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GORDON P a g a n , Oscillation theorems fo r  characteristic, ecc. SOI

M atem atica. -— Oscillation theorems fo r  characteristic in itial value 
problems fo r  linear hyperbolic equations (* (**)h Nota di G o rd o n  P ag an , 
presentata dal Socio M. P ico n e .

RIA SSU N TO . — In questa Nota sono stabiliti teoremi di oscillazione per soluzioni della 
equazione vxy -f G (x , y) v — o individuate da condizioni iniziali.

Tali teoremi sono estesi a equazioni del tipo

Vxy +  a (x , y) vx +  b {x , y) vy +  G (x , y) v — o .

Sono anche descritti alcuni caratteri qualitativi di soluzioni delle equazioni stesse.

i. Introduction

The purpose of the paper is to study the oscillatory behaviour of solutions 
of the hyperbolic characteristic initial value problem

^  ^  Vxy +  a (x , y) vx +  b{x  , y) vy + g  (x , y) v =  o

v (x , 6) — F (x) ; v (o , y)  =  G (y) ; x  , y  > o

where it is assumed that a , b , g  , F and G are continuous and that v (x , y)  
is a C2 solution of (1.1). We shall be especially interested in establishing 
criteria for the oscillatory behaviour of such solutions. A non-trivial solution 
v (x  y y)  ° f  C1 • 1) is said to be oscillatory if it has arbitrarily large zeros—i.e. 
if for every r  >  o there exists x  >  o and y  >  o such that x 2 +  y 2 >  r2 and 
v ( x  , y) =  0.

In the special case of self adjoint equations, Kreith [1] established such 
oscillation critçria by generalising the technique used by Sturm for ordinary 
differential equations. While the present techniques are similar, they avoid 
the regularity conditions required in [1] and also extend to non-self adjoint 
equations. The basic techniques are presented in § 2 below and the extension 
to the non-self adjoint equation in § 3. Some more difficult questions about 
the nature of the zeros of oscillatory solutions are discussed in §4.

2. S e lf  a d jo in t  equations 

Consider the characteristic initial value problem .

, N V x y + g ( x , y ) v =  o
(2-0

v (x ,0 )  =  F (x) ; V (o , y)  =  G (y) ; x  , y  > o .

(*) Research supported by a grant of the Science Research Council.
(**) Pervenuta all’Accademia il 16 luglio 1973.
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We note that u =  sin (Lf  (x) +  y/L) is a solution of

(2.2) ux y + f ' ( x ) u = o

where L is an arbitrary constant. This fact leads to the following result.

Theorem I . Let f  (x) be a differentiable monotonie increasing function 
satisfying f  (o) =  o. I f  there exists a constant L -4= o fo r  which

(i) g ( x  , y) > /  (x)l
(ii) F (x) >  o ; G (y) >  o;

(iii) F ' (x) +  L2/ '  O) G' (L2/  (*)) <  o

then the solution v (x , y) of (2.1) changes sign in each region

D„ =  {(x , y )  I x  >  °  , y  >  °  , Lmr <  y  +  L2/  (x) <  L (n +  1) 7t}.

Proof
Let L 0 ) =  vxy + g  (x , y) v =  o 

/  (u) se uxy + / '  (x) u =  o.

Then

(2.3) uL  (y) —  vl (u) =  (g (x , y) — f  (x)) uv +  (yx u)y — (uy v)x =  o. 

Integrating over a sufficiently smooth bounded domain yields

(2-4) Jj (g (x , y)  — / '  (x)) uv dx dy =  JJ (fuy v)x — (yx u)y) dx  dy.
D* Dn

Since u (x , y)  =  sin (L / (x) +  y fL) is zero when y  =  Lwc — L2/  (x), it is 
useful to define D„ =  ( ( x , y)\x  >  o , y  >  o , L^tu <  y  +  L2/  (y) <  L (« +  i) 7r). 
Then, using Green’s theorem in (2.4) gives

(2 - 5)  J J ( i T  j >0 — f  (%)) uv dx dy  =  j )  ^  ^  d ^ r  +  ^  v dy.
3D.

