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Fisica matematica. — Congruence conditions for Riemannian 
N-manifolds with groups of motions (*}. Nota (**} di C a r l o  M o r o s i  (***\ 

presentata dal Socio B . F i n z i .

R ia s s u n t o . ■— Si determinano, nel caso di piccole deformazioni e per varietà rieman- 
niane N -dim ensionali con gruppi di moto, lo spostamento indotto da una deformazione 
congruente, nonché le condizioni necessarie e sufficienti di congruenza per la  deformazione 
stessa ..

i .  I n t r o d u c t i o n

The congruence conditions are the necessary and sufficient conditions 
for a second-rank sym m etric tensor to be the deform ation §aik induced on 
the m etric tensor aik of a m anifold VN by  a displacement field s{; thus in 
the case of small deform ations they  are the integrability  conditions of the 
tensor equation

C  * 0  == Sijk Sk({ (z , k  I , 2  , • • • , N )  .

These conditions have been obtained for R iem annian m anifolds V N with 
no group of motions [1], for which the homogeneous tensor, equation

C1-2) Saa =  v ijk +  vkn  =  o O ', k  =  I , 2 , • • •, N)

has the trivial solution only.
As for R iem annian m anifolds VN with groups of motions, a m ethod to 

obtain necessary, but generally not sufficient, congruence conditions has 
been shown [2], and the analysis of the congruence in the particu lar case 
of a rotation, surface has been completed [3]; the m ethod used in [3] is 
generalized to R iem annian N-m anifolds in this paper. Therefore N-m anifolds 
with groups of motions are considered, th a t is w ith rigid infinitesimal 
displacem ents (solutions of Eq. (1.2)) parallel to r  (1 <  r  <  N) linearly 
independent congruences; as a particu lar case (r =  N), Euclidean manifolds 
are obtained.

The congruence conditions are given by m aking zero the congruence 
functions, th a t are obtained in tensor form and are linear functions of the 
strain  tensor 'i,k and its tensor derivatives; furtherm ore they are linked by 
(N —  r) linear and differential identities; as these identities cannot be reduced 
to finite identities am ong the congruence functions, they do not allow to reduce

(*) This work was done in the sphere of activity  of the C .N .R. (Group for m athem atical 
research).

(**) Pervenuta a ll’A ccademia il 25 luglio 1973.
(***) Istituto di M atem atica -  Politecnico di Milano.
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the num ber of essential congruence conditions. The m ethod used to obtain 
the congruence conditions suggests how to obtain a particular displacem ent 
field induced on V N by any  congruent strain tensor: hence by adding the 
Killing vector we obtain the m ost general displacem ent field solution of 
Eq. (1.1); differently from the case of no group of motions [1], the displa­
cement field is here obtained by means of integration and differential 
operators, and can be actually  calculated by using a particu lar coordinate 
system  set up on the manifold.

2. N - m a n if o l d s  w i t h  g r o u p s  o f  m o t io n s

The congruence conditions for a surface applicable on a rotation surface 
can be obtained in two equivalent ways [3], either by requiring th a t the 
differential invariants H and L  ^  be the same functions of the Gaussian 
curvature K both for the deform ed m anifold and for the undeform ed one 
[5, Ch. 3], or by projecting the vector field S; onto two congruences of 
the m anifold given by the curvature gradient K/,- and the (unique) Killing 
vector v{:

(2.1) Si =  s K /f- +  s v t- .
k v

In  this case the congruence conditions are the very existence conditions 
of the scalar invariants s and s.

k V
T he second procedure will be generalized to the case of N-m anifolds 

in this paper; to this end the explicit determ ination of the congruence condi­
tions will be preceded by a short analysis of the representation of tensor 
objects (in particu lar vectors) defined on the manifold: th a t is, a suitable 
representation of the form (2.1) is looked for. Therefore we consider a 
R iem annian N-m anifold w ith a group of rigid motions, th a t is with rigid 
motions alongside r  (1 <  r  <  N) linearly independent congruences (Killing 
congruences); thus the general solution of Eq. (1.2) can be represented 
by a linear com bination of r  linearly independent solutions of Eq. (1.2), in 
the form <1 2)

(2.2) Vi =  a Vi .
n n

These vectors characterize a subm anifold Vr C V N th a t we call “ Killing 
m anifold ” ; however we rem ark  th a t not all the vectors (2.2), even if belonging

(1) The invariants H  and  L are differential invariants (of the first and  the second 
order respectively) of the Gaussian curvature K of the surface; they are defined as follows:

H  =  K /! K/(. , L =  .

