =

=  * ((Ç X P N) • dm  Zy(/), I X -rn ; V  X P s ) =

=  7((^X P N) - Z ,Ç X 7) / ; P ,'X P Î') ,

because Ç X t)/ belongs only to Zy^ am ong the varieties Zi , • • •, Zp, and so 
we get

2 ((I X P N) • Z , Ç X 7]/ ; P r X P N) =

=  * ((£ X P N) • (W  ■ (Pr X V ) ) , Ç x % ; P' X PN) =

=  * (((? X P N) • W ) • (pr X V) , ? X 7), ; P" X P N) =

=  *’((? XLç) • (P r XV) , Ç XT]/ ; P 'X P N) =

=  7 (Lr V  , T,; ; P N)

(using FAG, V I, Theorem  8: needless to say, the projection m ap Ç XL^ 
is an isomorphism, and so in particu lar is biregular in v]/).

F inally  we recall th a t we know th a t the o-dim ensional cycle 
(f X P N) *PxxpNZy(/) contains a num ber of points equal to the separabi- 
lity  degree of K(Zy(y  over cp*(/) (K  (Pr) ) , write #  [(Ç X PN) - PrxpN Zy(/)] =  
=  [K (Zy(/)) ; 9*(/) (K (P r))]sep ; moreover each of those points appears in this 
cycle with m ultiplicity equal to p ^ ^  > from the assum ption th a t d; is a 
generic point of P r over K (FAG, V I, Theorem  12), and £ X7); is one of these 
points, q.e.d.

W e rem ark  th a t the identity  (1) implies

(2) m  =  £  d X  [K (Z ) : <p*(K (P 0)]sep =  j ]  d. [K (Z ) : 9* (K (P '))] ,
7=1 7=1 3

(3) v =  Ì [ K ( Z y) :< p ; ( K ( r ) ) L p ,
7 = 1

and so we get:

PROPOSITION i. -  With the notation as before, the equality m  =  v holds 
i f  and only i f  7, is a simple cycle and each morphism <p - A separable.

We now proceed to establish the Index Theorem  for any  S. We recall 
that, when p  =  o, a proof m ay be given by using a simple induction argu-
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m ent (see [9]). In  fact, suppose 8 >  1 and th a t the theorem  is true for the 
dimension 8 —  1. T hen the theorem  is true in particu lar for the generic 
hyperplane section V ' == V-pN L  of V, defined over some extension K ' of
K (recall th a t we know from the I Ind Theorem  of Bertini— see [9] or [17]__
th a t V ' is an irreducible cycle), since V ' is of course not contained in “T. Let 
£1 X • • • X Ss-i be a generic point of P 'x  • • • x P r over K'; by the inductive

8 —1 times
hypothesis we  ̂ know th a t v' =  # [ ( L Çl n  • • • n  L ^ ) - pNV '] is equal to 
the degree of V 7, which is still m. Consider then the i-d im ensional cycle 
Vo =  (L5l n  • • • n  L5s_1) -pNV. It is clear th a t V0 is a simple cycle, because

#  [Vo -PNL] =  #  [(L^n • • • n  Lçs_l) pN (V-pNL)] =  m,

and th a t V0 is not contained in T». So, again by induction, we get

# [ L V pN V0] =  m
and then

# [(L^ n  • • • n  L?s_ i n  L5g) -pNV] =  m ,

for any  generic point of P" over K ' such th a t ^  X • • • xÇS- i X Ç s is a generic 
point of P 'x  • • • X P ^X P '’ over K ', q.e.d.

8 tim es

Remark. ~ In  the previous argum ent we have used a more general 
definition of algebraic system, by referring to simple cycles of P N; it is 
straightforw ard to extend all the previous assertions to this case.

W hen p  is positive, the single hypothesis th a t 2  has no variable m ultiple 
components is not sufficient for the equality m =■ v, as seen above. A nyw ay 
we can state and prove the Index Theorem  in all generality employing the 
same kind of argum ent given for the i-d im ensional case, with obvious slight 
modifications.

