ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

H. D. PANDE, T. A. KHAN

Recurrent Finsler space with Cartan’s first curvature
tensor field

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 55 (1973), n.3-4, p.
224-227.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1973_8_55_3-4_224_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1973_8_55_3-4_224_0
http://www.bdim.eu/

224 Lincei — Rend. Sc. fis. mat. e nat. — Vol. LV — Ferie 1973

Geometria differenziale. — Recurrent Finsler space with Cartan’s
Jirst curvature tensor field. Nota ™ di H. D. Panpe e T. A. Kuan,
presentata dal Socio E. Bompiani.

RIASSUNTO. — In questa Nota vengono definiti e studiati gli spazi ricorrenti di
Finsler in rapporto al campo di tensori di curvatura secondo Cartan.

1. INTRODUCTION

Let F, be an 7z-dimensional Finsler space with the positively homo-
geneous function F(x, %) of degree one in #". The metric tensor g,;(x, %)
is given by 3,9, F*(x, #). The lowering and raising of indices are accor-
ding to thc notation, e.g. gz,M’;E:M,,} and ¢”M,; =M. The metric
tensors are symmetric positively homogeneous function of degree zero in

the directional argument. If T%(x,#) is any tensor, the Cartan’s covariant
derivative [2] ® of second kind is given by

(1.1) Til = F (3, T) + TEAL, — Ti A%,
where Aj; = F(x,2) C};j(x %), is symmetric in its lower indices. We put

9= Fr and C,,; = 8 ;& (x,%) which is symmetric in all its lower indices.

In 7-dimensional Fmsler space F,, Cartan’s curvature tensor of first kind is
given by

7 2 r i I3
(1.2) Sizn = Awr A — AL A% .

The commutative formulae for the tensor Sjy (x, %) are given by

(1.3) Tyl — Tglen = Fyu Tyli— Fu Tyl — T, Sis — Ty Sh
(1.4) T — Tl = Foa T — Fo Tile + T Shas — T Shu.
and

(1) F8,(Siu) — Sjulr = Shus Aly + Sjps Al + Shy A — Sk Al
The curvature tensor Sj (x , %) satisfies the following identities
(1.6) Sits + Sty + Siz = o.

(1.7) Sj’:izk = — /Zkh

(1.8) Siine = — Sjins -

(*) Pervenuta all’Accademia il 26 settembre 1973.
(1) The numbers in the brackets refer to the references at the end of the paper.
(2) Fym = OmF =0F[22™.
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The Cartan’s first curvature tensor field Sj’:u, is said to be recurrent Cartan’s
curvature tensor field of the first order, if it satisfies the relation

(1.9) S_;:khll =V, S,

where V, is a non-zero recurrent vector field [3].

2. RECURRENT CARTAN’S FIRST CURVATURE TENSOR FIELD OF SECOND ORDER

In a n-dimensional Finsler space F, if the curvature tensor Sj(x, %)
satisfies the relations

(2.1) sz'.kh <x ’ j‘)’lm = m (x ’ 2) S]lk}‘ (x "22>
and' (i,j,/%-"=1,2,3"',%)
(2.2) S0,

where ,,, is a tensor field dependent on the positional coordinates as well
as directional, then it is said to be recurrent Finsler space of second order and
@, is called a recurrent tensor field. The Cartan’s first curvature tensor field
of this space is defined as the recurrent Cartan’s first curvature tensor field.
In this paper we denote such a Finsler space by Fz*.

THEOREM (2.1). In a recurrent Finsler space of second order, the recurrent
tensor field a,, is non-symmetric.

Proof. Commutating (2.1) with respect to the indices / and # we have,
(2:3) Sith! 1w = S| mt = (@m — @) Sha.
Applying the commutation formula (1.4), we have,
(2.4) F,,, Sialt— F.: il + Sitn Simi— Sias St — St Shms —
— Sitr St = (@ — @) Sis.
It shows that @, is non-symmetric [1].