(2) From  now on, L atin  suffixes (n =  1 , 2 , • • •, r) and Greek suffixes (a =  r  +  1 , • • •, N) 
are to be sum med if they are repeated; the case r =  o is not analyzed in this paper, being 
fully treated in [1].
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to Vr , are Killing vectors, solutions of Eq. (1.2). Furtherm ore we can define, 
upon V N , (N — r) functionally independent invariants A  (a =  r  + 1 , • ■ •, N)

a
functions of the m etric tensor of the m anifold and its ord inary  deri­
vatives: therefore we have ( N — r) linearly  independent vectors A/* and a 
subm anifold V N_r C V N spanned by these vectors. a

Now the set of N vectors {A/,- ; v f)  can be chosen as a vector basis
a , n

of V N ; in fact the r  vectors and the (N — r) vectors A ,{ are linearly
n oc

independent by construction, and, moreover, for any vector u- e VN_ r 
and K,- e V ,

(2.3) % K* =  0

th a t is the two m anifolds V). and V n_? are orthogonal. This property  follows 
from the fact th a t the Killing congruences characterize the directions of the 
rigid motions, for which 8aik =  o, hence we have

(2.4) SA — A (a -T 8 a) —  A (a) — A /t- v* =  o (Va , n)
oc oc oc OC n

from w hat Eq. (2.3) follows, % and K 2 being linear com binations of A /f-
oc

and vt respectively. Furtherm ore it follows from (2.4) th a t for any  displa­

cement vector K,-eVn  generally non-rigid (that is with 8aik^ o ) ,

(2.4') SA =  A  (a +  8a) — A  (a) =  A ,{ K ' =  o
a a oc oc

th a t is the functional variation of any  invarian t constructed with the m etric 
tensor vanishes on the Killing m anifold [6, Ch. 12]. Therefore in correspond­
ence to any  choice of a vector basis {A/* ; v,}  the manifold is decomposed

a n
as the sum  of two orthogonal subm anifolds 

(2-5) VN =  Vr ® V N_r .

In  spite of the fact th a t the invariants A  cannot be chosen univocally, as
a

well as the Killing vectors v{ (the param eters of the group of motions being
n

generally more than  r), nevertheless the Killing manifold Vr and its orthogonal 
com plem ent V N_r are univocally determ ined: for th a t the decomposition (2.5) 
is invariant. Therefore, even if a complete system of “ intrinsic coordinates ” 
cannot be set up (differently from the case of no rigid motions [1 ]), for any 
tensor object we can consider its components alongside the particu lar con­
gruences given by the chosen vector basis: we shall nam e these particu lar 
components, eVen if im properly, u intrinsic components ” . In  particular we 
consider vectors and second-rank tensors: a vector field of V N (e.g. the 
eventual solution of Eq. (1.1) we are looking for) can be given the following

5. — RENDICONTI 1973, Voi. LV, fase. 1-2.
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form:

(2.6) st- =  Ui +  K,- ss S Au  +  J Vi
oc a n n

where

(2.7) U i = s A / i  ; K  i =  s v {
oc a n n

are respectively the vector components of lying on the m anifolds V N_ r 
and Vr . The decomposition of a second-rank sym m etric tensor is the 
following

(2.8) aik = a Au A ß +  a (A/,- vk +  Aß vt) +  a v{ vk .
ocß oc ß  ocm oc m OC m mn m n