In  fact we have to consider the product variety P r X • • • X P r X P N and 
then its subvariety  W  defined by 8 times

w  =  {*! X • • • X x 8 X 7) e v r X ■ ■ • X P ” X P N \Xi 6 |/„  I V f} .

W  is a non-singular subvariety of P" X • • • X P r X P N of dimension r8  +  N ~  8, 
and we can introduce as before the rS — dimensional cycle

Z =  W -P^x...xp’xp«(p r x  • • • X P-X V ) =  Ì :  dy Zy .
J = 1

For each Zy we have a finite m orphism  <py : Zy - >Prx ---- X P r induced
by the projection m ap ^ V x . . . x P ' : P ’' x " ' x p '’X P , , ^ P r X - " X P ’', and 
we can prove the:

IXDEX THEOREM (General case). -  With the notation as before, the equality 
m  == v holds provided that'.

(i) 2  has no variable multiple components.
(ii) each morphism  <py : Zy -> p r X • • • X P r is separable.
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Needless to say, one can extend the validity of formulae (2) and (3), 
and so the ^-dim ensional form ulation of Proposition 1 still holds.

Rem ark. -  It is im portant to point out tha t the condition (ii) does not 
follow from the condition (i) and so the classical Index Theorem  is no longer 
true for positive characteristic.

E xam ple 2. — For any & i> 1 consider on the projective line the following 
algebraic system  depending on S independent param eters t± , • • •, t8

(** “  Oi +  A) x  +  /f+1) • • • —  (t8 +  4 ) x  +  4+1) =  o.

The identity  a;2 — (t +  P) x  +  P+1 =  (P —  x) ( t — x) shows th a t v =  2s, 
m — (p E  0  >  in spite of the fact th a t the above system  has no variable 
m ultiple com ponents [in other words, consider e.g. the case 8 = 1 :  the variety
V representing that system  in a space P 2 is a rational curve of degree p  +  1

1 * * 2and its dual curve in P  is exactly the Veronese variety of indices (1,2)].

II I . -  F u r t h e r  R e m a rk s  a n d  a p p l i c a t i o n s

Form ulae (2) and (3) provide some arithm etical criteria for the equality  
m  =  v when p == 1 : for instance, the equality  holds provided tha t E has no 
variable m ultiple com ponents and p  does not divide m, or else when m  and 
n are coprirne and again p  does not divide m. But we w ant to show th a t this 
case p — I is really  a special one, since:

PROPOSITION 2. -  The equality ?n =  v holds fo r  any algebraic system  E 
w ithout variable m ultiple components and  such that p — 1.

C o r o l l a r y  1. — The equality m  =  v holds fo r  any algebraic system  E such 
that its generic element is irreducible .

COROLLARY 2 . -  A n  algebraic system  S  of index  v =  1 is either a linear 
system or a power o f a linear system.

[Because v =  1 if and only if p =  1 and the extension K(Z) D ? * (K (P T  
is purely inseparable— om itting the suffix 1 for simplicity].

Remark. -  Corollary 2 is a well known property  of algebraic systems (see 
for instance [9] or [15]) to which we shall re turn  at the end of Section IV.

Before giving the proof of Proposition 2 we need some additional inform ­
ation about I -dimensional algebraic systems.

Let E be any  1-dimensional algebraic system, and introduce non-homo- 
geneous coordinates x  — (x1 • • •, x r) in P r and the corresponding non-homo-

(2) So we have that the Index Theorem is true in particular in any characteristic for 
the general algebraic system S (when r > 2). Moreover, observe that in Example 2 we have
p =  2s >  I .
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geneous coordinates a =  (akl ,.ir) in P N, so that the variety  W  is represented 
by the relation