H e n c e  ( 2 . 5)  b e c o m e s

( 2 -6 )  —  /  ( * ) )  ^  d y  =

/  1 ( ( w +  1)7T/L)

( y *  ( y  ,  o )  s i n  L f  ( y ) )  dx
Dn f " 1 (wtc/L)

L(«+1)tc

+  j  ( i/L  cos (» +  I)7C & ( / -1 ((« +  1) tt/L — y/L2) , y)) dy
0

l ) 7 i

— (i/L cos
L«7X

( y / L )  &  ( o  , y ) )  d y  — J ( i  / L  c o s  » 7 t  z> ( / - 1  ( m t / L  — y / L 2 ) ; y ) )  d y .  
0
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Now
L(?f+1)TCJ  (i/L  cos O /L) V (o , y)) dy

hnn

L(̂ -f 1)TT
r

' I (sin (y/L) z/, (o , y)) dy.
L«tc

Substituting into (2.6) we get

(2-7) J  j (g (x , y) —/ '  (a:)) uv da: dy =  j  F'(x) sin L /  (x) 
D*

L(^+l)rc

+  j (sin (y/L) G' (y)) dy

f ' 1 ((«+l)7t/L)

/^(nnJL)
dx

L(«+1)tc

+  J  ( i/L  cos (« +  1) n v ( / _1 ((« +  1) tt/L — y/L 2) , y)) dy 
0

LtzTCr
— j (i/L  cos ^tc v ( f ~ x (mr/L — y/L 2) , y)) dy.

J0

Substituting y  =  l l f  (x) in the second integral on the right hand side of (2.7) 
yields

(2-8) J  j Cf (* , y) — f  (*)) uv dx  dy =
D«

f - 1 ((« + 1)tt/L)

J  Sin (L /(x))  (F'{x) +  L2/ '  (x) G' (L2/(* ) ))  da:
Z“1 (wrc/L)

L(^+1)tt

+  J ' i/L  cos (n +  1) U v ( / -1 ((n +  1) tu/L — y/L 2) , y) dy 
0

L^ttr
—  j I /L cos ^7r v (Z""1 (^tu/L — y/L 2) , y) dy.

j
0

If z /(# ,y ) does not change sign in D*, then v ( x , y) is positive in Dn by (ii).
If n is even, the hypotheses of the theorem assure that the left hand 

side of (2.8) is non positive, while the right hand side is positive. This 
contradiction shows that v (pc , y) changes sign in each Dn. A similar argument 
applies for n odd. Q.E.D.
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C o r o l la r y . I f  there exists a constant L =j= °  such that
(i) g  (x , y) >  h2 ( h a  constant);

(ii) F (x) >  o ; G (y) >  o;
(iii) F ' (x) +  l )  k'? G' (L2 k2x ) < o

then every solution v of  (2.1) changes sign in each region

A  =  {(* , y) i X  >  o ; 9/ >  o , "Lmz <  y  +  L 2 h2 x  < L  (n +  1) n } . 

Proof Set f  (x) ~  k2 x  in the theorem.

We first prove a comparison theorem for the special non self adjoint

Theorem II. I f  there exists a positive constant I? such that

(i) g { x  , y) >  ax (x , y) —  ay (x , y)  +  k2
(ii) F (x) >  o ; G (y) >  o

(iii) F' (x) +  G' (x) +  a ( 0  , x) G (x)  — a (x  , 6) F (x )  <  o 

then every solution v (x , y) o f (3.1) changes sign in each domain

A  =  {(* , y) I x  >  O ; y  > o ; nn/k < x  +  y  <  (n +  1) tt/£} .

Proof. We note that u =  sin k (x +  y) is a solution of 

(3*2) T   ̂ ^ O .

Multiplying (3-2) by v (x  , y) and (3.1) and subtracting yields 

(3*3) (g (x , y) — k2) uv =  ( ^ ) *  — (uvf)y —  avx u +  avy u.

For u  — sin h (x - j~ y )  we have ux =  uy and the last term of (3.4) is zero. 
Integrating over a domain

A  =  {(x  , y)\x  >  o ; y  > o ; nn\k < x  +  y  < (n 1) izlh}

yields

3. Non self adjoint equations

equation

(3-0
v*y +  a O  » y)  (vx —  V y) +  g  (x , y )  v =  o 
v ( x  , 6) =  F (x) ; v (o , y)  =  G (y).

Hence

(3 *4) (g (x  > ÿ) —  &x +  ay — ̂ 2) uv — (vuy —  auv)x — (uvx— auv)y +  a (ux — uf) v.
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Using Greeks theorem on (3.5) gives

(3-6) i s - +  a y — k 2) uv d x  dy  =  (p (vuy — auv) d y  -f- (uvx — auv) d x .