THEOREM (2.2). In Fu* the recurrent tensor field a,,, satisfies the following
relation

(25> {<‘znm - amn) F;cl + (aln e anl) F,;m + (dml _ alm) Fggn} _l"
+ {Vl (amn - anm) + Vm <an1 - aln) + Vn (dlm - aml)}
= {(amn — anm) |l + (anl - aln) lm + (alrh - aml) ln} .

Proof. Differentiating (2.4) covariantly with respect to x* (in the sense
of Cartan) and using relations (1.9), (2.1) and (2.4) we get,

(26) {(Fxm [”Vl - F,;l ‘nvm + F&m @y — F;Cl amn) + Vn (alm - an‘xl) +
+ 2Vn (Vm F:;l - F;CmVD} Sj’:kh — (‘zlm - aml) 'n vS_;:Hz .
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Making cyclic rotation with respect to the indices /, 72, % in (2.6) and then
adding all the three equations thus obtained, we get

(2.7) {(@um — @) Fyt + (@3, — @) Fo + (@ — as,) F.}+
+ {Vi@n — @) + V(@ — a1) + V, (@1, — 1)} —
— @ — )i+ @ — @) |+ @0 — @) |} S = o.
By virtue of the recurrent properties of S}, we obtain the result (2.5).

THEOREM (2.3). In Fn¥, the Cartaw's first curvature tensor Sp,(x ) E)
satisfies the relation

(2.8)  Fo(@ulw—amuls) + Fon(@uls—aul) + Foul@uls— aul,) + b, St +
+ 8y Sims 4 by Stum = U; .|+ Fo| (M, — 8,.) +
+ Fal, 0l — 6,) + Fol,, Ole — 60 + FoiGouln + bunls + b)) +
+ Gom Mals + b1 Ml + b Ml ) + Vi Gimls — b1l,) + V., (Bl — 81,) +
+ Vi Cmlm — bimlw) + 2{(\ls F o + Mle Fr -+ Nl FL) V,
+ Vil B — Vil F )V, + (Vi Frpe — VI FL) V, +
+ (Vi F,,,— Vi, F,) V.3,

where

Brm = @y — X »
Pl = Vonlu = Val,
and
29) Ul = (Vi(Fol,,— Fol ) — Vo (Fyl,, — Fol 0} +
+{ViEl,, — Fol,) — V. (Ful,,— Ful, )} +
+ Vi, — Ful) — Vo (ol — Ful O} -

Progf. Differentiating (26) covariantly with respect to »* and using
equations (1.9) and (2.6), we obtain

(2’10) (F‘émlm VI + F;Cm'n Vll: - F_;;l'm Vm - F;cll,, le: + Fxml“. Qy + Fxm alnl: -
- F;,ll_, [— F;rl amnl:) + an:<alm — aml) + Vn (alm - dml)[: +
_l" 2an:<Vm F;‘l_ Fxm Vl) + 2Vn (Vm’s F;Cl + F&ll.\. Vm - F_,;ml_,vl -

- F;,m Vll:) = <dlm - dml)ln: .
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Interchanging the indices # and s in (2.10) and then subtracting from it and
using the commutative formula (1.3), we get,

(2.11) F. (@m— @)l — F.u(@m — a)ls — (@ — @py) Sten —
— (1 2) St = ViFl, — Fopl, )+ Vi (Futl,, — Fol, ) +
+ (F,l, Vils — Fol, Vil) + Fl, Vil — Foul, V.10 +
+ Fol, @ —Fol, @) + Fyl, @ — Ful, @) +
+ Fon(@nls — anl,) +F 1 (@sds — @pals) + (@ — 1) (V). — Vil,) +
+ Vil — )i — V(@ — @)l +2(V,, Fy—F,, V)
*Vals = Vil) + 2{(V, V.. — V. V,|.) F, +
+ (V. Fx'lls — V. Fx'lln) Vot (Fx’""n V,— Fx'ml.f V) Vi+
+ (Vo Vi, — V, Vi) FL} -

Adding the equations obtained by cyclic interchange of the indices #,# and
s in (2.11), we obtain the required result.
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