2  aiL ■ ■ -hr À 1 ■ ■ ■ XS  +  I =  O 2  a(i) +  I =  O ,(k) (k)
r

k i > o  , (7) = H ( o )  , L  n
z"—1

(where we suppose th a t V  is not contained in the « infinite hyperplane » 
defined by our choice of coordinates). Let yj =  (yj ) be a generic point of V 
over K, and write f n : x ^  ~f- 1 =  o as the generic element of 2  over

K. Consider the factorization of f^ (x )  in K ( yj) (*), write (x) =  <px( x f 1 • • •
* * * 9p0 (x ) Po » where m j>  1, j  == 1, • • •, p0 , and <px (x) , • • •, <pPo (x) are distinct 
prim e elements of K (y))[#]..

LEMMA 2. — Po is equal to p, and we can dispose of the suffix j  in such a 
way that mj =  dj , j  =  1, • • •, p.

Proof. Suppose th a t Oa (a) e K [<2] , a =  1 , • • •, generate the prime 
ideal of V  over K. Then it is clear from the natural isom orphism

K [ a , x ]  j  , U  aw  +  i )  K  [•/)] [*] /  ( l £  >]<*> +  r )

th a t there exists a 1— 1 correspondence between the factors <Pi(x) , • • •, cpp (x) 
and the varieties Zi , • • •, Zp for which p =  pQ. Then the identities mj =  dy 
follow from Lem m a 1, because the cycle (Pr Xtj) -pr><vZy is rational over K(v]).

A fter Lem m a 2, we can interpret the correspondence /1—> /( / ) ,  
/  =  ï,* • - , v, / ( / )  =  i , • • - , p, in Section II as follows: the point ^Xyj/ belongs 
to the variety  Zy which corresponds to the unique factor <py (x) for which 
9/  ©  =  0 [it is clear from /„  (Ç) == ^  (£)dl • • • <pp (Qdp =  o th a t at least one 
of those factors m ust be o in Ç, and the unicity of such a factor follows from 
the hypothesis tha t £ is a simple point of [ |].

Furtherm ore, it is useful to point out th a t from Lem m a 2 it follows th a t 
the cycle Z is simple if and only if all the exponents my are equal to 1, and 
so th a t Z can be simple also in the case of variable m ultiple components. 
Accordingly, the equality  m  =  v can hold also for algebraic systems such 
th a t V  is contained in ‘T:

Example 3. -  Suppose p  >  o, and consider on the projective line the 
linear system  2, depending on a param eter t , x p +  t  =  o. Now we have 
m =  v =  p =  I, in spite of the fact th a t 2 has m ultiple variable components.

O f course a sim ilar occurrence m ay no longer present itself if p  =  o, 
because if /„ (# )  has no m ultiple components in K(y]) [x ] then it has no m ul­
tiple com ponents in K(y}) [x ] either.

This rem ark  provides the converse of the Index Theorem  when p  =  o 
(and of course for any  & >  1):

PROPOSITION 3. — When p  =  o  equality m ~ \  holds i f  and only i f  2 has 
no variable multiple components.
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This proposition has an obvious geometric interpretation in the space P N, 
furnishing a relation between the tangent spaces to the K-closed set ‘T  (in 
its simple points) and the hyperplanes Lx of the Veronese variety  of indices 
( r , n). For instance, in the case r  =  1, n =  3, V  is a surface in P 3 w ith a 
m ultiple curve, representing those cycles of type 3* in P 1; the tangent plane 
to in a simple point vj, representing a cycle of the type 2 x x+ x 2 , x 1=̂ =x2,
coincides w ith L r, .X1

Furtherm ore, one can observe tha t from Proposition 3 it follows a well 
known property  of linear systems in a projective space, nam ely th a t a linear 
system— without fixed  components— cannot have m ultiple variable compo­
nents. This is a consequence of the 1st Theorem  of Bertini (see for instance [9] 
or [18]), and the hypothesis p  — o is now of course essential.

A fter these rem arks, we proceed w ith the proof of Proposition 2.