Hence (3.6) becomes explicity

(3-7) j f (g — ax + ay —  k2) uv dx  dy  =

( n + l ) n ß

j* sin kx (yx (x , o) — a (x , o) v (x , o)) dx
nnjk

(n +l)n/k

+  j kv (— y  +  (n +  1) iz/k , y)  cos (n +  1) tc dy 
6

(* +  l)TC/Æ

• j k  cos ky v (o , y)  — a (o , y)  sin ky v (o , _y) dy
nnjk

nnjk

■ j kv (— y  +  njk  -, y) cos %tu dy.
0

Noting that 

(3-8)

(n +l)n jk

- j  (k cos ky v (o , y)) dy ■
nnjk

(n-{-l)nJk

(sin ky vy (o , yj) dy
nnjk

and substituting (3.8) into the first part of the third integral on the right 
hand side of (3.7) yields

(n+ï)Tzik

(3-9) I j (g  — a* +  ay — k2) uv dx  dy  =  j sin kx  (F' (x) —  a ( x , o) F (xj) dx
D w nnjk

(n +l)n/k

+  j' kv (— y  -f- (n +  1) Tzjk , y)  cos (n +  i) tc dy 
0

(n + l)n jk

+  j  sin ky  (G' (y) +  a (o , y)  G (yj) dy
nnjk

nnjk

— j  kv (— y  +  mijk  , y)  cos mz dy. 
b
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Finally putting y  =  x  in the third integral yields 

(g  — ax +  ay — k2) uv dx  dy  =

(n+l)Tz/kJ  sin kx  (F (x) +  G' (x) +  a (o , x) G (x) —- a (x , o) F(#)) dx
nn/k

(n+ l)n/k

+  J  kv (— y  4- (n -f  1) izjk , y)  cos (n i) rt dy  
0'

mzjk

— J kv (— y  -f- nn/k  , y)  cos mz dy.
0

(3-IO)

Assuming v ( x , y)  does not change sign in D„, it follows from condi­
tion (ii) that v (x , y) >  o. If n is even, the hypotheses of the theorem assure 
that the left hand side of (3.10) is non positive, while the right hand side 
is positive. This contradiction shows that v (x , y)  changes sign in each D„- 
A similar argument applies for n odd. Q.E.D.

To deal with the general case it is necessary to prove the following 
lemma.

Lemma. I f  v satisfies vxy +  a ( x , y) vx +  b ( x , y )  vy +  c ( x , y) v — o and
s

i f  Z ( x , y )  =  v ( x , y )  exp j" (â ( a , t) +  b ( a , t)) da j  where â ( s , t )  =  a ( x ,  y);
ó

b (s , t) =  b (x , y) ; x  -fi y  =  s and x  — y  =  t> then Z satisfies 

z xy  +  P (% > y ) (Z* — Z,) +  q (x , y)  Z == o

where
s

P . ÿ) =  — {a (x  , y) —  b (x , y) +  j ' (ât (a , t) +  b, (a , t)) d a i
0

and

(âtt (cefi) f i  btt (a , t)) d a - | ( a X + CL y  + bx +

4 (  ^  9 0  (a > 0 )  ~  (a b)2
ô

j

+ y  (è —  a) ( J  (a » 0 +  £ (a , 0) da) +  C (x , y).
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Proof. Consider 

(3-1 O vxy +  avx +  bvx +  cv =  o

and 

(3-12)

where

v == w (x , y)  Z (x , y)

(3-!3) w { x

i

, y ) = w ( s , t )  =  exp — J (a (a , t) -f b (a , t)) da

Substituting (3.12) into (3.11) we get 

(3*!4) +  (Wylw +  a) Zx +  ( w jw  +  B) Zy

+  (Wxylw +  a w j w  +  bwyjw +  c) Z =  o.

Hence

(3-15) w j w

s

 ̂ (ß ( a , t) +  b (a , t)) d a )

and 

(3.16) wi

So that 

and

-(a (s , /) +  3 (i* , /)) ■ y  J (â («■ , 0  +  % (a , 0 ) doc)

(« '*/« ' +  <*) =  —  (« '„ /« ' +  a)

s

(3-17) P ( * , y )  =  ^ ( a  —  6 +  j ‘ (ä (* , ty +  $ (cl , t)) d a ) .
ò

Differentiating (3.16) with respect to y  we get

(3.18) wxy\z =  ~ ( j  ( f  <A (a > 0  +  (a . 0) d a ) — — 0  +  £)2)
0 ' '

s

■ — iyay +  by +  ât (s , t) +  (j , /) —J (ält (a , /) +  (a , *)) d a )  .
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Hence multiplying (3.15) by a ( x , y)  and (3.16) by b (x , y)  yields 

(3.19) Wxylw  +  a,wxjw  +  bwyjw +  c =
s

y  ( f (ä tt (a . 0  +  h t  (« . t)) da — ~  (ax +  ay +  bx +  by) \
0

— T  ( / ^  (a > 0  +  bt (<* » 0) da^- — ~ ( a  +  <$)2 
0

+  — (ß —  à) ( y  («, (a , )̂ +  ^  (a , fj) da^ +  c (x , y)
0

which is the required form q (x , y)  in (3.14).
Hence our new equation is of the form

Z*? + P O. y) (z* — Zy) +  q ( * , y)  z =  o q .e .d .

