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Geometria differenziale. — Recurrent Finsler space with Cartans 
fir s t curvature tensor field. Nota (,) di H. D. P a n d e  e T. A . K han , 
presentata dal Socio E. B om piani.

R iassunto. — In questa Nota vengono definiti e studiati gli spazi ricorrenti di 
Finsler in rapporto al campo di tensori di curvatura secondo Cartan.

i. Introduction

L et F„ be an ^-dim ensional F insler space w ith the positively hom o
geneous function F ( x ,± )  of degree one in x \  The m etric tensor g f i x  , x)  
is given by  — à,- dj F2 (x  , £). The lowering and raising of indices are accor
ding to the notation, e.g. girWVjk =  Mjrk and f i rMijk= M rik. The m etric 
tensors are sym m etric positively homogeneous function of degree zero in 
the directional argum ent. I f  V fix  , x )  is any  tensor, the  C artan ’s covariant 
derivative [2] d> of second kind is given by

0-0  V\*  =  F (dh Ty) +  V a l  -  t ; ' ,

where A hj  =  F (x , x) Ckj(x , x), is sym m etric in its lower indices. We put 

^  =  an<  ̂ ^ ihj =  T  which is sym m etric in all its lower indices.
In  ^-dim ensional Finsler space Fn, C artan ’s curvature tensor of first kind is 
given by

C1-2) Stßk == A \ r Aj-h — A rh Ajk .

The com m utative formulae for the tensor Sjkk(% ,%) are given by 

*3) ^ij\hk ^ifikh — Tij\k F .Â Tij\k T rj Sikh T ir Sjkk •

(1.4) %\M —  Tj\kk =  F .,  VJ t  -  F .Ä T%  +  V  S L  -  T t  .

and

( 1 • 5) F  d i (ß jk /i) Sjkh \i =  Spkh A j i  -f- Sjpk A i i  +  Sjkp A Ì i  —  S jk k  A p i .

The curvature tensor S)kh(x ,x )  satisfies the following identities 

C1 -6) S jk k  +  S Iky +  SI jk  =  o .

( 1 • 7) S jk k  =  —  S jk k  •

C1-8) ^ijkk — Sjikk .

(*) Pervenuta all’Accademia il 26 settembre 1973.
(1) The numbers in the brackets refer to the references at the end of the paper.
(2) F#n = dmF =dF/d*m.
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The C artan ’s first curvature tensor field S)kh is said to be recurrent C artan ’s 
curvature tensor field of the first order, if it satisfies the relation

(i-9)

where V/ is a non-zero recurrent vector field [3].

2. R e c u r r e n t  Ca r t a n ’s f ir s t  c u rv a tu re  t e n so r  f ie l d  of second  o r d er

In  a ^-dim ensional F insler space Fn if the curvature tensor S)kh(x ,x )  
satisfies the relations

(2.1) 

and

(2.2)

S jkh  ( X  , X ) \ i m

S'jkh^r o ,

ajm(x f i )  S?ßk(x y x)

*= 1 , 2 , 3 . -, n)

where alm is a tensor field dependent on the positional coordinates as well 
as directional, then it is said to be recurrent Finsler space of second order and 
alm is called a recurrent tensor field. T he C artan ’s first curvature tensor field 
of this space is defined as the recurrent C artan ’s first curvature tensor field. 
In  this paper we denote such a F insler space by F n*.

THEOREM (2.1). I n  a recurrent F insler space o f second order, the recurrent 
tensor fie ld  alm is non-symmetric.

Proof. Com m utating (2.1) with respect to the indices /  and m  we have,

(2-3) ^ j k h  I Ini S jfck J m l (P lm  ^ m l )  S jk h  •

A pplying the com m utation form ula (1.4), we have,

(2 .4 ) F  Sjkh 11 F ^  Sjkh I m +  SIjkh S r  m l  S Ikh S j mi  Sj>/2 Skml *

S jk r  Shm l ■ f i l m  &m l) S jkh  •
I t  shows th a t alm is non-sym m etric [1 ].