Proof. It will be sufficient to prove the assertion in the case S =  1 (and 
p  >  o). Let Ç be a generic point of | / „ |  over K(yj) <3> (so th a t Ç is also a  ge­
neric point of P r over K), and p f  be the inseparability degree of K (Z) over 
cp*(K(Pr))— here om itting again the suffix 1 for simplicity— , i.e. of the ex­
tension K (£ , 7]) D K(Ç). Then we have th a t K (£ , is separable over K(£), 
whence the equality

degree of p /H  =  index of p f 2i 

where p fyL  is the algebraic system  defined by the generic element over K

^1 + i = o -  (with the notation as before).
(k)

In  fact it is clear th a t condition (ii) is fulfilled for by construction. 
M oreover also the condition of sim plicity of the cycle associated with p f l ,  
is fulfilled, in spite of the fact th a t p^H  could have a priori m ultiple variable 
components (this however is not the case a posteriori since p f  =  i), because 
H  I is irreducible in K ^ ) ^ ]  and then also in K ( /) [4(k)
we can therefore use Lem m a 2 in order to obtain the required conclusion 
(recall th a t necessarily K (y^7) 4= K  i.e. K(t]^/) is not perfect).

F inally  it is sufficient to observe that

degree of pSH =  m, index of ^ 2  =  v, to get m  =  v, q.e.d.

W e end this Section by recalling th a t the Index Theorem  in the case v =  1 
is used in the classical proof of Luroth?s Theorem (see for instance [6], [9] or 
[11]), and rem arking th a t Prop. 2 allows us to repeat the same kind of 
argum ent also in the case p  >  o (we get in this way a ra ther different proof, 
sim ilar for instance to those given in [3] or [12] but in a slightly more 
general version).

(3) We mean of course a generic point of one of the irreducible components of |/y,|.
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Proposition 4 (Lunottis Theorem). -  L et k  be any fie ld  contained in  Q, 
k (£)) =  k , * - -, a pure transcendental extension o f k  in  O o f transcendence
degree r, k(fi) =  k(y\x , • • •, 73J any subfield o f k  (fi) o f transcendence degree I
over k. Then k (73) is s till a pure transcendental extension o f k.

Proof. Suppose th a t is a transcendence basis of k(fi) over
k(v\), i.e. th a t k(f )  is a simple algebraic extension of k(r \ , £1, • • -, ^ _ x). 
Consider a m inim al polynom ial H ( x r) of over h f  , £1 ,• • - , %r-i),  which is 
a prim e element of k(fi) [Çi , • • f i r~i\ \xj\- The corresponding prim e polynom ial 
H (x) =  H (x± , • • •, x r_x , #r) 6 ^(73) [aq , • • •, x r—i , x r] =  k(fi)[x] -  under the 
natural isomorphism between these two rings -  defines, as a generic element 
over k, a 1-dimensional algebraic system 2  of hypersurfaces in a projective 
space Pr (such th a t E, is one of its generic points over k). By construction,
2 has the index v =  1; we claim also th a t the degree of 2 is 1. In  fact,
according to Lem m a 2, it will be sufficient to prove th a t H (x) is still prim e 
as an element of K  (73) [^r], where K is the algebraic closure of k in Q; i.e., 
tha t H ( x r) is still prim e as an element of K(t)) [Çi • - , Çr_i] [xr\, nam ely 
[K  (£) : K  (73 , Çi, • • •, %r-1)] =  [k (£) : k  (73 , £1, • • •, Z,r- i ) ] . The last equality  holds 
because the extension k(fi)fDk is regular, i.e. k(ff) and K are linearly disjoint 
over k , hence k (£) and K  (73, £1, • • •, %r-i)  are linearly disjoint over k (73 , £1, • • •
• • - , \ r- 1) ([9]) Prop. IV, p. 290), whence the conclusion ([9], Prop. I, p. 290). 
W e have thus proved th a t there exist elements t  e h ( f )  , F (x) , G(x)  e h[x]  
such th a t H (V) =  F  (#) +  tG  (x). Then it is clear th a t