O f course the m anifold V N can be characterized by a different vector 
basis; in particu lar we can consider a basis {A/,--; 2^} constructed by

oc n

m eans of invariants A ' and Killing vectors v r{ defined as follows
OC n

(2.9) A' =<P«(A) ; v ' i = c V i
OC ß  «  Mm m

where the functions do not depend on particular properties of V N : tha t 
is, if Ä 7 and Ä are the invariants of another manifold V n (e.g. obtained

a  a

from VN by a generic strain), it is always Ä ' =  <pa (Ä)
a  ß

By such a choice, the intrinsic components s' and T are linear combina-
a  »

tions of the first ones: furtherm ore they  are scalar objects, th a t is invariant 
under coordinate mappings; instead the decomposition (2.6) of the vector

as the sum of the vectors % e V N_, and K e  V , is invariant, th a t is

(2.10) U i= U i  ; K '-= K ,.

referring to their com ponents in any reference frame.
As it will be shown in the next section, a vector field induced on the 

manifold by the strain  tensor can be obtained by m eans of the decomposition 
(2.6); in fact, the intrinsic components can be obtained b y  m eans of any

a

strain  \ ik, even if not congruent, and for any choice of the invariants A
a

(and they  are unique only if the strain is congruent), whereas the determ ina­
tion of the intrinsic com ponents s is linked in an essential w ay to the 
congruence of the strain  tensor.

(3) D ifferently from the case outlined above, a  functional relation like (2.9) m ay be 
valid for particular manifolds only: the typical case is th a t of a  rotation surface (see foot­
note <!>) where H —/( K ) ,  while for a  generic surface H and  K are functionally independent.
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3. D etermination of the displacement field
AND OF THE CONGRUENCE CONDITIONS

In  this section a vector field is obtained (in correspondence to any  
infinitesimal and congruent strain  E,ik) th a t is induced by t_lk upon V N : fu rther­
more, by  requiring th a t this field be solution of Eq. (1.1), we obtain the 
necessary and sufficient congruence conditions for the strain  tensor.

F irstly  we consider (for a strain  \ ik generally not congruent), the 
system

(3-0  SA =  A  (a -J- !■) ■— A  (a) — A/,- <p' :
a a a a

its infinite m any solutions <p! are

(3-2) q>’ =  B SA A /‘ +  w*
aß ß a

where B is the inverse m atrix  of the m atrix  A  — A u  A jt and w* is a generic
aß aß a ß

vector of Vr . In  particu lar if w ' =  o, th a t is if the particular solution <p°0 e V N_ r 
is chosen, one has

(3-3) =  B 8A A 1’.
aß ß a

The following properties of 9* and 9* are of some interest: firstly, 9* 
and 9* can always be obtained, by Eq. (3.1), for any  strain even if 
not congruent, and 9* does not depend upon a change of vector basis such 
like (2.9), as follows from (3.3). Instead, if ( N — r) invariants Ä  =  cpa (A)

a ß

are considered on the undeform ed m anifold VN, a vector 9 * =f= 9^ is generally 
obtained; but if the strain \ ik is congruent, and only in  this case, we have

(3 4 )

hence

SÄ =  - A  SA
a 2A 3

ß p

(3-5) 9 0 =  9Ó;

in this case 9^ is uni vocally determ ined. Therefore (3.4) (as well as (3.5)) 
are necessary, but generally not sufficient, congruence conditions. A t last, 
if the strain  %ik is congruent (hence Eq. (1.1) has a solution), 90 (9* =  9*) 
is the vector com ponent on V N_r of the solutions of Eq. (1.1); in fact by (2.3) 
and (2.6)

(3*6) SA (£) =  A/i s* =  An
a a a

hence, by  (3.1) and (2.*)

0
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in w hat follows the vector defined by (3.3) will be indicated by  u \  Thus, 
on account of (2.7) and (3.3) the “ intrinsic components ”  ̂ of the eventual 
solution of Eq. (1.1) can be given the form a

(3.8) j  =  B SA
a aß ß

(that is they  are linear functions of the variations SA), whether or not the 
strain \ ik is congruent. ß

Now we come back to our first assumption: the strain  \ ik is congruent, 
hence Eq. (1.1) Has a solution with the ( N — r) intrinsic com ponents given

a

by (3*8); our aim is to obtain the rem aining r  components s. To this end 
Eq. (1.1) can be given, by (2.6), the following form