THEOREM (2.2). In  Fn* the recurrent tensor fie ld  alm satisfies the fo llow ing  
relation

(2. 5) { ip n m  &ntn): Fb/ ~F (P ln ~ ~ ~  &nl) ~F f i m i  ~~~ a lm ) Fb«} '“F
+  {V/ ('F  mn ~ ß'nm) “F ^  m i p  ni ' &ln) "F Vn f i l m ^ m lj}

{(f^mn &nm) 1/ “F f i n i  ^ ln ) \m ~F f i l m  &ml) |n } *
Proof. D ifferentiating (2.4) covariantly  with respect to x ” (in the sense 

of C artan) and using relations (1.9), (2.1) and (2.4) we get,

(2.6) {(Fp* I*Y? —  F ^  +  F^m aln —  F./ amn) -f- V n(a/m —  amI) +

+  2V« ( y m Fjj — F^V ,)}  Sfa f i lm —  ami) \n S}kh.
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M aking cyclic rotation with respect to the indices /, m, n in (2.6) and then 
adding all the three equations thus obtained, we get

(^•7) [{(^nm ^mn) F ./ 4“ if1'In ^nl) F^m 4~ ('P'ml &lm) F^w} 4~

4" (t%mn &nm) 4~ ^m  (Pnl &In) 4“ ^ n  fi'lm ^mlj\

{iP m n  &nm)  \ l  4~ f i n i  &ln) \m 4~ f i l m  ^ m l)  {«}] ^jkh  “  O.

By virtue of the recurrent properties of S#*, we obtain the result (2.5).

Theorem (2.3). In  F n*, the Cartaris f ir s t  curvature tensor Sykh fi,fi)  
satisfies the relation

(2.8) ^^s(.anl\m ~~ aml\n) 4” F^mf i si\n anl\s) 4“ F^nf i mi\s asl\m) 4~ ^mr^lsn 4"

+  b nr Sims +  b sr Sinm =  U/ ® £m \ns 4" ^ ^ \ s Q^m\n --  &tnn) 4"

4" ^^InO^slm —  ï>sm) 4" F . , ) ^ ^  &ns) 4" F^  f i ms\n +  Km\S +  ^sn\m) 4~

+  film 4- 6lnK\m 4~ bis Xm\n) 4“ V„ f i ïm\s — bls\m) +  V m f i ls\n   bln\s) +

4- V s ( b i 9 \m — bimL) +  2 {(X,L F . m +  * J, F,„ +  K L  f ,4  v , +

+  (V/L F., -  V.L F p  +  (V7L f ., -  v ,|, f, j  v n +

4 * (V /L F .W — V ^ F . J V J ,

where

bnm d'nm &mn )

XI  - V  I — V I,sm \n  v m \n  y n \ m i

and

(2.9) U, =  {V/(FjJw n j „ )  V«(F-/I„ L D l  +

+  F.n\ J - V n(F.l \sm- F . l\ J }  +

+  (V/(F.JmK— F.s\nJ  — V ^ F . ^  — F ^ J }  .

Prt)of. D ifferentiating (2.6) covarianti y with respect to X s and using 
equations (1.9) and (2.6), we obtain

(2.10) (F . V/ 4- F. J w V /|j F ^\ns Y m F ^\n V J ,  4- F . J  ̂  aln +  F .m aln\s —

F^/lj &mn ~ Fj/ &mnls) 4~ ^nlsfilm  &ml) 4“ ^ n  film &ml)\s 4"

+  2V JJ(VW F / - ^ V /) +  2V 4 V mL f .7+  F . ^ V ^ F . J V ^

F ^  V/l,) - (dim &ml)\ns •
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Interchanging the indices n  and s in (2.10) and then subtracting from it and 
using the com m utative form ula (1.3), we get,

(2.I i) ^ 'x s (& lm  d mi ) \ n ~ F i f f lm  ^ m l) \s  (^m ^ m r ) SIsn ’

-  (alr -  a j  Srmm =  V ,(F .J„  -  F. J  J  +  V ^ A  -  F J J  +

+  (r» lB V/l, -  FjJ, V/|„) +  (F. A V J, -  F,A VJ,) +

"F (FjJj dln F. J n Æ/j) +  (F. A  CLms ■ F.A Æmn) A

A (F/*A t̂ /sln) A (Cms\u tZnw\s) “F &ml) ( Vw[j ‘ VA) A
+  VB(alm — a j ) l  — V ,(alm — aml)\n +  2(V„ F., — F.m V,) ■

■ (VA -  VJ») +  2 {(V V J, — V  V J,) F,, +

+  (V, F J ,  — V  F.A) V  +  (F.Jn V s — F^j, V„) V/ +

+  (Vi V / L - A V /|,)F ,1„}.

A dding the equations obtained by cyclic interchange of the indices m , n  and 
.s- in (2.11), we obtain the required result.
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