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Geometria differenziale. — Geodesic torsion of a curve o f a 
Fins 1er hyper surf ace. N o ta (#) di U dai Pratad S ingh  e U dai Bir 
S in g h , presentata dal Socio E. B o m pia n i.

R iassunto. — Definizione e proprietà della torsione di una curva appartenente ad 
una ipersuperficie di uno spazio di Finsler.

i. Notations and Basic Concepts

Consider a hypersurface F„_i , given by equations x i =  x* (ua) 
(i — 1 ) 2 ) • - ' n > * =  I > 2 , • • •« — 1) of an «-dimensional Finsler space F„. 

The angle t  between two vectors A2 and B2 of FM is given by

( 1 . 1) sin T = = -------------- : ,---------- :— T—-

where g.j is the metric tensor of F„ and St î  stands for (8 | Sf ~  Sf SI).
The unit normal vector N2 ( x , ±) of the hypersurface satisfies the 

relations

(1.2) N, B> =  o and g.. N2 Ny =  i

where =
We mention below some important formulae which will be used in the 

later section of this paper.
The normal curvature vector I«ß satisfies the relation

(L 3) Ißa — Qaß N*

where Qaß are the components of the second fundamental tensor of the 
hypersurface.

The induced co variant derivative Nj|Y has been given by [4]

(i-4) Nf, -, =  ~  g«* BÌ +  (N2 M; — 2 Mj) l i ,  Ù”

where

(1-5)

£0II§

(x , x) — Mzy (x , x) N7 (x , x)

(1.6) Mag ( « , « ) =  M ij (x , £) Bag , Ma (u , u) =  Mi (x , X )  Ba

(i-7) M,y (x , £) =  0 , M,- (x , x) F  =  0

(*) Pervenuta alPAccademia il 15 settembre 1973.
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and

C1 -8) Maß (u , u) vP =  o , Ma (u , u) ùa =  o

(C,>1(, . , )  _  L

The equation (1.4) m ay be used in defining

(1-9) DN -  N’
-~dT

The principal directions of F„_i are given by

(i-io ) n afiûa =  K g aßü«
n

where K =  Qafi ùa iO is the normal curvature of F „_ i.

2. Geodesic T orsion

Consider the vectors

(2.1) Si| =  * 'f , d i  =
DB'h—11

Dj (h =  2 ,• • - , n).

These are used in defining ([3], pp. 153) mutually orthogonal vectors

(I » 0  ••• (1 , p —  1HÌ1

(2.2)

where

n\. =  p I y.D#- i D>
( / . o
(P ,Ç =  2

D0 =  I D ,

( r . O ••• (I ,P)

( P > o ) - - - ( P , p )
and

{ P , q ) = g i A  \ H\ .

The Frenet’s formulae for the curve are given by [3]

(2.3)
D ri-PL — — ^ _ i |  +  —  Up+1\ (P =  2 ,• * *, n — 1)
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where

JL — V*V i D,  / 1 1 _
f  ~  ’ ~ D , V P° 9n ~~

fo r p  =  I , • • •, (n — 1).

Assuming that the curve is a geodesic of Fn_x and using equation (2.1) 
one obtains

( 2 4 )  ^ 2 1 =  &i \ N*

where

h \  ^ij •

If we further assume that the vectors (for k =  1 , • • •, ?z) are linearly 
independent then the equations (2.2) and (2.4) will yield

(2.5) «21 =  N*.

Hence the equation (2.3) for p  =  2 reduces to

(2.6) DN* _ 1 w I nn 2
;r  1̂1 +  T7*si

where is employed to denote 1/p2. The scalar is called the geodesic 
torsion of the curve.

3. Properties of Geodesic T orsion

Let w l be unit vector along DN'/E>s and F be the angle between n\\ 
and w l . Using (2.6) we obtain

(3.1) Tg =  nKg cos 0-

where NK G is the magnitude of DN'/Di*.
From (2.6) it is clear that w l is linearly dependent on the orthogonal 

vectors n\ \ and Çp . Hence if cp is the angle between w l and then

(3.2) T^ =  * NKG sin <p

where
e — ±  i.

The equations (1.1) (1.9) and (3.2) yield

(3-3) T2 =  r ê g njgph NflrNfi#Ö, 5Î| ù< ù\

We shall now prove the following:

Theorem (3.1). The geodesic torsion of a curve is given by

T* =  u< ùs +  4 OßSMß «» K +  (4 M^My— i — 3M 2) K2.
n n
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Proof. Using equations (1.2) , (1.3) , (1.4) , (1.5) and (1.6) the equation
(3.3) reduces to

(3.4) T | =  ü aY ù \û s +  4 M3 «* K +  (4 My My — 1 — 3M2) K2
n n

where

Mp =  gV* Ms and M =  M, Ny,

The equation (3.4) expresses the geodesic torsion in terms of first and 
second fundamental tensors. If the curve is along a principal direction then 
with the help of equation (1.10) and (1.8) Theorem (3.1) reduces to

Theorem (3.2). The geodesic torsion of a line of curvature is

(4 MyMy— 3M2)1/2K.
n

Finally we have

Theorem (3.3). I f  the curve is non-asymptotic and is along the principal 
direction then the necessary and sufficient condition that its geodesic torsion 
vanishes is that

4M , My — 3 M2 =  o.

Proof. For a non-asymptotic curve K =f= o.
n

From (3.2) it is clear that =  o iff

4M;.My~ 3 M 2 =  o.

This proves the theorem.
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