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Geometria differenziale, — Generalization of Meusnier s theorem 
in a Finsler space. N ota (*} di C h a n d r a  M a n i  P r a s a d , presentata 
dal Socio E . B o m p i a n i .

RIASSUNTO. —  Generalizzazione del teorema di Meusnier agli spazi d i Finsler.

i .  I n t r o d u c t io n

Nirmala [2] obtained an extension ofM eusnier’s theorem by considering 
Singal-Ram Behari’s [7] and PIsiao’s [1] normal curvature of a congruence. 
In a Finsler space Fn, Prakash [4] has defined the generalised normal cur
vature of a curve relative to a congruence. It can be expressed in terms of 
the first curvature of the curve in Fn and certain angles, and the formula 
expressing this relation provides an extension of M eusnier’s theorem. We 
derive a similar formula by considering the normal curvature of a congruence 
relative to another congruence.

Let the hypersurface Fw_i with local coordinates ua , a =  1 , • • •, n — 1, be 
immersed in a Finsler space Fn with local coordinates x \  i — 1 , 2 , • • •, n. 
Consider a curve C: x l =  x* (s') on F„_i, the components x rt =  dx*/ds and 
u 'a ~  dua/ds of its unit tangents at a point of Fn_i are related by

(1.1) x ' i ^ B i u ' «

where Ba =  Sx9/dua and the rank of the m atrix ((Bâ)) is n — 1. The compo
nents Ifij and gaß of the metric tensors of Fn and F„_i are connected by the 
relation

(1*2) getß (fi 1 n, ) == gjj (x , x  ) Ba Bß

There exists a unit vector n*(u) called normal vector satisfying the 
conditions [6]

(1.3) gij (x , n) n i B« =  Hi Ba =  o

(1.4) gij(x  , n) n* n* =  i

The covariant derivative of B^ with respect to ua is given by [6]
def • . •

(1.5) Ba;ß == laß =  Oaß f l *  +  waß

where
6>aß ni =  O , laß =  £2aß

(*) Pervenuta all’Accademia il 26 settembre 1973.
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and Qag ( u , u') are the components of the second fundamental tensor 
of FM_ ! . The co variant derivative of unit normal n{ (u) is given by

(i-6) »% =  A | b J +  V3 »*-

where

A | =  —  Y“8 Ûa0 -  y“s Em  Bß Bi nj  

n \&n{ =  Vß 

and we have written EiJk = g i j - k (x , n).

2. Generalization of Meusnier’s theorem

Consider the contravariant components X’ tangent to a curve of the 
congruence which is such that through each point of the hypersurface one 
curve of each congruence passes. A t a point of Fa_ ! , it is expressed as

(2.1) A!' = ^ B a  +  cn*

and we write

( 2-2)  ■\ =  g if. ( x , \ ) X  =  I.

Considering the S-derivative [6] of (2.1) and first of (2.2) and simpli
fying, we have

(2-3) T -  -  H - w -  -  ( ? »  b ; +  Pm  n‘ +  g,t  (* , X) r  I i )  —

where

(2-4) # *  =  %& ?  +*<,(* ,* )& » + . cA$

(2-5) Ayp =  Æ,yp +  g jy (x , X) [c ; ß +  cV(i]

and we have taken =  £V/;P (x , X).
In analogy to the definition of normal curvature [6], Prakash [4] 

has defined the generalised normal curvature of a curve relative to the 
congruence X' as

and has denoted by [R* ( x , x ')]_1. Thus

(2.6) R x1 ( x , x ') =  —- x ' * (8\ ß s )  =  ÔPy u' I3 u ’Y 

where

(2.7) ÖßY =  — By +  Pi# n i+  gy {x , X) f  l{ß} b ;  .

Let the angle between the unit vectors X' and x H be <p0, then

cos <p0 =  gij (x , X) y  x ' ’ =  X,- x ' \(2.8)
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The S-derivative of (2.8) with respect to C gives
K\i cos

(2-9) d©o
Ss r

where <px is the angle between the vectors X* and 8x'*l8s, and

11/2

is the first curvature of the curve C in Fn (Rund [6], pp. 152). 
By virtue of the equation (2.6) and (2.9), we write

(2.10) cos 9! . . d.90
- T ~  +  sm(? o f r -Rx {%■> x1)

Particular  cases, (i) If the curve C is a union curve [8 ,9 ] ,

91 =  -7- — %

cos 9jl =  sin <p0 .

Hence the equation (2.10) reduces to

Rx
I
r

doi 
d s cos <px

(ii)

so that

If the congruence V  is normal to Fn_x ,
,at =  O , C =  I,

cos 90 =  x ,% Ui =  o

and the generalized normal curvature of a curve relative to a congruence X* 
reduces to the normal curvature of FK_! (Rund [6], page 192). The equation
(2.10) then takes the form

(2.11) i/R  =  ( i/r)  cos ep-L

which is Meusnier’s theorem (Rund [6], pp. 192). Hence (2.10) is a genera
lization of Meusnier’s theorem.

Consider another congruence fx* which, at a point of FM_X, is expressed as

(2.12) f  =  /  B( +  IV

We define the normal curvature of a congruence X' with respect to 
another congruence (x* as

f  (p s ßs) l[ga, ( u j )  /V p]1/2

and denote it by vR .\1(x ,x ') . Now using the equations (2.3) and (2.12) 
and after simplification, we have

-1  i SXi a  d iß  a  d iß
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where
t  =  [ga 3 ( « . t) f f i f 2

and

(2.14) Öß =  r  [ q{jg B„ n{ +  Pij$ n{ nj  +  g {J (x , X) f  n l£p] .

If the spaces F„ and F„_i are Riemannian, the equation (2.13) gives the 
normal curvature of the congruence X* relative to another congruence for a 
hypersurface of a Riemannian space (Hsiao [r]).

Let the angle between the unit vectors X* and [V be denoted by 0O, then

(2.15) cos 0o =  Xt- fi.

If we denote the angle between X* and §f i  f is  by 0X, and write

Sii \ % i
\ 8 f i  Spi7

8s

1/2(2.16) ? 

then

(2.17)

Taking the S-derivative of (2.15) and using (2.13) and (2.17) we get

t

-1  a -, $fi rv. cos 0! =  X, - - ^  •

(2.18)
[xRa

cos 0i . . ç, d0o
—I----- h  sin 0O d s

The equation (2.18) relates the normal curvature of a congruence X* with 
respect to another congruence (V and absolute curvature (first curvature) of 
the congruence f i  in Fn.

PARTICULAR cases , (i) If the curve C is an absolute geodesic [3 , 5] 
of the congruence f i ,

' K  =
and  then

Hence the normal curvature of a congruence X* relative to the congruence 
f i  is proportional to the derivative of the cosine o f the angle between the vectors 
V and f i .

(ii) When (P is tangential to the curve C, we have 

r  =  o , p« =  du*/äs ,

and then Oß =  o and 1 jr^ =  i/r. From (2.13) it follows that 

t  [ttRx]“ 1 =  ---- Öxß « 'ß = ------ V  •
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Hence the equation (2.18) reduces to

I
Ra

COS 9 i

r +  sin <p0 d<Po 
d s

which is identical with the equation (2.10), and so (2.10) is a particular case 
of (2.18). Thus (2.18) is another generalization of Meusnier’s theorem.
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