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G eom etria  d ifferen zia le . —  On a Kählerian space with recurrent 
holomorphic projective curvature tensor. N o ta (#) di S. S. S ingh , 
presentata dal Socio E . B o m pia n i.

RIASSUNTO. ■—  In un lavoro precedente [2] a) ^Autore ha discusso le proprietà di 
uno spazio proiettivo Kähleriano simmetrico e/o ricorrente. Qui sono date ulteriori proprietà 
degli spazi proiettivi Kàhleriani ricorrenti.

i. Introduction

An n ( =  2 ni) dimensionai Kählerian space K* is a Riemannian space 
which admits a tensor field cpp satisfying

(■•■)«' ? „ v = - v

<I J ) =  — T.» ■ = «■ „»»“)
and

(!-3) 9x% =  ° ,
where the comma followed by an index denotes the operator of covariant dif­
ferentiation with respect to the metric tensor g. . of the Riemannian space. 

The holomorphically projective curvature tensor is given by

(1-4) Ajxv RA[i,v n -f- 2 (R, 8'  Av (JL A v K Av — s <P* 2 SA[xO »

where R A ' and R/,„. =  Ra/U are the Riemannian curvature tensor and the 
Ricci tensor respectively. The tensor which is defined by

(1.5) S =  cp a R' \±v Tfx, ■ av

satisfies

(1.6) s

2. K ä h ler ia n  p ro jective  r e cu rr e n t space 

D e fin it io n  2.1. A Kählerian space satisfying

(^•l) Pa{jlv ,s =  Ctz Pa[jlv

for some non-zero vector ae, has been called a Kähler space with recurrent 
holomorphic projective curvature.

(*) Pervenuta all’Accademia il 26 settembre 1973.
(1) The numbers in square brackets refer to the references given at the end of the 

paper.
(2) As to the notations we follow K. B. Lai and S. S. Singh [4] and S. S. Singh [2, 3].
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D e fin it io n  2.2. A Kahler space is called a space of constant holomor- 
phic sectional curvature if the tensor U X(i/  defined by

(2.2) U j = R v + — R -
n { n - j- 2) ( s S k

Su ■®X*+ 9 a —  %% +  2 9** o
vanishes identically.

We shall prove the following theorems:

THEOREM 2.1. I f  a Kählerian projective recurrent space is an Einstein 
one, then it reduces to a space of constant holomorphic sectional curvature or 
the recurrence vector of the space is null.

Proof. An Einstein space is characterized by

R X;x =  R f t , >  •

Using (1.2) and (2.2) in (1.5) we have

( 2 -4 )  S xv =  R<p J n .

Therefore, in an Einstein space the holomorphically projective curvature 
tensor reduces to

(2-5) PX!XV =  R X[xv +  n {n + 2) ( f tv s /  +  9Xv 9 ^  — 9 ^  9 / +  2 9X(1 9 / ) .

Now, as the scalar curvature is constant, we have 

(2*6) Px{xv̂ ,s =  Rx{jt,v̂ ,s -

In view of (2.1) and (2.6), the identity of Bianchi gives 

(2*7) P ^  +  av Pxe^ +  az Pxut/=  o .

Contracting y. and k and using Pa[Jlva =  Pvtxaa =  o, we have
-p  k ___A{jlv O ,

which means

(2-8) f t ,  P^v* =  P*v, =  0 .
Transvecting (2.7) with as and using (2.8) we have

a* =  0 .

Hence, if the space is projectively non-flat, we obtain az as == o, which means 
that az is a null vector. This completes the proof.

Further, in a Kählerian Einstein space, the Bochner curvature tensor 
Kj.jxv defined by

( 2 '9 )  K Xtxv ~  R X,xv +  n  +  4  {  R Xv ' C  R ,xv V  +  Txv R /  ~ ~

— g ^  R t  +  SXv %  —  +  9Xv —

- V S ' + 2\ 9ïi + 2 9 l ï S i } -

~  in +  2) (* +  4) ^xv V  ~^nv V  +  9Xv 9^  9x* +  2 9Xli 9 / }
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coincides with given by (2.5), we therefore have the following theorem:

Theorem 2.2. A Kählerian Einstein space with recurrent Bochner cur- 
vattire tensor reduces to a space of constant curvature or the recurrence vector 
az of the space is null.

