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Equazioni differenziali ordinarie. — Bowundedness of solutions

of perturbed systems of differential equations. Nota di Ropnev S.
RamBaLLY, presentata ® dal Socio M. PiconE.

RIASSUNTO. — Si considerano generali sistemi di equazioni differenziali ordinarie ed
in particolare lineari e si danno condizioni sufficienti alle quali devono soddisfare perturbazioni
dei dati, determinanti la soluzione dei detti sistemi, affinché questa si mantenga entro confini
prescritti.

NOTATION

o Alpha { } set notation
B Beta / derivative with respect to time (d/d#)
vy  Gamma | | vector norm
3 Delta R set of real numbers
€ Epsilon >  greater than
T Tau >  greater than or equal to
®  Omega < less than
oo Infinity < less than or equal to
e is an element of alb  a divided by 6.

1. We consider the systems of differential equations
Q) x' =f(,x)
2 y=5t,»+gi,

where x,y,f and g are #n-dimensional vectors and where f(¢,0) = o,
theréby making x = o a solution of (1). Let || denote a convenient vector
norm and a corresponding matrix norm.

Assume there exists a solution x (£) of (1) which is defined for all #>>¢,.
Recall that the solution x = o of (1) is said to be

a) Uniformly stable if for each ¢ > o there exists a § =3 (c) >0
such that if x(¢) satisfies |x(#)| <& for some # >¢,, then |x(?)]| <e
for all #>¢; '

b) uniformly asymptotically stable if, in addition to (@), there is a 8 > o
and for each e > o0 there exists a T=T(c) >0 such that whenever
|2 (#) | <3 for some # >¢,, then |x(¢)| <e for all z>¢# + T.

We shall usually denote the solution of (1) through (%, , %) by x (¢, 4, , %)
and ;similarly the solution of (2) through (%, %)) by ¥ (¢, ¢, ¥)-

(*) Nella seduta del 26 novembre 1973.
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2. For the first theorem we assume that f satisfies a uniform Lipschitz
condition on Dy = {(¢,%):2>0, |[x| <M ,M>o0}. Let L be the Lipschitz
constant.

THEOREM 1. Let 0 <t < oo and o <r <H. Assume there exists o> o0
such that whenever |y|<a, |g(t,y)| <o (t,|y|), whre w(t,7) is a
continuous, scalar function whick is monotone, nondecreasing in r for each
JSixed t and whick satisfies

(o]

f@(z‘,c)dt<oo Jor o<c<H, o<a<oo.

a

Assume that the solution x = 0 of (1) is uniformly asymptotically stable.
Then for each ¢ > o there exists a 3 >0 and T > o such that if #, >T
and |y,]| <38, then |y (¢,%),50) | <e for all #>¢,.

We need the following lemma in order to prove the theorem.

LEMMA 1. Let x(t,1y,5,) and y(t,1y, V) be solutions of (1) and (2)
respectively.  Assume that |y (t,1y,5,)| <o for te€[ly,ly+ 1] for some
T >o0. Then

¢

IJ’@,ZO,%)—"@JO,%H SELT f:")(f,@ dS
vf,,

Jor teliy, 1, + 7).

Proof. TFor simplicity, we denote ¥ (s, 1y, 7,) and x(s,y, 7o) by ()
and x (s) respectively. Now

ly (¢, 00, Fo) —x (2,1, To) |

y-o+f[f<s,y<s>> o5,y ()] ds
1y

—y*o—[f@,x@» ds

=| [ Gy =76 56D +e6, 5 O ds
!

¢ ¢

<[Liy@—r@las+ [t 1y@ D

N
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Hence (Brauer [1], Lemma 2)

Iy@:zo’yO)_—x(t’t—O:yO)!

4
wa(s,ly(s)l)e‘*“"”ds
Zy

?

< eL'fo)(:, o) ds.

