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Matematica. — Oscillation theorems for characteristic initial value
problems for linear hyperbolic equations . Nota ¢ di GorpON Pacan,
presentata dal Socio M. Piconk.

RIASSUNTO. — In questa Nota sono stabiliti teoremi di oscillazione per soluzioni della
equazione vy, + G (v, y) 7 = o individuate da condizioni iniziali.
Tali teoremi sono estesi a equazioni del tipo

Uyt a(x, v +b0(x,9)v,+G(x,9)v=0.

Sono anche descritti alcuni caratteri qualitativi di soluzioni delle equazioni stesse.

I. INTRODUCTION

The purpose of the paper is to study the oscillatory behaviour of solutions
of the hyperbolic characteristic initial value problem

vxy—{—a(x,y)vx.—l—b(x,y)vy—|—g(x,y)7j:=o

(1.1)
v(@x,00=F(@) ; v0,9)=G(y) ; »,y>o0

where it is assumed that @, 4, ¢, F and G are continuous and that v (x, )
is a C? solution of (1.1). We shall be especially interested in establishing
criteria for the oscillatory behaviour of such solutions. A non-trivial solution
v(x,y) of (1.1) is said to be oscillatory if it has arbitrarily large zeros—i.e.
if for every » > o there exists x > 0 and y > o such that x2 4- 32 > 2 an
v(x,y)=o. '

In the special case of self adjoint equations, Kreith [1] established such
oscillation criteria by generalising the technique used by Sturm for ordinary
differential equations. 'While the present techniques are similar, they avoid
the regularity conditions required in [1] and also extend to non-self adjoint
equations. The basic techniques are presented in § 2 below and the extension
to the non-self adjoint equation in § 3. Some more difficult questions about
the nature of the zeros of oscillatory solutions are discussed in § 4.

2. SELF ADJOINT EQUATIONS
Consider the characteristic initial value problem.

ﬂxy_l—g(x’y)v:()

(2.1)
v, 00=F@) ; v0,)=GU) ; »,y>o.

(*) Research supported by a grant of the Science Research Council.
(¥*) Pervenuta all’Accademia il 16 luglio 1973.
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We note that « = sin (Lf (x) 4+ /L) is a solution of
(2.2) e +F (X)u=o0
where L is an arbitrary constant. This fact leads to the following result.

THEOREM 1. Let f(x) be a differentiable monotonic increasing function
satisfying f(0) = o. If there exists a constant L == o0 for which

O g@, 0=/ (2
(i) F@)>o0 ; G()>o;
(i) 7' () + L2/ (2) G’ (L () < o
then the solution v (x, y) of (2.1) changes sign in each region
D,={(x,»]x>0,y>0,Lun <y + L’ (x) <L (» + 1) n}.
Proof .
LetL(v) =9, +g(x,»)v=0
() = wu,, +f (x)u=o.
Then

(2:3)  wL () —vl(w) = (g (x, y) —f ) wv + (v, u), — (u, v), = 0.

Integrating over a sufficiently smooth bounded domain D, yields

o

Ca) [ = @) drdy = f (ot 90y — (0 2),) dae d.

n Dﬂ

Since % (x, y) = sin (Lf (x) + y/L) is zero when y = Lurx —L2f (%), it is
useful to define D, = ((x,»)/xr >0,y >0,Lur <y +1*f(x) <L (n +1) ).
Then using Green’s theorem in (2.4) gives

(2.5) ff<g<x,y>—f' () w0 dx dy = v, wdr + u,0dy.

D,

Hence (2.5) becomes
. SN+ 1r/L)
eo) ([ n—r @ mwiray= [t 0)sin 1y () ax
D, S~ (nme/L)
L(n+ 1y
+ [ cos (r Dm0 (77 @0+ D RIL— 2L, ) by
0
L(z+1)m Lum
— [ cos (411 00,5 dy— [(1/L cos mm v ( (amfL— /L2 5)) dy.

