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Calcolo delle probabilità. — The Kuratowski function and some 
applications to the probabilistic metric spaces. Nota (,) di Gheorghe 
B ocsan e Gheorghe Constantin, presentata dal Socio G. S ansone.

R iassu n to . — Gli A utori estendono il numero di Kuratowski allo spazio metrico pro­
babilistico introdotto da K. M enger e danno alcune caratterizzazioni degli insiemi probabi­
listici precom patti.

1. T he com pactness in topological spaces offers techniques for the proof 
of certain basic theorem s in analysis. In  order to generalize the compactness 
the notion of m easure of noncom pactness was introduced. A ctually  there 
are two such measures one introduced by K uratow ski and one by H aus- 
dorff.

Let (X , d) be a complete m etric space and A  a bounded subset of X. It 
is known th a t the K uratow ski’s num ber a (A) is the greatest lower bound of 
the set of positive real num bers e such th a t A  can be covered by a finite family 
of subsets of X whose diam eters are less than  or equal to s [6]. It is of in te­
rest to emphasize th a t this concept is the origin of a great num ber of recent 
generalizations of some fixed points theorem s [i], [3], [4], [5], [9], [12].

O ur purpose in this Note is to generalize this notion to probabilistic m etric 
spaces introduced by K. M enger [7], to define the precom pactness and to 
give some im portant properties.

2. Let A be the set of nondecreasing, left continuous functions 
F  : R  -> [o , 1] such th a t F (o) =  o and lim F(V) =  1. W e recall th a t a

■V—> OO
probabilistic m etric space is an ordered pair (S , F) where S is an a rb itra ry  
set and F is a A -valued function defined on S x S . In  w hat follows F (fi , ç) 
will be denoted by Fpq [7], [9].

D E FIN IT IO N  2 .1 . [2 ]. Let A  be a nonempty subset of S. The function
D a ( • ) defined by

D a (a) =  sup inf FPq(t)
t  <  a; p , ç e A

is called the probabilistic diameter of A. A  is called bounded i f  sup DA (x) — 1.
X

D E F IN IT IO N . 2 .2 . Let A  be a bounded subset of S. The mapping <xA(x) ~
— sup {z >  o : 3 {Ay}yej ,  J — fin ite , A  =  U Ay , D A.(s) >  z}  is called the 

. . .  /eJ  J
Kuratowski*s probabilistic number or K uratow skis function.

(*) Pervenuta all’Accademia il 25 settembre 1973.
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PROPOSITION 2 .1 . The Kuratowski's function has the following properties
1) aA e A,

2) ctA (x )  > ü A (x ) ,

3) i f  0 4 = A C B C S  then ocA (x) >  aB (a;),

4) <*aub (x) =  m in {aA(#) , aB(#)},

5) A/ A  be the closure of A  in the (z , X)—topology of S.

7^ 2« ocA(T) =  aA(V).

Proof. 1) Clearly, if # =  o, D A (o) =  o for every A C S . Therefore aA (o) =  o. 
To prove th a t ocA(-) is nondecreasing, let us observe th a t if x 1 < x 2 then 
^A y(h) ^  D ^ .(r2) for each j  e J which implies tha t ocA (xf) <  aA (#2).

Since A  is bounded then there exists a partition {Ay}yeJ such tha t 
lim D a (x) =  I .  Thus for every 73 e (o , 1) there exists x j  such that

X —>- 0 0

D Ay ( ^ > )  A  1 — 73. If  x  =  m ax #y then D A.((# , 0 0 ) )  C [1 — 73 , 1] which
j e  J ^

implies th a t lim ocA (x) — 1.
X —> O Q

It rem ains to prove th a t ocA ( • ) is left continuous. For this let K AtX =
=  { s >  o : 3 {Ay}y e j , J =  finite, A  =  U Ay , D A. (x) >  z }, x 0 e (o , 00) and

j e j m ' J
£ 6 KA;*o. If  7] >  o then by the left continuity of D A. there exists 8y > 0  
such th a t D Ay (x0) —  DAy (x) <  73 if o <  x 0 — x  <  Sy .

Let 8 ;= m in 8y and suppose th a t rj < e. If o <  v0 —  <  8 then
j e ]

DAj(x) >  £ — 73. Thus £ —  7] e Ka,x which implies that £ —  73 <  <x.A (x). 
Hence <x.A(x0) -— aA(V)<73 for every x  e (x0 — 8 , x 0) which proves the left 
continuity  of aA.

To prove 2) let x  e R and £ >  o such that DA(x) >  £. Since {A} is a 
cover of A then £ e KA,* and therefore aA (x) >  D a (a*).

3) is obvious by the inclusion K A>X D K B}X for every x  e R.