Remark . Since Z ( x , y)  =  o if and only if v (x , y)  =  o, the transform a­
tion used in the lemma preserves oscillation properties. This fact will be 
useful in the next theorem.

Theorem III. Let v be a solution of (1.1) where the following conditions 
hold:

(i) g  (* » y)  >  v  / (*« (a > 0  +  btt 0  » 0 ) da

+  (3 ^  K  ay +  3 bf)  +  —  ^ j  (a t ( a  , t) +  bt ( a  , t)) d a ^

+  ~  (a — I I (fit (a > l) +  bt (a » 0) +  — (a +  b)2 +  k?

where k is a constant and t =  x — y  ; s =  x  +  y  ; â (s , t) == a (x , y) ; 
b,(s , t) =  b (x , y)

(ii) F (x) >  o ; G (y) > o

(iii) exp I — / (à (a , x) -f- b (a , x)) da I (F (x) +  b (x , o) F (x))) ( F 'i

+• exp ( — J (a (a , — x) +  b(ia , ■— x)) da^ (G'(G (x) -{~a(o , x ) G  (x)) <  o
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then v (x , y) changes sign in each Dn

D* =  (O  , ÿ)  I * >  o , y  >  o ; tmjk <  x  +  y  < (n +  1) n/k} .

Proof. Consider vxy +  « (x , y) vx +  b (x , y) vy +  g  (x , y)  v =  o and

Then

(3 -20)

Z =  v exp (fi (a , t) +  b (a , t)) da

Z xy  +  p  (Z* --- Zy) +  qZ =  o

where p  and q are defined in the preceding lemma. 
By condition (i) in the theorem

(3-20  g(x, y)̂ Yj (*«(*, t) +  4  («,*)) da
0

(3 ax ay +  3 bf  +   ̂ j" (ät (a. , f) 4- bt (a , t)) d a i
0 ■s

+  -J (a —  b) ^ I (ât +  bt) d a i  +  — (a +  bf +  if,
Ö

so that a rearrangement of terms in (3.21) yields
S

(3-22) Y  (  i  (att +  ht) da — — (ax +  ay +  bx +  b f \
0 1

—  Y  ( f  (fit +  bt) d a i  — — (a +  b f
0

s

+  - j ( b a)  ̂ I (ät +  h )  da j  +  g  (x , y)  >  
ô

SJ  (ätt +  h t )  da +  — (ax — bx — ay +  bf) +  i f .
oJ

The left hand sidem f (3.22) is q { x , y )  of (3.20). The right hand side 
of (3*22) is p x py -f- k , where p  (x , y)  is the coefficient appearing in (3.20) 

Hence condition (i) leads to

(3‘23) q (x , y)  >  px (x , y)  — p y (*., y)  +  I?.
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Using the conditions F (x) >  o ; G (y) >  o, and our transformation we have

(3.24) F (x) >  o ; G (y) >  o

if and only if

Z (x , o) >  o ; Z (o , y)  >  o.

Finally, by condition (iii)
X

(3.25) (F ' (x) + b ( x ,  o) F  (*)) ^exp — j (â (a , x) +  I  (a , x)) d a j

x

+  (G' (x) -f cl (o , x) G (x)) ^exp —J  (a ( a , — x) +  b ( a , -— x)) da j  <  o.

By our transformation

(3-26)

X

Z (x , 0) =  F 0 ) exp j (i
0

and

(3-27) Z (0 , x) =  G 0 ) exp  ̂ * y  (
Ô

i.e.

(3-28) F (x) =  Z (x , 0) exp ( — —
(

(3-29) G(x) =  Z(o, x) exp —
(

Hence

(3-30) F '(* ) =  \ Zx(x,o)-

• x) -j~ b (c

) ) da)

, — x)) d a |

+  / (àx (a , x) +  bx (a , x)) da )  Z (at , o) j

( -
• exp \ — — I (ä (a , x) +  b (a , x)) da ]



(3.31) G' (*) =  ( z x (o , x) — ~  [a  (o , x) +  b (o , x)

X

— J (àx (a , — x)  +  bx (a , —  *)) d a j Z (o , *) j  •

G ordon P agan, Oscillation theorems fo r  characteristic, ecc.