[&(£) , & , • • • ,  5r- i)]  =  [ ^ ©  : k f i  , - • -, ^ _ 0 ] ,

whence k (73 , £1, • • •, £r_i) =  Æ ( t  , £1 , • • •, %r-i)  [because k (73, Çi ,. . ., Çr_i) D 
D k (t  , ^  The conclusion is now easy, since ^ ( t  , £1 ,• • - , £r_i)
and yé (73) are linearly  disjoint over k(fi) and so it follows as before that

I \fi (y) * 1 j* • £>r—1) • k  ( t  , ^1, • • •, 1)] :=: \fi(73) I q.e.d.

IV . -  T h e  I n d e x  T h eo r em  fo r  a l g e b r a ic  system s

OF HYPERSURFACES IN A PROJECTIVE VARIETY

Let U  C P r (r >  2) be a d-dimensional projective variety  (1 <  d < r —  1) 
defined over the field K, and suppose for the sake of sim plicity th a t U  is nor­
mal. The (d — i)-dim ensional positive cycles of P r whose support is contained 
in U  (we call them  the hypersurfaces of U) and having a fixed degree p, are 
represented by the points of a K-closed subset Chd~1,EX(U) of the Chow 
schem e^  Chd-l5!X(P r), representing all (d — i)-dim ensional cycles of degree 4

(4) The word scheme is now generally used instead of the word variety because 
Chd~ i’  ̂(Pr) may well be reducible. For all that concerns these preliminaries about alge­
braic systems of cycles look for instance at [1] or [7], in addition to the works already 
quoted in section I.
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fi, of P r. For each point tj in (U) we shall indicate by f i  the hyper­
surface of U  corresponding to rj, and call vj the Chow po in t of f i  .

Let V  be a S-dimensional (8 >  i) subvariety  of Chd~1’!J,(U) defined over 
K; the set of all hypersurfaces of U corresponding to points of V will be 
called the 8-dimensional (irreducible) algebraic system  associated with V, 
write 2 =  2(V) (5).

As in Section I, the index  v of 2 is defined as the num ber of distinct hyper­
surfaces of 2 .which pass through 8 generic points of U  over
K (i.e., £iX • • • x £s has to be a generic point of U X • • • XU over K).

From  now on, suppose th a t 2 is totally contained in  a linear system  8 
o f hyper surfàces ofXJ.  There exists then some (d — i)-cycle g  in U  -  not necess­
arily  positive -  such th a t 8 +  ̂ , the set of all cycles of U  of the type f  +  g  
w h e re /e  8, is a set of hypersurfaces of U  cut out on U  by some linear system 
£ ' of hypersurfaces of P r; i.e., no hypersurface of ß' contains U, and f . prU  
describes 8 + ^  while f  describes S'. Correspondingly, there exists some alge­
braic system  2'C  8' which cuts out 2 -fig  on U; we shall call it an algebraic 
system associated w ith 2. Let v' be the index of 2' and m ’ its degree; the 
classical Index Theorem  for algebraic systems of hypersurfaces of U  asserts 
th a t ml — v '=  v provided th a t 2 , and hence also 2  +  g  and 2 ',  have no variable 
m ultiple components (now we m ean of course w ith the possible exception o f 
f ix e d  components). This theorem  is usually proved when p  ~  o by m eans 
of differential m ethods (see for instance [9]); we w ant to give here a complete 
algebraic proof of it in any characteristic. Needless to say, when p  >  o we 
shall need sòme further assum ptions, for in this case the single hypothesis 
th a t 2  has no m ultiple variable com ponents does not necessarily im ply either 
m ’ =  v' or v' =  v even when m' — v'. Furtherm ore, as we shall show, such 
an algebraic system  on U  m ay be derived from distinct associated systems 
in P r with different indices.