Since by 3) aA (x) >  aAUB (x) and ocB (x) >  aAU B (x) for the proof of 4)
it suffices to show th a t m in {aA(x) , aB(V)} <  acAUB(x). By the Definition 
2.2 for every 8 > o  there exists z8e K A>X and a cover {Ay}yeJ; of A such tha t
« a W  — S <  z8 <  Das (x). Sim ilarly, there exists 7)s e K B}X and { B ;} such

j '
th a t ocB(x) —  8 <  7js <  D bs (x). Let us suppose tha t aA(x) <  aB (x). Then

i

aAW  —  8 <  olb (x) — S <  D *(*). Thus we obtain a cover {Cm}meM of A  UB

such th a t T)Cm(x) >  otA(x) —  8. Therefore aA(x) —  8 e KAUBjX which implies
th a t aA (x) <  ocA(JB (x) and the property  4) is proved.

5) Since A C Ä  it follows th a t ocA (x) >  aA (#) and for the converse 
inequality, we observe th a t if e e KAf* , then there exists {AJyei with the 
property  A C U A,- and DAf x ) > z .  Also since Ä C U Ä 2- and DI t (x) =
=  D Aj.(^ ) > £  [2 ], i t  fo llo w s  t h a t  e € K ^  w h ic h  im p lie s  t h a t  ola (x ) <  a A (V) 
a n d  th e  p r o p o s i t io n  is  p ro v e d .
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PROPOSITION 2.2. Let K A be the set of functions F e  A such that there exists
a finite cover ö / A ,  A = U A y , J =  finite, with F)A.(x) >  F(V) fo r  every

/ e J  J
y e  J. I f  ßA(x) =  sup {F(T)} then ßA(x) =  <xA(x).

F e K A

Proof. If  F  6 K a then F(x)  e K A;X. Thus F(x)  <  ola (x) which implies 
th a t ßA (x) <  otA(x).

To prove th a t aA(x) <  ßA(x) let e > o ,  x >  o. By the definition of <xA(x) 
there exists s' e K A,* such th a t xA(x) — s <  s'. Since s' e KA;* then there 
exists Ay , y = 1 ,  2 ,• • -, such th a t D A (x) >  s'. Let Far>s/(y) =  in f DA.(_y).

1 < j < n ^
Clearly FXj£/ G K A which implies th a t Fx>zf y )  <  ßA(y). Since I )A.(#) >  e' 
then FX}Zr (x) >  s'. Hence aA (x) — £ <  s' <  ¥x^  (x) <  ßA (x). Thus 
aA(x) —  e <  $A(x) for every s >  o, which proves the proposition.

It is known th a t the Kuratow ski num ber in a m etric space X defines 
a m easure of noncom pactness of a subset A  C X. For the probabilistic m e­
tric spaces we give the following.

D E FIN IT IO N  2 .3 . We say that a probabilistic metric space S is a proba­
bilistic precompact space i f  fo r  every £ >  o , X >  o there exists a finite cover 
of S, S =  U A,-, I — finite , such that DA.(s) >  1 —  X.

i  e l  *

THEOREM 2.1. I f  S is a probabilistic precompact space then for every 
s , X >  o there exists a finite subset A £À of S such that fo r  each p  G S there exists 
q =  q (p) 6 A sX such that Fpq (e) >  1 — X.

Proof. Let D'A(x) =  in f { Fpq(x) : p  , q e A} .  T hen clearly we have 
DA(*o) =  lim D i (x) <  D i (x0) <  Fpq(x0). If  we take £ =  i/n, X =  i /m  then

X  < X 0

we obtain a finite cover of S, S =  U A ^ ” such th a t D mn{— \ >  j ----- L which
,-e I , Ai \ n l m

implies th a t FPs( f i j >  i — —  for every p , q e A “*. Pick a point pT”e AT” 

and let A  =  {fT"}iei ■ If  r e  S then r e  AT" and therefore F >  i ----- 1 .pi \ n  ) m
Finally  let z , X >  o and n,  m € N such th a t ijn < zy i[m <  X. T he set 

A £x =  A mn is seen to satisfy the theorem.
In  the case of M enger spaces we can prove the converse of Theorem  2.1.

T h eo rem  2.2. Let S be a Menger space with the t-norm T  such that
sup T  (x , x) =  I . I f  fo r  every z , X >  0 there exists a finite subset A sA of S 
#< 1
as in Theorem 2.1 then S is a probabilistic precompact space.

Proof. Let K zX =  {pi};ei and p  e S. Then by hypothesis there exists 
Agx such th a t F ^ (e ) >  I — X. Let e '=  e/2 and X 'such th a t T ( i — X', 1— X' )> 

>  I —  X. Let

(s > A) =  {<7 e S : (e) ■> I •— X} , s > o ,  X > o .

Clearly S =  U It rem ains to prove th a t D Aj.(s) >  1 — X where
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A * =  SA- (£'> x')- r  , q  e A it then (s) >  T  (Frp.(e/2 ) , Fp., (e/2)) >
> T ( i  — X', i — X') which implies th a t D Aj.(s ' ,X') >  T ( i  — X', 1 — X') >  1 — X.