Theorem 2.3. In a Kählerian projective recurrent space the recurrence 
vector Ks is a gradient vector.

Proof. From (1.4) we have the following equation

(2.10) p  — p 4_ p   p  1 p
X m.V6 ) ,S ,Y )  A[J,VCÙ,7),S 1 VC0£7],À,|J(, VC0S7],[X ,X  ‘ £ 7 )A (Jt,V ,0 )

— P£71ÀH.,C0,V=  [R;'À { J t.V C 0 J £ , 7 )
R.

X { J ( . V C 0 , 7 ) , S +  R,'VC0E7),X,£Jl
R

V C 0 E 7 ]  j  [j L ,  X +

+  R.£ 7 ) X j X , V , C O ■̂£7)X{JL,a),vl (RXv,S,7) RXv,7],s)

< ^ X c ö  ( R [ i . V , S , 7 )  R f J l V , 7 ) , s )  ^ X v , £ , 7 ]  ^ X v , 7 ] , ê )

^ X c o  ^ | i , V , £ , 7 )  ^ V v , 7 ) , £ /  +  2  ^ V C O  ^ X [ i , , S , 7 )  ^ X j X , 7 J  , e )  ^

<̂̂COY) (̂ VE,X,[Jt. HYÏ) (ROiS,X,[i, £̂0£,tJt,}X̂

^ C O Y )  ^ V S , X , [ A  ^ V £ , [ X , x )  ^ V Y )  ^ C O £ , X , t X  ^ < 0 £ , f J L , X ^

+  2  ? « ,  ( S v W , X î t x —  S v W , ^ x ) }  +  { S m  ^ R s X , v , o j  R s X , c o , v )  ~

& Z \L  ^ R Y } X , V , C Ù  R X , . , v )  ^ 7 ) [ X  ^ e X , V , C O  ^ e X j C O j v )

^ £ [ X  ( ^ Y ) X , V , C O  ~ ~  ^ Y ] X , C Ù , v )  +  2  ^ X î X  ( ^ £ Y J , V , C O  _  ^ £ Y ) ,  C O ,  V )  } ]  ^  ^  2 )

In a Kählerian projective recurrent space the relation

r xw,e~  K RXcù =  (R e-  K . R ) ^  ,
gives

0  Rxv,£,7) R-Xv̂ jE ~  (n -h 2) K£73 PXv/^ ,

where we have put
Ke,  “  Kgjr) —— Kyj>g .

Applying Ricci’s identity to the first term on the right hand side of (2.10) 
and using

we have
• Xl*V63>S>7) ‘ X[J.V(0>YJ,S R -SY J ^ X p lV tO

K «l P X v ~  P „ >  —  ( 9 ^  P av" ?X» A  F J l n ~

—  2  V «  A V a , ) ! n  Î  +  K X, {  P ^  —  is,or, P vs S vn P < J / W ~

— (9<.,, <PV“ P«e— 2 ?„, 9V“ Paö/^} +

+  KvW { P ,x, — ( s m p«x“ ^ :pflx)/Ä — '(9W 9ea p«x— 9S|i A  p«x)/» —

— 2 9>.y. p  ,/«}] =  o .
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Using the relation
R

P X<o =  P^vco g ' V t = ”  [ R X<o-------^ x J / ( » ■ +  2 )

and putting

U,.. =  R, R
'  A j x v c o  J ' v À ! i . v c o  1 [ f i  _ [ _  2 )  ( « ^ A v  « ^ x v  « ^ A c o

+  <Pxv 9„w — 9^  ? ^ +  2 9 ^  9vJ >

the above equation reduces to

(2.12) K ^ U x̂ + K x̂ U ^  +  Kvco U £7JX[j, — O .