%

Proof of Theorem 1. Let all constants corresponding to (1) be starred.
Let o <e<a Choose &= §(c)=98"(c/2) (where 8" is as in the defini-
tion of uniform stability of the zero solution of (1)) such that § <e. Let
v = 7 (c) = T"(3/2) and choose T large enough such that

/zoco (s, oc) ds <

T

3
27

Finally choose # >T and |y,| < 3. Note that for such a y,, (2,4, ) |
<efz for =12 and [x(¢,%,50)| <3/2 for £=>1ty + T*(5/2). Provided
that |y (¢,%,5) | <e <o« for #€[f,2 + 7], we have, using Lemma 1,

|J/(l‘,l‘o,yo)] S’J'U’IO:J/O)_’C(;’ZO’J’O)I +Jx(f)t0»y0)l

¢

ge’ﬂfw(s,a) ds +z
£

¢

geLT/w(s,a) ds —}—%

T
3 €
<—2—+?<8.

Thus y (¢, %, ¥,) can be continued to the whole of [#, 7, 4 =] and on this
interval |y (¢,%,50)| <e. Let y, =yt + 7,%,%). Then

I <ly—xlo+7,2%,50)| +12E+ 7,4, )]

3 3
<2 +2=5.

Assume that for some 7 >o0, |y (¢,4 ,%)| <e for #€[ty,2 -+ mt] and
that |y (zg +mv,%,50) ] <3 Let y,=y(t +mr,t,y). We would
like to show that |y (z,4y,,)| <e for €[ty +mv,t,+ (m+1)7]. Let
us consider y (¢, %y + m7,y,) on [to+ mr,ty + (m + 1) v]. Provided that
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|y, 2y +mv,9,)| <c on [2p +mt , 2ty + (m + 1) t] we have

ly(t,z‘o—}—m'r,‘ym)]gly(t,z‘o—{—mfr,ym)—x(t,z‘o—I—mr,ym)l
+lx(@, 20 +mr,p,)]

¢
SeLT[w(s,oc) ds —I—%
tytmT
!
geLT/m(s,oc)ds —[——z—

T
<—f~+—§~<s.

Thus |y (¢,%,50)| <e on the entire interval [f + m7, ) + (m 4 1) 7].
Finally, let Y41 =y (to + (m + 1) 7,4 ,,). Then
’ym+1| S[J/(to—F(m—l—I)T,l‘o +WZT,_'}/,,,>
—x{+m+ 1), 4+ mr,y,) |

This follows because y (¢,%y, ) can be continued to # -+ (7 -+ 1) =, the-

reby making y (o +(@n 4 1) 7,4 ,%) and y (¢ + (m + 1) v, 4y + mr, v,)
equal. Thus

) s
| Ymy1l <?+?=3-

Since |y (¢,%y,%0)| <e on every interval [¢y + mt, 2, + (m -+ 1) 7], then
|y(#,%,50) | <e on [£,00). The proof of the theorem is now complete.

We shall now consider the case when our homogeneous. system (1) is
linear. In Theorem 2, we study the systems

©) x=A@0)x

@ y=A@®)y+7t, 9 +60),

where A (#) and f are continuous. Let X (#) be a fundamental matrix of (3)
and let X; be the subspace of points in R” which are values for # = o of the

bounded solutions of (3). Let Xz be a fixed subspace complementary to Xi
and let P; and P, be the corresponding projections of R” onto X; and Xa.

THEOREM 2. Assume that

[ee]

J] X ()P, X (s) |7 ds + /‘| X (@) P, X 1(s)|7ds < K
] :
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Jor some positive constant K. Let f(¢,y) be a continuous function such that
lf@y)—fC )| <vini—3| where YK <1,

ot <oo, [y |<PB, |y| <B for some constant B.  Assume that
16() €1 [0, 00), where 1 <p <oco and 1p+1lg=1 and let the 1?
norm of |&()], [élp, be such that

(1 —vK)
,blﬁ = 2 KYe :

Then there exists a unique solution y (#) of (4) such that | y@® | <B.