It is known th a t if (S , F) is a M enger space with the /-norm  T  such th a t
sup T ( x , x )  =  I then the fam ily U  of the sets U  (s , X) =  { ( / , ^ ) e S x S  such 
^<1
th a t F ^ ( s ) >  I — X} is a basis of a uniform ity F, on S. We give the following

THEOREM 2.3. S is a probabilistic precompact space i f  and only i f  S is 
precompact relatively to the un iform ity  £h

Proof. W e note th a t S is precom pact relatively to F if and only if for
n

every e >  o , X >  o there exists A a  =  {A  such th a t S =  U Sp.(e,X).

Let e > 0 ,  X > 0  and take X' >  o , 7) >  o such th a t T ( i  — rj , i —  -q) >
n

>  I —  X' >  I —  X. Then there exists p x , • • •, p n such th a t S =  U SA.(e/4, yj).
2 = 1

W e will show that D A;(s) >  I — X' where A,- =  Sp. (s/4 , tj). By 
the definition D A.(s) =  sup inf FPq(t) =  sup inf Fpq(t). But Fpq{t) >

t < £  ü,?eA^ e / 2 < * < e  f t , qeAj

T Ô /2) > F/,? O'/2)) A  T (Fm .(s/4) , F>;? (s/4)) > T ( i  — y),  I —  7j) >  I — X' 
which implies that D A (s) >  1 —  X' >  1 —  X.

Conversely, by the Theorem  2.1 there exists A eX =  {A  , ■ ■ ■, p n} such 
th a t for every p e  S there exists A  =  A  (A e A a  w ith F ^ .(e) >  1 — X.

Obviously S =  U SPi (e , X).
i = 1

I t  is known th a t every metric space (S , d)  is a probabilistic metric space 
w ith Fpq (x) =  II (x — d  (J> , q j) where

H(A = s °> 
( 1 .

O
x >  o .

A characterization of the probabilistic precom pact subsets is given by

THEOREM 2.4. Let A  Ç (S , F), then A  A a probabilistic precompact stibset 
i f  and only i f  aA (x) =  H (A-

Proof. Let 0  <  yj <  1 , s — x  >  o  and X =  1 —  y j . Then there exists 
{ A J f-ei, with

D À,-00 >  I —  X =  I — ( I  — 7]) -  7] :

and therefore yj e KA}X , yj <  ocA (x). Since sup vj <  aA (#) it follows that 
i <  ocA(x) for every ^  >  o and by the fact th a t ocA(x) e A we conclude tha t 
oca (x) =  H ( x ) .

Conversely, if ocA(x) =  H (x) we consider X >  o and e >  o then aA(s) =  1 
and there exists sx e KA,£ w ith the property  aA(e) —  X < and 1 —  X <  ex. 
But £X e Ka ,s which implies th a t there exists a fam ily {A t-},-eI with 
F>a?.(s) >  £X >  I —  X.

P ro p o s i t io n  2.3. Let (S , dy be a metric space and  (S , F^) the generated 
probabilistic metric space. Then

ocA0 ) =  H (x —  a (A)).
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Proof. L et B C S ; then for every x  >  § (B) =  sup d  (J>, q) we have 

x >  in f { y  : Fj>i(y)  =  i} and therefore F^(x)  =  i for all p , q e  B and
p , q e  B

Db (x) =  sup { in f F(/)} =  1. If  x  >  a (A) it follows th a t there exists {A,-},-ei
t < x  j>,qe  B

with 8 (A,-) <  x  for all i £ I and therefore DA.(x) =  1 >  e for all s, o <  s <  1 
and thus e £ KA,X and ola (x) — i. If  x  =  8(B) it is easy to see th a t DB(V) =  o 
and if x  <  8(B) there exists p yq £ B with the property  th a t x  <  d  (J>, q) ~  
=  inf { y  : FPq{y) — 1} and therefore ¥Pq(x)<  1 which implies th a t ¥pq(x) =  o 
and Db (F) =  o. If  x< v .(A )  it follows th a t there exists { A,-},*6i w ith 8(A Z-) >  x, 
Da{(x) =  o and therefore for all x, x  <  a (A) and s >  o do not exist {A,-},-ei 
with Da . ( x ) > e > o  and thus ocA (x) — o for every x  <  a (A) and 
oc a (at) =  H (x —  a (A)).

COROLLARY. A is a precompact set of (S , d ) i f  and only i f  A  is a proba­
bilistic precompact set of (S , F f .

PROOF. It is known th a t A  is a precom pact set of (S , d)  if and only if 
a (A) =  0 and therefore <xA(x) =  H (x) and by Theorem  2.4, A  is a p roba­
bilistic precom pact set. If  A  is a probabilistic precom pact set in (S , F^) we 
have ocA(x) ~  H (x) and by Proposition 2.3, cnA(x) =  H (x —  oc (A)) which 
implies a (A) =  0.

From  this corollary and Theorem  2.3 it follows the im portance of proba­
bilistic precom pacity introduced by Definition 2.3 and of K uratow ski function.
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