(3-9) lik =  u i{k +  Ukji +  (s v t) /k +  (s vk)n  ;
n n n n

if the tensor

(3-to) <*ik =  l ik   {Ui!k +  Uk/i)

is defined (by (3.3) and (3.7), aik is a linear function of the strain  and its 
tensor derivatives) and Eq. (1.2) is used, Eq. (3.9) becomes

(3-1 0  Gik =  S/iVi +  SßV;
n n n n

th a t is we have a linear system  for the gradients s/i\ on account of the
n

assum ed congruence of the strain  \ ik the system  (3.11) has a solution and 
the gradients can be given the form

n

(3.12) SU =  A A/,- +  M V i .
n ncc a n i I

T hus the strain  \ ik satisfies a set of particular conditions: the “ irrotatio- 
n a lity ” conditions of (3.12)

(3-13) C'ik =  (A A ji -f- M Vi)/h ( ^  A jk +  M Vk)n =  o .
n n<X ex. n i I nCL <x n i I

T he relations (3.13) have been obtained as necessary congruence conditions: 
are they  also sufficient, th a t is are the N invariants and the very 
intrinsic com ponents of a solution of Eq. ( 1.1 ) ? a

F irstly  we point out th a t the conditions (3.13) are actually  sufficient in 
order th a t a vector field be induced upon V N by in fact by  (3.3), (3.7) 
and (3.10) the tensor aik is obtained for any infinitesimal strain  \ ih\ then 
if N . and P are the sym m etric and skew-symmetric parts of the m atrix  M

n l n l n l

(3-H ) M = N  +  P
n l n l  n l
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the following expressions of A and N are obtained by m eans of (3.12) 
and (3.11) *“ nl

(3-15) A =  aik a ! { vk B W
n& y m  y oc mn

(3.16) N =  <r«*‘V W  W.
n l m s  m n s i

where W  is the inverse m atrix  of the m atrix  V  =  of course the
w« mn m n

skew-sym m etric elements P cannot be obtained, for aik is sym m etric by 
construction. nl

Thus Eq. (3.12) can be solved in correspondence to any  choice of P
n l

for which the r  tensors Cik vanish, and r  scalars a are obtained: on account
n n

of (3.8), by which a are given w ithout requiring further conditions upon
a

invariants (s , s) are determ ined as linear functions of \ ik\ therefore
a n

a vector field induced by the strain  upon V N is obtained with intrinsic 
components s and a.

a n
In  order th a t Eq. ( i . i )  be solved, we have to verify w hether or not the 

vector field (£,mn) just obtained is actually  a solution of Eq. ( i . i ) ,  th a t 
is whether or not the tensor

(3*^7) (̂ smft) — >̂lk ('Sijk +  $kli)

or (with reference to the decomposition (2.8)) its intrinsic components 
7] , 7] , 7] vanish identically; in fact one can verify, by m eans of (3.11),
aß mn &n

(3.12) and (3.13), th a t 7] =  r\ =  o, whereas yj =j= o.
an mn aß

Therefore the only set of conditions (3.13) is not sufficient in order 
th a t (3.17) be valid: the strain  \ ik m ust satisfy also to the following set of 
conditions

(3-18) 7) =  er EEE ait A 1, A lk =  o
aß aß a ß

(that can be form ally obtained directly by (3.11) and (3.12)).
T hus thé necessary and sufficient congruence conditions are given by 

the two sets (3.13) and (3.18): by the first one a field can be obtained
induced by the strain, and if the strain  satisfies also to the second one this 
field is a particular solution of Eq. ( i . i ). A t last if the general solution 
of the homogeneous equation (1.2) is added, the general solution of the 
complete equation is obtained.

W e rem ark th a t an actual integration of the system (3.12) is required 
for the determ ination of the com ponents s; for tha t a particu lar coordinate

n

system  m ust be chosen and operators of integration introduced, in contrast
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with the case of the com ponents .s* th a t can be expressed, by m eans of (3.8),
a

in an invarian t form as functions of the strain  and its tensor derivatives.
Finally we stress that, despite the fact th a t the largely a rb itra ry  ele­

m ents P are used, the solutions of Eq. (1.1) do not depend upon them; in
n l

fact, even if these elements could not be chosen so as to reduce the num ber 
of essential congruence conditions (as will be indicated in the following sec­
tion), or they were not univocally determ ined by the conditions (3.13), one can 
easily show th a t the vector fields obtained in correspondence to different deter­
m inations of P differ by a rigid displacement, but, as already stressed, this

In
indéterm ination is just the characteristic property  of the m anifolds we are 
analyzing on account of the existence of non-trivial solutions of Eq. (1.2).