L 0
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Now
L(x+1) /I_,(n+1)‘r:
[ cos ity oo, 3 dy=— [ in (Lo, (0, ) .
Lurw I::nr:

Substituting into (2.6) we get
R ‘ FH(+1m/L)
e [ @wisdy= | F@sinlf@)
D, S (m L)
L(z+1)
+ [ Gin G &' () ay
I:nn
L(n+1)m
+ [ cos Gt m o (7 (@ DRIL— 1L, ) dy
0
Lam
— [ (L cos nm o (f 7 (amiL — 312 , 5) d.
¢

Substituting ¥ = L?# () in the second integral on the right hand side of (2.7)
yields

o) [, —F @ uwdray=

Dn

S+
J’Sin (Lf () (F'(x) + L' (2) G' (L*f ())) dw
/7wl

L{n+1)m
+ f 1/Lecos(n+1)mo (f_l((% + 1) =/L—y/L%, 5) dy
0

Lnm
— '(I/L cosnm v (f " (nm|L — y[L2), ) dy.
J

If v(x,y) does not change signin D,, then v (x,y) is positive in D, by (ii).

If » is even, the hypotheses of the theorem assure that the left hand
side of (2.8) is non positive, while the right hand side is positive. This
contradiction shows that v (x, ¥) changes sign in each D,. A similar argument
applies for # odd. Q.ED.
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COROLLARY. If there exists a constant 1.==0 such that
G glx,»)> Ve (% a constant);
i) F@)>o0 ; G(»)>o;
(i) F'(x) + L2 ARG 122 x) <o
then every solution v of (2.1) changes sign in each region
D,={(x,»lx>0;y>0,Lun<y + L2z <L (n+1)x}.

Proof. Set f(x) = £ x in the theorem.

3. NON SELF ADJOINT EQUATIONS

We first prove a comparison theorem for the special non self adjoint
equation

Usy +a(x’y)<vx—vy) —l-g(x,_'y)?/:o
(3.1

v(@,00=F@) ; v(,5=G6().
THEOREM 1. If there exists a positive constant B such that

D g, N=a(x,y)—a(x,y) +#
(i) F#)>o0 ; G()>o
(iii) F'() +G' () + a(0, )G @) —a(r,0) F(x) < o

then every solution v (x , y) of (3.1) changes sign in each domain
D,={(x,9]x>0;y>0;nnlk<x+y<(n+1)nk}).

Progf. We note that % = sin £ (x 4 ) is a solution of

(3.2) Uy + Fu=o0.

Multiplying (3.2) by # (¥, %) and (3.1) and subtracting yields
(3-3) (g () 9) — By ww = (vn,). — (uv,), — av, u + av, w.
Hence

(34 ((x,3) —au+a,— ) uw = (vrty — an), — (uv,— awv), +a (ty— 1,)v.

For u = sin £ (x 4 y) we have u, = u, and the last term of (3.4) is zero.
Integrating over a domain

D,={(x,»x>0;y>0;nnlk<x+y<(n+1)n/k}
yields '

(3-5) [f (g; a,+a,— kzj wvdxdy= f‘” (vt — auv), — (wv, — auv),) dx dy.
D, D, ‘
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Using Green’s theorem on (3.5) gives
(3.6) ff (¢ —a, +a,—F) uvdx dy = 5{; (v, — auv) dy + (uv, — auv) dx.
- D, D

Hence (3.6) becomes explicity

&) f{(g——zzx—!—a,,——,éz)uvdxdy:
(n+1)m /%
sin 2x (v, (x ,0) —a (x,0)v (x,0)) dx
;ﬂ.‘/k
(n+1)m/%

+ | bv(—y + @+ 1)xw/k, y)cos (n + 1) wdy

0
(n+1)rc/2

— | kcoskyv(o,y)—a(o, y)sinkyv (o, y)dy

nmlk
nlk

— | 2v (—y 4+ /£, ) cos nr dy.
0

Noting that

(n+1D)m/% ' (n+-1ym/2
(3.8) — [ oo yo .30 dy= [ inbyo, (0, ) dy
nvn/é nrlk

and substituting (3.8) into the first part of the third integral on the right
hand side of (3.7) yields

