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Geometria differenziale. — On a Kiklerian space with recurrent
holomorphic  projective curvature tensor. Nota™ di S. S. SINGH,
presentata dal Socio E. Bompiant.

RIASSUNTO. — In un lavoro precedente [2] @ P’Autore ha discusso le proprietd di
uno spazio proiettivo Kéhleriano simmetrico e/o ricorrente. Qui sono date ulteriori proprieta
degli spazi proiettivi Kahleriani ricorrenti.

I. INTRODUCTION

An 7 (= 2 m) dimensional Kihlerian space K” is a Riemannian space
which admits a tensor field ¢,* satisfying

(1.1) @ <Po,7k CPua= - SMA ’

(I.Z) CP;\U. = (Py.)\ ’ (CPML = gu.a <P7\a>
and

(1.3) P =0

where the comma followed by an index denotes the operator of covariant dif-
ferentiation with respect to the metric tensor g;; of the Riemannian space.

The holomorphically projective curvature tensor is given by
I

(1.4) vak = Rkuvk + nt 2z (Ryy Sué_ Ruv Skk-l_ Sy, CPuk_ Suv CPkk—l— 2 SML cka) ’

where Ry, ‘and Ry, = Ro” are the Riemannian curvature tensor and the
Ricci tensor respectively. The tensor S,, which is defined by

(1.5) S =9, R,
satisfies
(1.6) Sy = — Sy .

2. KAHLERIAN PROJECTIVE RECURRENT SPACE

DEFINITION 2.1. A Kihlerian space satisfying
% %
(2\.1) Pauy e = ae Payy

for some non-zero vector a., has been called a Kihler space with recurrent
holomorphic projective curvature.

{(*) Pervenuta all’Accademia il 26 settembre 1973.

(1) The numbers in square brackets refer to the references given at the end of the
paper.

(2) As to the notations we follow K. B. Lal and S. S. Singh [4] and S. S. Singh [2, 3].



S.S. SINGH, On a Kdéhierian space with recurrent holomorghic, ecc. 215

DEFINITION 2.2. A Kihler space is called a space of constant holomor-
phic sectional curvature if the tensor Umf defined by

) % %
(2 2> Uly.v = R)\p.v + ”(ﬂ—l— 2) <g}\v gy.v A —l_ (PM (Py. <Py.v CP)‘ + 2 cply. CPV)

vanishes identically.
We shall prove the following theorems:

THEOREM 2.1.  If a Kdhlerian projective recurrent space is an Einstein
one, then it reduces to a space of constant holomorphic sectional curvature or
the recurrence vector of the space is null.

Progf. An Einstein space is characterized by

(2.3) R,, = Rg, /.
Using (1.2) and (2.2) in (1.5) we have
(2.4) S,, = Re, [z

Therefore, in an Einstein space the holomorphically projective curvature
tensor reduces to

(28) Pt =R, s 03, 2.8 o, 00 — o, 01 29, 0.
Now, as the scalar curvature is constant, we have

(2.6) P’ e = Ry’ .

In view of (2.1) and (2.6), the identity of Bianchi gives

(2.7) @ Pri +a Pof +a Py f=o0.
Contracting ¢ and £ and using P,,,"= P,,,>= 0, we have

%
a, Phuv =0,
which means

(2'8) & a" PMka =d P)Ly.vn = 0.
Transvecting (2.7) with o and using (2.8) we have
at a, me = o.

Hence, if the space is projectively non-flat, we obtain @* @, = 0, which means
that 4. is a null vector. This completes the proof.

Further, in a Kihlerian Einstein space, the Bochner curvature tensor
Ky defined by

(2.9) K,Jj= m+ TR, Sk—R , 8 +£,RF—
R +5,, Suvcp)‘—l—cpmsk
'—(PWSA—{—Z‘S‘}\MCP\'—FZCPM'SV}—-—
R

% % % -k %
T or ety B T8 S o0~ e+ 20, 0%}
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coincides with Py, given by (2.5), we therefore have the following theorem:

THEOREM 2.2. A Kéhlerian Einstein space with recurvent Bochner cur-
vature tensor reduces to @ space of constant curvature or the vecurremce vector
a. of the space is null.

THEOREM 2.3. In a Kdihlerian projective recurvent space the recurrence
vector K is a gradient vector. ‘

Proof. From (1.4) we have the following equation

(2‘IO> P}q.l,vm,s;,v;_—~ P)xy,vco,n,a + vasn,}\,p._ Pvms‘n,p.,l + Psnly.,v,co_

—P R R

ENALL, 0,V = [

+ Ranm,v,m_ Re'n)\u,,m,v] + [{gw,) (R)\v,e,n - R}\v,'n,s_) -

-t <R1.Lv,1-:,'n— Ry.v,'f],s> + P <S7\v,e,'n—_ va,n,s) —

T Pre <Sy.v,s,n_ Suv,n,a) + 29, (Sm,e,n— Sm,n,Q} +

{80 Ropu ™ Roe ) — 80 R s u = See ) +

T P <Svs,7\,u_ Speu) — Pon (Swe,x,u’— Sms,p,,)\) +
+20,Suan— Speun) T {&0. (Rsx,v,w"— N

8 <Rnl,v,w—— Rm\,w,v) + e (St-:)\,v,m-—- Sex,m,v) -

— P Cinvo —Sien T20, Sye — Senon) 12+ 2) .