E xam ple 4. -  T ake on the projective line P 1 the algebraic system  

2  : x 2 —  (t +  tp) x  +  tpArl =  o

we have previously m et (Exam ple 2), and consider in the projective plane 
w ith non-homogeneous coordinates x  , y  the following two algebraic systems 
associated w ith 2 ,

2 ' : x2 —  (t +  tp) ^  +  tp+1 =  o ,

2": x2 T* ty  —  (t +  t p) x  +  tp+1 =  o .

W ith obvious notation, it is clear th a t v' =  2, m' =  p  f  1 while m n =  v" =
~  P ~f I •

Before giving the more general form of the Index Theorem , it is conven­
ient to recall: th a t we can get any ^-dimensional (s >  1) linear system  £ on

(5) Each of the systems we consider in this section may have fixed components.
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U  in the following way (FAG, IX , Theorem  14; in Section II we have used the 
same construction in a special case). Let P ' be the projective ^-dim ensional
space associated with £ and 9 be the corresponding rational m ap from  U

*
to the dual space P* of P s (the so-called projective image of £). Take a gene­
ric point Ç of U over K and a generic point 73 of the hyperplane 9 (£) C Pf 
over K(£),' and then consider the (d +  — i)-d im ensional subvariety  W  of
U X P* defined by the generic point E,Xvj over K. One can easily prove th a t 
for any point 73 e PJ the cycle (UXy])-UxpSW is defined [i.e., U X tj and W  
m eet properly in U  along any  com ponent of (U X73) n  W; actually, any  such 
com ponent is simple in U x P f], and tha t (U X73) *Uxp, W == fin X73 where 

f-n ~  ^ u K U X ^ -u x p ^ W ]  *s cYcle ^ corresponding to the point 73 6 P J 
(we em ploy here the natu ral isomorphism between Pf and the subvariety  re­
presenting £ in the suitable Chow scheme of U).

We are now in the position to tackle our problem. Given X C £, suppose 
th a t £ is defined as before by  the irreducible cycle W  in the product variety  
U  X P )  since X is contained in £, it is represented in P ' by some subvariety  
V. W e can introduce the cycle Z =  W -Uxp*(U x V ), which has its support 
contained in U x V , and we see as in Lem m a 1 th a t f 7i =  p r v [(U x  ^ •u x v Z ]  
for any  simple point 73 e V  (perhaps defined over an extension of K). Suppose 
now th a t S =  1 (for the same typographical reasons as in Section I), and 
call m  the degree of V as a curve in P* and Z± , • • •, Zp the irreducible compo­
nents of Z such th a t their geom etric projection over U  is U  itself (there m ay 
exist fu rther irreducible com ponents of Z, corresponding to the fixed compo­
nents of X). A fter having then defined 9X , •• • ,  (pp as the restrictions of 
prv : U  X V -> U  to Z\ , • • •, Zp, we can prove:

PROPOSITION 4. -  With the notation as before, the equality m  =  v holds 
provided that X has no variable multiple components and each morphism 
( p p Z y - > U , ; =  I , • • • , ? ,  is separable.

Proof. One can repeat the same argum ent given for the Index Theorem  
(case 8 =  1) in Section II, w ith obvious m odifications because the hypothesis 
th a t X has no variable m ultiple components implies th a t Z is a simple cycle and 
there exists a natu ral isom orphism  from P s into the suitable Chow scheme óf U .

From  Proposition 4 the new form of the Index Theorem  follows easily, 
namely:

I n d e x  T h e o re m  (case S =  1). -  With the notation as before, let Xr be any 
algebraic system in  P r associated with X. Then the identities m' =  v' =  v hold^ 
provided that

(i) X has no variable multiple components'^
(ii) each morphism  cpy : Zy U  yj  =  1 , • • •, p, is separable <6>. 6

(6) This condition has of course an intrinsic meaning with respect to the given 
system 2.
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Proof. Let E ' be represented by a curve V ' in the suitable projective 
space P  , and S' by  a linear subspace P  '  of P N . Then there exists a natu ra l 
K -linear isom orphism  between P* and p 'f, in which V  corresponds to V ', 
and thus it follows from Prop. 4 th a t m' =  v, q.e.d. on account of the inequal­
ities m' >  v' >  v.