(n+1ym/k
(3.9) H(g— @+ a,— P uvdzrdy = ’ sin 4z (F' (¥) — a(x,0) F(x)) dx
D, nmjk

‘ (n+1)m/k
+ | kv (—y + (n + 1) 7|k, y) cos (n + 1) mdy
0
(a+1)m/
+ | sin&y (G' () + a (0, ») G (9) dy
nrt/k
nt/k

— f,év (—y + nx|k, y) cos nr dy.
0
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Finally putting ¥ = x in the third integral yields
(3.10) f} (g—a, +a,—F)uvdxdy =
D, '

(n+1)m/%
sin 4x (F'(x) + G’ (x) + @ (0, 2) G (x) — @ (x, 0) F(x)) dx
nr/k
(n+1)mt/%
—I—f,éy(——-_'y + -+ 1)=w/k, y)cos ( + 1) wdy
0

:ﬂr/»{'

—J kv (—y + nxlk, ) cos nw dy.
d

Assuming v (x, ) does not change sign in D,, it follows from condi-
tion (ii) that v (x , ) > o. If z is even, the hypotheses of the theorem assure
that the left hand side of (3.10) is non positive, while the right hand side
is positive. This contradiction shows that v (x, ») changes sign in each D,
A similar argument applies for # odd. Q.E.D.

To deal with the general case it is necessary to prove the following
lemma.

LEMMA. If v satisfies Uy Fa(x, )0, +6(x,9)v,+c(x,y)v=0 and

if Z(x,y)=uv(x,y)exp (%/(ﬁ(u,l)+5(a,tj} d‘oc) where d(s,t)sé(x,y);
Z(s,z‘):b(x,y);x—l—y=os and x —y =t, then Z satisfies

Zey +0(,9)(Ze—2) +q(x,9)Z=0

where

p<x,y>=—;~(a<x,y>—é<x,y>+f<at<a,t>+2,<a,f>>da)
)

and

5

¢(x, )=~ (f<a (2,5 +Z,l<og,f>> do— L <ax+ay+éx+by>)

0

$

__% @, (%, 8) + &, (x, 2) da 2—%(“—!—5)2
0

+5 ¢—a (f@,(a,t)w’;(a,t»da) +c(x, ).
0 ’ :
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Proof. Consider

(3.11) Upy + av, + bv, + cv =0
and

(3.12) v=w(x,Z(x,y)
where

(3-13) w(x,y)=w(s,?) =exp (—%/(ﬁ(a,t}+5(m,t})da).
0

Substituting (3.12) into (3.11’) we get
(3.14) Zey + (Wylw + Q) Z, + (wolw + 6) Z,
+ (Walw + aw,/w + bw,|w + ) Z = o.

Hence
(3.15) wy/w=(—§<a<s,r>+Z<s,r>>+§f<d<a,t>+5<«,z>>da)
0

and

(3.16)  w,jw = (—%(d(s,z‘)—[—5(&,;‘))—%/(&(0(,;‘)+5(o¢,t))doc).
0 .

So that
(wufw + 8) = — (w, /w0 + o)

and

G s =t (e—b+ [@en tie, ).
0

Differentiating (3.16) with respect to y we get

618wl =— (2 ([ @D+ 0) da)z— L e+ o)
0

s

. /' -
—_%(ay—kéy—I-&,(s,l‘)—|—5,(J,z‘)——] (d,,(oc,t)—[—b,,(a,z))doc).
) 0
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Hence multiplying (3.15) by @ (x, ¥) and (3.16) by & (x, y) yields

(3.19) Weylw + aw,|w + bw,|w + ¢ =

% (/(du («,28) + Ztt (o, 2) dd“%(dx +a, + 6, —I—by))
i

5

N . 2
_%(/Ca"t(oc,t)—l—é,(oc,z‘))doc) ————;{(a—}—b)z
0

5

_|_%(b—a) (/(a,(a,z>+z,(a,;>)da) +eclx, )