X

( — ~  j  (ä (a , — x) +  l (a- ,  — *)) d a j  .

3 1 1

• exp

Multiplying (3.28) by b (x , o) and (3.29) by a (o , x) then substituting with 
(3.30) and (3.31) into (3.25) we have

z * (x , O) — — ^ 0  (x ,d )  —  b ( x ,  o))

+  j  (fix (<* , *) +  bx (a , *)) da j  Z (*. , o)
0

+  'Z'x ( ° ■> #) +  “  ^  (o , #) — b (o , #)

a;f  , \
+  j  (ä x 0  , — X )  +  K  (a > — *)) da J Z (o , *)■<  o

which is

(3-32) z ,  (* , o) — p  (x , o) Z (x , o) +  Z* (o , *) +  p  (o , *) Z (o , X ) <  o.

By Theorem II, the solution of (3.20) satisfying (3.23), (3.24) and (3.32) 
changes sign in each

=  {(# , y) I x  >  o ; y  >  o ; mu/Æ <  x  - f y  < ( n - f-1) njk}.

By the rem ark preceding this theorem, v ( x , y)  changes sign in each Dn.
Q -E  D .

C o r o l la r y .  I f  v is a solution of ( i . i)  where a and b are constants and 
the following conditions hold

(i) g  (x , y)  >  —- (a +  d f  -f- I? where k is a constant

(ii) F (x) >  o ; G (y) > o

(iii) F ' (x) -f- bF (.x) +  G' (x) +  aG (x) <  o

then v (x , y) changes sign in each Dn

D-« =  {(x  , ÿ) [x > o ; y  > o ; nrc/k < x  +  y  <  (n i) tuj k f

21. ~  RENDICONTI 1973, Vol. LV, fase. 5.
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4. Nature of oscillatory solutions

Certain questions can be posed as to the nature of oscillatory solutions 
of (2.1). For example:

(i) Are there any criteria to assure that v (x , y)  =  o for some (x , y) 
satisfying x  >  m  ; y  >  m  where m  is arbitrarily large?

(ii) If v (x , y)  =  o on a nodal curve given to xbe y  =  f i x ) ,  what is 
the nature of f i x ) }

(iii) Is there an infinite number of nodal curves?

The following results, while not dealing with all aspects of their behaviour, 
do seem to give further insight into the qualitative nature of solutions of (2.1).

Theorem IV. Let v be a solution of (2.1) where

(i) g  (x , y)  >  >è2; k a constant\
(ii) F (x) >  o ; G (y) >  o;

(iii) F ' (x) <  o ; G' (y) <  o.

Then fo r  every positive constant L , v changes sign in each region

D„ (L) =  {(x  , y)\x  >  o ; y  >  o ; Lmr <  y  +  i f  k2 x  <  L (n +  1) 7u}.

Proof. This follows directly from Theorem I.

Remark . It follows that v (x , y)  must change sign in this domain for 
arbitrary values of L. Hence v (x , y)  must change sign arbitrarily close to 
both axes.

Theorem V. I f  v is a solution of  (2.1) where

(i) g  (x , y)  >  k2; k  is a constant;
(ii) F (x) >  o ; G ( y ) >  o;

(ni) F ' (x) <  o ; G' (y) <  o;

and f  (x) is a C2 function satisfying v (x , f ( x ) )  =  o , v (x , y)  >  o fo r  
o <  y  <  f i x ) .  Then f  (x) < 0 .

Proof. Let v (x , y)  == o on the line 4/ =  f i x ) ,  and let y  =  f  (x) be 
increasing between x = a  and ' x  =  b so that vx (x , f ( x ) ) ^  o between 
x  =  a and x  =  b.

Considering vxy -f- gv — o.
Green’s theorem yields

(4.1) JJ gv dx dy
D

v~ dx
3D

where D =  ((x , y ) \ a <  x  <  b ; y  <  f i x ) ) .
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Hence (4.1) becomes explicity

b b

(4-2) JJgv dx dy — J  F' (x) dx  =  —  j' vx (x , f ( x ) )  dx.
D a a

By conditions (i) and (iii), (4.2) gives

bJ vx (x , f  (x)) dx  <  o.
a

Which contradicts vx (x , f  (x)) >; o. Hence y  = f  (x) is monotonie 
decreasing.

Remark. By the rem ark preceding this theorem, the nodal curves of 
v (x  > y)  are arbitrarily close to the axes. Because of the monotonicity 

f  in Theorem V, these nodal curves are asymptotic to the axes.

My grateful thanks to Kurt Kreith who supervised this research.
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