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Geometria differenziale. — Geodesic torsion of a curve of a
Finsler hypersurface. Nota® di Upar PraTap Sinea e Ubpar Br
SINGH, presentata dal Socio E. Bomprant.

RIASSUNTO. — Definizione e proprietd della torsione di una curva appartenente ad
una ipersuperficie di uno spazio di Finsler.

1. NOTATIONS AND Basic CONCEPTS

Consider a hypersurface I, ;, given by equations = 27 (%
{=1,2,+n,0=1,2,---7—1) of an z—dimensional Finsler space F,.
, | r p
The angle v between two vectors A® and B’ of F, is given by
(%5, AT BY A By

a

(g, A7 ANV (g, B B/ P

(1.1) sin T ==

where g.. is the metric tensor of F, and 8% stands for (85 3 — 82 33).
84

The unit normal vector N’ (x,%) of the hypersurface satisfies the
relations

(1.2) N;B, =0 and g N'N' =1

ox?

e

We mention below some important formulae which will be used in the

later section of this paper.
The normal curvature vector ;s satisfies the relation

where B =

<1'3) Ig% = ﬁaﬂ N£

where .(Nlag are the components of the second fundamental tensor of the
hypersurface. _
The induced covariant derivative Nj, has been given by [4]

(1.4) Ny = — Q. g% Bl + (N' M, — 2 Mj) I%, a°

where

(1.5)  Myx,#)=Cupx, HN'(x,2) , Mx,4)=M;x,4)N (x,4)
(1.6) Mug (2, %) =M, (x,#) B, M, (u,u)= M, (x, %) B

(1.7) M@, )2’=0 , Mx,2)i=o0

(*) Pervenuta all’Accademia il 15 settembre 1973.
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and
(1.8) Mg (u,2)aP =0 , My(u,d)u*=o0
. I agi. ; (/‘If ) ’i‘)
(Ciflz (x,%) = Y —137—)
The equation (1.4) may be used in defining
DN’ i du”
(1-9) o5 =Niv g

The principal directions of F,_; are given by
(1.10) ﬁag u = IN(gaB u*

where K = Q4 %% 4P is the normal curvature of F,_;.
n

2. GEODESIC TORSION

Consider the vectors

; . . Dg_
(2.1) =4, g =%, (=2, n).

These are used in defining ([3], pp. 153) mutually orthogonal vectors

.....................

(2.2) n;’l———-ﬁil , n o=

2| VDp—lD]j AR
}(P»I) (ﬁ,P—Uggl
(?’9=2, .......... n)
where
<I’I> '(I;p)
DO=I s Dp’: L
@, 0,8
and

(?,9) =885 .
The Frenet’s formulae for the curve are given by [3]

D”;I 1 ; I ;
(2.3) Ds — o1 7p—1| ‘l‘p‘”pﬂ] (=2, ,n—1)
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where

for p=1,---,(n—1).

Assuming that the curve is a geodesic of F,_; and using equation (2.1)
one obtains

(2-9) G=A N
where
by =g, N,
If we further assume that the vectors £j; (for £=1,---,m) are linearly
independent then the equations (2.2) and (2.4) will yield
(2.5) ny = N

Hence the equation (2.3) for p = 2 reduces to

DN’ L i
(2.6) Ds =—‘le! + T 73

where T, is employed to denote 1/p%. The scalar T, is called the geodesic
torsion of the curve.

3. PROPERTIES OF GEODESIC TORSION
Let ' be unit vector along DN/Ds and & be the angle between %gl
and w’. Using (2.6) we obtain
(3.1) T, = xKg cos &
where yK¢ is the magnitude of DN’/Ds.

From (2.6) it is clear that z’ is linearly dependent on the orthogonal
vectors 73 and £7). Hence if ¢ is the angle between %’ and &; then

(3.2) T, =exKgsing
where
e = -+ 1.
The equations (1.1) (1.9) and (3.2) yield
(3-3) T2 = 878, & Nijy Nijaa &1 47 "

We shall now prove the following:

THEOREM (3.1).  The geodesic torsion of a curve is given by

Ty = Qo Opp g% 07 % + 4 Qs MP 22 g( + (MM —1 —3M?) I}z.
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Proof. Using equations (1.2), (1.3), (1.4), (1.5) and (1.6) the equation
(3.3) reduces to

(-4) TP = Qu, Qps g% 6 4% + 4 Qe MP 8 R 4 (4 M,; MY — 1 — 3 M) K2
where ,
MP=gPM, and M =M,N,

The equation (3.4) expresses the geodesic torsion in terms of first and
second fundamental tensors. If the curve is along a principal direction then
with the help of equation (1.10) and (1.8) Theorem (3.1) reduces to

THEOREM (3.2). The geodesic torsion of a line of curvature is
MM —3MH R,
Finally we have

THEOREM (3.3). If the curve is non-asymptotic and is along the principal
direction then the necessary and swficient condition that its geodesic torsion
vanishes is that

4M, MW — 3M? = o.
Progf. For a non-asymptotic curve K == o.

From (3.2) it is clear that T, = o iff
4M; M — 3M® = o.

This proves the theorem.
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