0

which is the required form ¢ (x, ¥) in (3.14).
Hence our new equation is of the form

ny+p<x’y)(zx—zy>+9(x:y>2=0 QED

Remark. Since Z (x,y) = o if and only if v (x,y) = o, the transforma-
tion used in the lemma preserves oscillation properties. This fact will be
useful in the next theorem. :

THEOREM III. Let v be a solution of (1.1) where the following conditions
hold:

@ g(x,wzg/(au(oc,t)+5,,<oc,z>>doc
)

. 2
—]—%(3%——@—@%—3@)—[——;—( [(d,(oc,z‘)—l—gt(oc,t))da)
B

+re—o([@en+bena)tiare e

0

where k is a constant and t=x—y ; s=x+y ; d(s,)=alx,y);
é‘<5»t>=é(x:y> ‘
i) Fx)y>o ; G >o

(iii) exp (% [(ﬁ (o, x) + Z(oc ) X)) doc) (F'(x) + 6(x, 0) F(x))
& .

+ exp (-}[(ﬁ(a,—x}—l—g(a,—x)) da) (G'(x) +a(0,x)G()<o
0
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then v (x, y) changes sign in each D,
D,,,::{(x,y)|x>0',y>0;‘nﬂ:/,é<x—|—y<(n+ 1) k).

Proof.  Consider wv,, +a(x, y)v, + 6 (x, y) v, +g(x,y)v=0 and

5

~
{

Z=aexp (%/ (a(a,z)+2(a,z))da).

i
Then

(3:20) Zey+20(Zi—Z) +qZ=o0

where p and ¢ are defined in the preceding lemma.
By condition (i) in the theorem

(3.21) g, > 3/ @ (02 B) + By () do
0
S 2
+16a—b—a+30)+ 1 [@es 48, (e, 0o
0

s

) ('/Q@ + &) doc) @+ o+ 4,

0

so that a rearrangement of terms in (3.21) yields

(3.22) % ( /(du + th) do — ';_ (@, + a, + &, + by))
0

— % ( //.(a, + &) doc)z— %(a + 6)?
s

s

.

+ 2 @¢—a) (/ (@, +Z,)da) +g(x, ) >

0

/(dtt + 5”) do 4 “;* (ax — b, — a, + by) + 2.
0

The left hand side of (3.22) is ¢ (x, ¥) of (3.20). The right hand side
of (3.22) is p,— p, + %, where » (x, ¥) is the coefficient appearing in (3.20)
Hence condition (i) leads to

(3-23) g@E, N=l.(x,9)—2,(x, ) + F
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Using the conditions F (x) > 0;G () > o0, and our transformation we have
(3-24) Fx)>o ; G»>o

if and only if
Z(x,0)>0 ; Z(o,y)>o.

Finally, by condition (iii)

(525 E@ 46T (op L [ @Gn) +56, ) o)
0

+ (G'(x) + a0, x) G (x)) (exp %f(ﬁ(tx ,— %) + 6 (o ,— 2)) doc) <o.
0
By our transformation

(3.26) Z(x,0) = F(x) exp (g/@ («,%) + 6 (a, %)) da)
0

and

x

Gan 2o, 9=G@ew (L[ @~ +5e,—)d)

0

i.e.

(3.28)  F(x)=Z(x,0)exp (— %f(d (o, %) + b (o, %) doc)

(3.20) G @) =2Z(0,x)exp (—g /x(a (o, — %) + b (0, —2) doc).
0

Hence

(3-30) F'(x) = (Zx (x,o)_é,_ (a (,0) + b(x,0)
-l-d/(ﬁx (,%) + 6, (o, %)) doc) Z(x, 0)) )

.exp (_g /x(a@,x) +Z(a,x))da)
i



GORDON PAGAN, Oscillation theorems for characteristic, ecc. 311

(3-31) G'(x):(Zx(o,x)—%(a(o,x)—l—é(o,x)