In a Kihlerian projective recurrent space the relation

N Rvmsn,l,u_ Rvmsn,u,k_l_

le,s—_ Ks le = (R,s'—_ KE R)g)\w ’

1
n
gives

(2.1 I) R)\V;B;") _ R}w,'n,s = (% + 2) Ks‘n P;\\‘,/% ,

where we have put
Koy =Ky — Ky -

Applying Ricci’s identity to the first term on the right hand side of (2.10)
and using

P)\uvm,sm - quvwm,s = K;n P)\u.vo)
we have

K {Pe— 800 Pav— 80 P — (@, @ Po— 0, 9,7 P Nn—
—2(9, @0 Pl 4 Ko {Pyey— (80 Pre— 8 Pt —

— (9, @ Pre— 0,0, P)In—20_ 0 P [n}+

+ Koo { P — (80, Pa—8., Pl — (9, 0. Py — 9, 0, P o) —
—29,,¢ P, n}] =o0.
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Using the relation

R
P?xm = P)\uvw gw =n [R}\w _ 7g}\m]/(n _I_ 2>
‘and putting
R
UMLvm = R?xu-vw + m <g)\v gu.w———gu,v gxm'{“

T @ Puo ™ Puy Pro T 2 Po P>
the above equation reduces to
(2. 12) Ks-,, U)\uvo) -"— K7\U- UWDQ.,, + K\,w UanML = 0.

Evidently the following equation holds:

(2.13) Uswve = Uiy -
Now, we shall introduce Walker’s Lemma [3].
LEMMA.  If au , b, are numbers satisfying
(2.14) g = Agy 5 gy by + @y by + ayg b, = 0,

then cither all the auy are zero or all the b, are zero.

Equations (2.12) and (2.13) are of the form (2.14) as suffixes «,8,y
being replaced by the pairs Au , ve, en. Since the space is not of constant cur-
vature, Uy, is not all zero. Therefore it follows that K., = o. This implies
that K., = K,,., which is the condition for K, to be a gradient vector.
This completes the proof.

THEOREM 2.4. A Kihlerian projective recurrent space is Kéhlerian recur-
rent or an Einstein space whose recurrence vector is null.

Proof. Putting

(2' I 5) P?»o; = PMLVo) g
we get
\ R
(2.16) Poo =7 (Ryy— 8, )l + 2),

which gives P;,,. = K, Py, .
Multiplication by ¢ reduces (2.16) to

~ R
<2'I7> P?\m CP;‘:- " [bﬁwh7@sw}/<n+ 2) '
Taking into consideration that K. is a gradient vector we get
P7\o.):5r7) -_— P)»(m'fl’ﬁ = 0.

Applying Ricci’s identity to the last equation, we have

Poo Ryaa® 4+ Pos Rye® = 0.
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The above equation implies

Pam [P“neka-— ﬂ—?— 2 <R1;Z 8;_—_ Rsl sza + SVM (Ps“.___ Ss)\ cpna + 2 Sna cp}\a>] +
+; P)«z [P‘!)Ewa— n_:. 2 <Rm» Ssd - Rew Sna + Snm (Pza - Ssm (P'na-}" 2 Sns pr")] =0.

Substituting R, = {(#+ 2) P, +Rg,_ }/= into the above equation we have

R
7 (n+ 2) ’

(2' IS) P.uo Pnska + PM P‘nzcoa -
' [<g'n7\ Psm—gek Pv)m + tpn)\ (PEa Pam - <Pe7\ (Pna Pam_l_ 2 cpns CP)\a Pam> +
—I_ <gm»> P)\s_gsco P)m + cpnm ea PM— cpsw (Pna P)\a “l_ 2 (Pm pr‘z P)\a>] =0.

Differentiating (2.i8) covariantly, we obtain
a [ — ,f_li’c —i‘ RK,’E’_)_ .
(2'19) 2 Kc Paa) Pnak +2 Kc PM vaw n (7 -+ 2)
: [(g'n)\ Pem-gsl Pmo + CP.M CP: Paw_— q)sl (Pna Paw —I— 2 CPm (P)\” Paw> +

+ <gnm PAs_—gsm P)m + vazm Cps" PM— cpsm cpna Pla+ 2 cp'ns pr” th)] = 0.

Multiplying (2.18) by 2 K, and subtracting from (2.19), we have

R ,—RK, - a
<2‘20) LW Kgn)\ Psm—gsl an + cpnl . Pnco -

_— CPsL cpna Paw+ 2 CPm: (P)\a Pao)) + <gnm Pks _gsw P)m +
+ cpmo (P: P?uz_ cpeo) Cpn” PM + 2 Cpm (Pma PM)] =0.

Transvecting (2.20) with g™ and after some simplification we obtain
(R,6— RKjy)
7 (n + 2)

where we have used Pyyg™ = o. It follows that R,= RK, or P.,=o.

If the former equation holds, then the Kéhlerian projective recurrent space

is Kidhlerian recurrent (Theorem 3.3, [2]). If the latter equation holds, then

the Kéhlerian projective recurrent space is an Einstein one. From Theorem
2.1 the recurrence vector is null. This completes the proof.

I acknowledge my grateful thanks to Prof. K. B. Lal for his guidance.

P.,=o0
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