Evidently the following equation holds:

C2- ^ )  U X, V£0 =  u V£oX, .

Now, we shall introduce W alker’s Lemma [3].

LEMMA. I f  aaß , bY are numbers satisfying

(2- *4) aaß =  a$at. , ^ßy ba -f- ay0C bß -f- aaß by =  o ,

then either all the aa3 are zero or all the by are zero.
Equations (2.12) and (2.13) are of the form (2.14) as suffixes a , ß , y 

being replaced by the pairs Afi, , vco, sy]. Since the space ïs not of constant cur­
vature, U X[ZV(0 is not all zero. Therefore it follows that K£y] =  o. This implies 
that K£j7) =  , which is the condition for K£ to be a gradient vector.
This completes the proof.

THEOREM 2.4. A Kählerian projective recurrent space is Kählerian recur­
rent or an Einstein space whose recurrence vector is null.

Proof. Putting

(2-15) PXco == P x ^ ^
we get

(2.16) 8 il >> 8 —  +  2)

which gives Ea63>S " K£ P 6̂3 •
Multiplication by <psx reduces (2.16) to

(2 .17) P xm 9£x =  n S£63
_R
n l(n +  2) .

Taking into consideration that Ks is a gradient vector we get

■̂>A63>S>7] “ PAû3>7)>S O .

Applying Ricci’s identity to the last equation, we have

•P«63 -̂ -TjeA0 T~ Eaa E.yjecoö =  O .
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T h e  a b o v e  e q u a tio n  im p lies

p  [ p  7atù  1 TjsA * (R  . S 3n +  2 '  t]a s - R . $  8 +  S . œ Æ-sA 7} 1 7}1 TS

+  P . [ p  8
1 l a  [ tjsco \ (Rn -j- 2 v ^  £ - R  B a +  S 9 " -SCO 7} 1 7JC0 *E — S 9 af -  2 S 9SCO T 7) 1 7]S * CO

Substituting R ^ =  {(« +  2) TXa+ R g Xa}ln into the above equation we have

(2.18) P p  o_|_p p  «_____ *at0 7)sX 1 la tjsco n (n 2 )

• [(£*  L » — g.x +  9„x 9,8 Pow — 9 ,x 9„8 PflM+  2 <p,£ 9X“ P J  +

+  (^<0 p ?,s— ^  p x i+  9„u 9/  Px* — 9e(0 9„8 Px» +  2 9„e 9«“ P J ]  =  °  •

Differentiating (2.18) covariantly, we obtain

(2.19) 2 K P  P /  +  2 K P ,  P * — _(R.o+ R K .o) ,' a aco 7)sA 1 a la tjsco % ^  _j_ 2)

• [ O f l X  PEM— ^ex Pv,» +  9„x 9 /  P .w— 9eX ? ;  p„  +  2 9, .  9/  P J  +

+  PXe ŝoj PX„ +  9„tt 9,“ Px,— 9ew 9,“ PX(J+  2 9„s 9 ^  P J ]  =  O .

M ultiplying (2.18) by 2 K0 and subtracting from (2.19), we have

(2-20) % (7 + ^  K^X P£6J &ZK P ^  +  9t)X 9/  P ,m -

— 9sx 9„8 P3W +  2 9„  9xa P J +  ( £ J  PXE — gm PXl) +

+  9, tt 9,8 Px3— 9ett 9/  P*. +  2 9, E 9ffl‘ P J ]  =  o .

Transvecting (2.20) with and after some simplification we obtain

(R>o— RKg) p
n (n +  2) £t0

where we have used P ^ 71* =  o. It follows that R ,0 =  RKa or Peco =  o. 
If the former equation holds, then the Kählerian projective recurrent space 
is Kählerian recurrent (Theorem 3.3, [2]). If the latter equation holds, then 
the Kählerian projective recurrent space is an Einstein one. From Theorem 
2.1 the recurrence vector is null. This completes the proof.

I acknowledge my grateful thanks to Prof. K. B. Lai for his guidance.
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