Remark. -  A  simple alternative proof can now be given when p  =  o. 
Let us introduce, w ith the same notation as in Section II, the variety  W ' 

/ X
in P r X P N , the cycle Z' =  2j  Zy =  W ' •prxpN/ (Pr X V ') ançl the m aps

, , r y==1 
: Z/ -* P r , j  =  I , * * •, p', induced by pr^r : P " x P N -> P r (7). For any

j  =  I >• * *, p', we define the K -closed subset Ay of P r as the locus of the
points i e p "  such th a t

# [ ( * X P N')-p ,xpN'Z ;] <  [K (Z;.) : <py*(K(P*))]

/ p'
(Ay is the so-called discriminant of <py). A' =  U Aÿ is a pure K-closed subset 

- r y=i
ot P  of codimension i ; and it is clear th a t v <  v' if and only if U  is contained
in A'. Now let $ be a generic point of U  over K, and tj be a point of V ' such
th a t f(L ç-V ', v) ; P N) >  i; one can easily  check th a t the hypersurface of P ’’
corresponding to tj has the same tangent hyperplane <8> as A' at \ y and thus
S ’ cuts out on U  a system  with variable m ultiple components.

I t  is straightforw ard to extend the above statem ent to the case S >  i,
as we have done in Section II. W e have just to consider the cycle Z x  • • • x Z
. „  8 times
m ( U XV) X • • • X ( U X V), identify ( U XV) X • • • X( U X V )  with U X • • • x U X

8 times

X V X  • • • XV, and then introduce in the last variety the subvariety  U X • • •
• • • XU X Av, where Av is the diagonal subvariety  of V x  • • • X V, and the cycle 
Z x  • • • XZ ' ux. - . xUxVx- . . xvUx • • • X U x A v . We shall indicate this cycle 
again by Z and identify U x * - x U x A v with U x - * - X U x V ;  then, if  
Zi ,* • - , Zp are the irreducible components of Z having the geometric projec­
tion U  X • • • XU under ^ r Ux. . .xU : U x  • • • XU XV - > U x  • • • XU, we in tro ­
duce the finite m orphism  -<py : Zy - > U x  • • • XU , j  =  1 , p, induced by
the projection m ap / r U x . . .x U , and we finally prove:

INDEX THEOREM (General case). -  With the notation as before, the identities 
m =  v '=  v hold y provided that

(i) ; S  has no variable multiple components y
(ii) each morphism  <py : Zy U  X • • • XU yj  =  1 , • • •, p is separable.

It would be easy to extend to the general case of an algebraic system  of 
hypersurfaces on U  the considerations m ade in Section III ,  for instance P ro­
position 2 and its two corollaries, but we do not insist on this point. W e only

(7) Suppose for the sake of simplicity that S' has no fixed components.
(8) Possibly undetermined, i.e. Ç is a singular point of that hypersurface.

25. — RENDICONTI 1973, Voi. LV, fase. 5.
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wish to point out th a t the hypothesis th a t 2  is to tally  contained in a linear 
system  is of course essential throughout the present Section, even for the 
validity of the last of the two corollaries just recalled. In  fact it is well 
known th a t there exist some algebraic surfaces (see for instance [4], [9], [14]) 
carrying an irrational pencil (i.e., an algebraic non-linear system  of curves 
of index 1), the generic element of which is irreducible.

Remark. -  A  Theorem  of Enriques ([4]) asserts th a t any  8-dim ensional 
algebraic system  on U  with index 1, the generic element of which is irredu­
cible, is necessarily linear whenever 8 >  2. The two hypotheses are now both 
essential, because one can find for any  8 >  2 8-dim ensional algebraic non­
linear system s of index 1 free from variable m ultiple components.
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