Progf. Let y(#) be any continuous function such that |y (£)| <8 and let

() = [ X (AP, X1(s) () +£ (s, 9 () ds
0

—[XORXT OO+ 6,y @) ds
t
We claim that t is a contraction mapping. This follows because

| oy — 1y | = I f X (&) PyXL(s) (6 (5) + £ (5, 3, () ds
0
- f X (8) Py X (5) (6 (5) + £ (5, 31 (&) ds
—[XOPXI© 6@ +7 .00 ds
0

+[XOPX OO +7 (06 ds

= ’ f X@OPLXTE) (f (s, 91() —F (s, 72()) ds
0

+ f X (1) Py X7 (5) (f (5, 72 (9) —F (5, 31 (5)) ds

sfl X (&) PuXL ()| 1£ (531 () —F (5 3 () | ds
0
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n f | X () By X5 | 1 (s, () —F (5, 25 () | ds

¢

- /'l X (&) Py X7 ()| ¥ |3 (8) — 5 () | ds
0

+fIX(l‘)PzX_I(OlYlyl(S)—yz(S)ldfélyl—yzlYK-

We wish to prove that |1y (#)| <B. Now

ly @)= | / X &Py X (s) (5() +£ (s, 7 () ds

- f X (£) Py X1 () (6(5) +£ (s, 3 () ds

SJI XOP X (9)b(s)]ds +/I X@OPL XS (s, 9()) | ds
0 0
+le(l‘)PzX‘1(S>5(S)ldf+flX@)PZX“l(S)f(s,y(f))lds

<([Ixorxi@r as) 16, +Yﬁof |X ()P, X (5) | ds

0

+(f|X<t> P, X‘I(S)lquy/qlblp—kvﬁflX(If)PzX‘l(s)Ids-

This last inequality was obtained by applying the Hélder inequality. We
now conclude that

|ty ()] < 161, 2K + 4pK
- <B
By the contraction principle, the integral equation y = 1y has a unique
solution y (¢) such that |y (#)| <B. By differentiation, we see that this

¥ (¢) is a solution of (4).
Let us now assume that our perturbed linear system is

(5) y’=A(¢)J{ +fE, ),

where |f(¢,y (/)| €L?[0o, o). Let the IL” norm of f@,y) for |y <B
be denoted by |f [E and let X (#), P; and P, be as previously described.
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THEOREM 3. Assume that
! 1/g ~ /g
<f|X(t)P1X“1(s)|”ds> +<j|X(t)P2X—1(:)|"ds) <K.
0 ¢

Let x(2) be a solution of (3) such that |x ()| <« for some constant o« and
assume that

20 o
Then there exists a solution y (t) of (5) such that |y()| < 2w

Proof. For |y (#)| < 2« define the integral operator G by

¢

GO =xO+ [ XOPX (5,5 () ds
0

[ee]

— [XOP X075, 709 ds.

Then

4

Gy @) < IM@I—F/{IXO‘) PyXT @S (s, ()] ds
0

+{I X () Py, X1 O 1f s,y ()| ds

<a +( J | X@O P X ()| ds)” £
0

+(f xR X as) 17

goc—|—|f|§°‘K£oc—l—oc=2oc.

Thus Gy is uniformly bounded for all v (¢) such that |y(f)| < 2 a.
The continuity of f can be used to establish the continuity of G.
Now Gy is a solution of

() V=A@ v+f(E, @)

since x (¢) is a solution of (3). Hence Gy has a uniformly bounded derivative
on finite intervals, from which it follows that {Gy} is equicontinuous. All
hypotheses of Schauder’s fixed point theorem are satisfied and hence the equa-
tion Gy =y has a solution y (#) such that |y ()] <2« Because of (6),
this y (¢) is also a solution of (5).
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Remark. To handle the case when p = 1 we assume that
IXOP XTI <K, o<s<y,
[IX@OP,XT(s)| <K, o<z<s.

The proof remains almost the same.
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