4. C o n g r u e n c e  c o n d i t i o n s

Before discussing some qualitative features of the congruence condi­
tions just obtained, we give the conditions (3.13) an invarian t tensor form, 
as well as the conditions (3.18); in fact the (3.13) are equivalent to

(4-0

C =  —  (Cii —  C j^ A l i A lk =  o2 V  s « ß

c  = L ( c * - c * , V ® *  =  o
s m n

(a = H ß)

(m  =j= n)

C ^ l ( C ;j- C , ) A " V  =  o .
sun * s s • a n

Therefore they  express th a t the non-trivial intrinsic com ponents of the r  ten ­
sors Cik are zero; in this w ay the congruence conditions are obtained by

s
m aking zero c? , C , C , C, th a t are linear functions of the strain  tensor \ ik

aß jaß smn san 1

and its tensor derivatives. M oreover if another vector basis {A^- ; v ’i)  is cho-
a n

sen, the new congruence functions are linear combinations of the first ones, 
and they  are equivalent to them , being zero if and only if the first ones too 
are zero. A nother feature of the congruence functions is given by the fact 
th a t th ey  are differentially linked; in fact for any  strain  (independent of 
w hether the conditions (3.13) and (3.18) are verified) the tensor aik satisfies 
by construction to the following (N — r) identities

(4 -2) SA (er,*) SA (£ik) —  SA (u ijk +  ukh)  =  o
a a a

th a t are linear differential identities for aik: the highest order of derivation 
depends upon the particu lar choice of the invariants A.

a

Even if the above identities can be w ritten as identities am ong the 
congruence functions, the num ber of essential congruence conditions cannot
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in general be reduced, as well as in the case of a rotation surface [3], by 
m eans of the identities (4.2), for no homogeneous and finite identity  can be 
obtained from them  am ong the congruence functions. A t last we point out 
th a t the rN  ( N — i)/2 functions (4.1) just obtained contain r  ( r — i)/2 
arb itra ry  invariants P; on account of this arbitrariness not less than  r  ( r —  i)/2

n l

congruence functions can be m ade zero for any  strain: as the congruence 
functions defined by (3.13) are (N — r) (N — r  +  i)/2, the m axim um  num ber 
0  (N ; r) of congruence conditions is given by

(4.3) @ (N ; f )  =  N (N2+  1} —  rN (3a~  N) •

As the conditions (4.1), th a t contain P, are differential of the first order
n l

and generally integrable in P, other arb itra ry  functions have to be introduced
n l

when P are actually  obtained from them , hence in some cases more congru-
n l

enee functions than  r  ( r —  i)/2 can be m ade zero for any  strain: thus the 
essential congruence conditions m ay be less than  0  (N ; r) for particu lar 
m anifolds. W ithout any detailed analysis of particular cases, we sim ply 
rem ark th a t 0  (N ; r) =  3 — r  for the surface; therefore, as well known [3, 7], 
there is only one congruence condition (r =  2) for a surface with zero or 
constant Gaussian curvature, and there are two essential congruence condi­
tions (r =  1) for a surface applicable on a rotation surface.

5. C o n c l u s io n

T he displacem ent field has been obtained, for R iem annian N-m anifolds 
with groups of motions, induced by  a congruent strain  (in the case of small 
deform ations), as well as the necessary and sufficient congruence conditions 
for the strain. As suggested by [8], [4] and applied in [1], the knowledge 
of the congruence conditions allows to obtain the solution of the “ equili­
brium  ” equations

(5.1) A % = o  ; p kijk= f

when the equilibrium  problem  is the adjoint problem  of the congruence [2]: 
this problem  will be analyzed in a forthcom ing paper.
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