_f@x (o 2) + b, (2, — ) dm) z <o,x>)-
0

.exp (_3 f(& (&, —2) + & (o, —x)) doc).
¢

Multiplying (3.28) by & (x,0) and (3.29) by @ (0, x) then substituting with
(3.30) and (3.31) into (3.25) we have

2, 0)— & (@, 0)— b, o)

+0j @(a,@+Zx<oc,x>>da)2<x,o>

»{—Zx(o,x)—l—%(a(o,x)——b(o,x)

+j (@ (&, — %) + b (2, — ) da)Z(o,‘x)go
0
which is
(332) Z,(x,0)—p(x,0Z(x,0)+Z,(0,2)+p(0,%)Z(0,%)<o.

By Theorem II, the solution of (3.20) satisfying (3.23), (3.24) and (3.32)
changes sign in each

D,={x,»)|x>0;y>0;nnlk<x+y<(n+1)n/k}

By the remark preceding this theorem, v (x, ) changes sign in each D,,.
Q.E.D.

CORQLLARY. [If v is a solution of (1.1) where a and b are constants and
the following conditions hold

Q) glx,y)> %(a + 8% + B where k is a constant
(i) Fxy>o0 ; G >o0
(i) F'(x) + 6F (x) + G' () +aG (x) <0
then v (x , ¥) }hanges sign in each D,
D,={x,nNlx>0;y>0;nnlk<z+y<(n+1)nlk}.

21. — RENDICONTI 1973, Vol. LV, fasc. 5.
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4. NATURE OF OSCILLATORY SOLUTIONS

Certain questions can be posed as to the nature of oscillatory solutions
of (2.1). For example:

(i) Are there any criteria to assure that v (x, y) = o for some (x, »)
satisfying x > m ; ¥ > m where m is arbitrarily large?

(ii) If v (x, ¥) = o on a nodal curve given to be y = f(x), what is
the nature of f(x)?

(iii) Is there an infinite number of nodal curves?

The following results, while not dealing with all aspects of their behaviour,
do seem to give further insight into the qualitative nature of solutions of (2.1).
THEOREM IV. Let v be a solution of (2.1) where
Q) glx,y) = k a constant;
i) Fx)>o0 ; G >o;
(ii) F@) <o ; G'(y)<o.
Then for every positive constant L ,v changes sign in each region
D,L)={x,Nr>0;y>0;Lun<y + LPFx <L (n + 1)=}.
Progf. This follows directly from Theorem I.

Remark. 1t follows that v (x#, ¥) must change sign in this domain for
arbitrary values of L. Hence v (x, ¥) must change sign arbitrarily close to
‘both axes,

THEOREM V. If v is a solution of (2.1) where
W) g, )=  kis a constant;
(i) Fx)>o0 ; G(@)>o;
(i) F(<o ; G'(3)=o;

and f(x) is a C® funmction satisfying v (x,fx)=o0,v(x,y) >0 for
o<y < f(x). Then f' (x)<o.

Proof. Let v(x,y)=o0 on the line y =f(x), and let y = f(x) be
increasing between x =4 and x=4 so that v, (x, f(x)) >0 between
x=a and x = 4.

~ Considering 2,, + gv = o.

Green’s theorem yields

(4.1) ffgv dxdy = § U,y d?c

D e

where D = ((x, y)]a <x < é; y < f(%)).
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Hence (4.1) becomes explicity

(4.2) ffgv dx dy —be' (x) dx = ———fbvx (x, f(x))dx.
D s

a

By conditions (i) and (iii), (4.2) gives
b

fvx(x,f(x))dx<o.

a

Which contradicts v, (x, f(x)) >0. Hence y =f(x) is monotonic
decreasing.

Remark. By the remark preceding this theorem, the nodal curves of
v(x,y) are arbitrarily close to the axes. Because of the monotonicity
of f(x) in Theorem V, these nodal curves are asymptotic to the axes.

My grateful thanks to Kurt Kreith who supervised this research.
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