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Equazioni differenziali ordinarie non lineari. — Osci//ations
Jor forced second order nonlinear differential equations. Nota ™ di
Vasitios A. Staikos e Yiannis G. Sricas, presentata dal Socio
(G. SANSONE.

RIASSUNTO. — Si danno risultati sul comportamento asintotico ed oscillatorio delle
soluzioni di un’equazione differenziale perturbata della forma

[0 () 21+ a () o () = 5 (2)
o di forma pil generale
V@ )'+a)gx, x) =20

senza la restrizione @ > o. Questi risultati generalizzano e migliorano altri precedenti dovuti
a Bobisud [2] e Kartsatos [3] che riguardano il caso speciale ¢ =1, /=1, 4 = o.

In this paper we are concerned with the oscillatory and asymptotic beha-
vior of solutions for differential equations of the form

™ V@O w@ T4 a@ o @) =25

where the nonnegativity of the function @ is not assumed. As references to
the subject we mention here the papers by Bhatia [1], Bobisud [2] and Ki-
guradze [4] in which the special case § = 1 and é = o is treated. Using the
results obtained here for differential equations of the form (*), we derive, by
comparison, other ones on oscillatory and asymptotic behavior of solutions
for more general differential equations, namely for differential equations of
the form

W, O@ T +FOgx,2) =160
All functions in (¥) and (**) are supposed to be real-valued with domains
DD =D@W=DB =)= [, )
DY) =9 (p) =Rand D (¢) = R

Moreover, ¢ is nonnegative, / positive and such that

dzs
o [+ ==
I
Throughout the sequel, by “ solution”” of (¥) or (**) we shall mean only
solutions which are defined for all large #. Also, we shall consider the oscilla-

tory character of the solutions in the usual sense, i.e, a solution is called osci/-
latory if and only if it has no last zero, otherwise it is called nonosctilatory.

(*) Pervenuta all’Accademia il 20 agosto 1973.
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THEOREM 1. Consider the differential equation (¥) subject to the following
conditions: ‘

() the function ¢ is differentiable on R — {0} and for every x=F o,
xo(x)>0 and ¢'(x)=o0

(1) the function Yo is locally integrable on (0 ,00) and (—oo,0)
and such that

Mx) dx <oco  and Mx) dx < oo
P () o (x)

(iii) for every p > o,

© ¢

| [a<t>—w<t>uj' e = oo,

ty o

Then, every solution x of (¥) is oscillatory or such that

liminf|x ()| =o0.
t—>00

Proof. Let x be a nonoscillatory solution of (*) with ¢ = lim inf | x(#) | == o.
f~—>00

Without loss of generality we can suppose that the domain of x is the
whole half-line [¢,, c0) and that

% (@) | >€— for every ¢Z=¢,.

Moreover, this solution can be supposed positive, since the substitution

# = — x transforms (¥) into an equation of the same form satisfying the
assumptions of the theorem.
For
¢
— (@) b [x (] @) ds
(2) 2 () = oz | 76
i
we have
4
£ = — U@ y@N o lr @)=L [z [FO1P ' [x @) [ ds
@ [z (7)]
¢
(OY[xr@N 2 @) 1 o OGO @) [ ds dx@]
T ekl 6= oL | wle) O
i
Since
N OREAQIEA V) _ 60 MU_I_
0 O = O ey 2

=a(t)— 16|

)



V. A. STAIKOS e Y. G. SFICAS, Oscillations for forced, ecc. 27

we obtain that for every ¢ = ¢,

oz to=rison [t

NE)

2<¢)23(fo)+f[a(%)—ulé(u)l] j o

where p = This inequality, by integration, gives

x(2)

b=
f ¢ (%) dx

% (fo)

[e 9]

)

from which, by (ii) and (iii), it follows that for some # > ¢,

>z<ro>+f (%)—ulb(%)l]

z(t)=1 for every #=4.

Thus, by (2), for every ¢ = ¢#

A

v [x () z(2) 1
(3) <p[;r(t P =— =

ds B Cds

( R ( R

10f 7 07
to 4

from which it is obvious that x' is negative on [#, c0) and consequently

limx (#) = ¢. Integrating, now, the inequality (3) from # to # we obtain that

1—=>00

x (¢)

¥ (x) d ds |
(4) J dr < — f — [log f 76 L.

x (1))

1(5)
Hence, by (1),
% (t1)
) f VO dr = oo

which contradicts (ii).

Remark. In particular for ¢ = 1, a function ¢ satisfying (i) and (ii) can
be defined by

P (x) =
where o> 1, o = pjg and p, g are odd integers.

THEOREM 2. Consider the differential equation (*) with b = o, i.e. the
equation

VOY@D*T+a@®e@)=o0.
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Then, under the assumptions of Theorem I, every solution of the differential
equation under consideration is either oscillatory or tending monotonically to
zero as t— oco. Moreover, under the additional assumption

J e 9 (1)
0+ 0—

(iv) /¢(x) dx < oo  and J dix) dx < oo

all solutions are oscillatory.

Proof. Let x be a nonoscillatory solution. This solution can be supposed
again with domain [, o) and positive. Using the transformation (2) and
following the same technique as in the proof of Theorem 1, we derive at first
the inequality

Z !
2= a(z‘)f[m iggli'}x(t} , =4,

Then, by integration, we obtain (3) and consequently (4). Since ,by (3), x'

is negative on [# , 00), it follows that lim x (#) = ¢ = o exists. Thus (4) gives
t—>00

(5), which contradicts (ii) for ¢ > o and (iv) for ¢ = o.

Remark. The above theorem has been proved in the particular case
$ =1 and / =1 by Bobisud ([2] Theorems 1 and 2) under the additional
condition

o<fa(t)dz‘§oo.

THEOREM 3. Consider the differential equation (**) and the function o
subject to the conditions (i), (i) and the following ones:

(V) the function g is continuous and such that for every x == o0 and v,
xg (x,5)> 0
(vi) for every p, > 0 and pg > 0,

f[wf*(f)—ﬂ‘ <z>——u2|é<t>nf S dr= oo
where
FH O = max {f(), 0} and £ ()= max {—£(©), 0},

(Vil) § s a class of functions defined and differentiable for all large
t, which possesses the property:

Sor every x€§ with lim inf|x (¢)|==o0, there exist positive constants
t— 00

L, M (depending on x) such that

£lel), (0]
©) L= e

I\

M
Jor all large ¢.
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Then every solution x of (**) which belongs to the function class § is oscilla-
tory or such that

liminf[x(#)|=o0.
t—>00
Progf. Let x be a nonoscillatory solution of (**) with x € § and

hm mf] (&) | ==o0. This solution can be supposed with domain [7,, o),

posmve and such that (6) is satisfied for all # = ¢, .
If

¢ 4
a () =@

then the differential equation (*) has x as a solution. Since, by (6),

at)—ulb @ =f OO —uis o)
=l 02O s

=LAO)—Mf @ —uld@)
=M [l f ) —F @) —pa | 6@

where py=L/M and u,= /M, we have that (iii) follows from (vi). Thus,
by Theorem 1, ¥ must be oscillatory or such that lim inf|x(?)| =0, a
contradiction. e

Remark. 1f in the above theorem & is the class of all bounded and dif-
ferentiable functions for all large ¢ then, as conclusion, we have that every
bounded solution x of (**) is oscillatory or such that lim inf|x (¢)| = o. Thus

1—> 00
a result due to Kartsatos ([3] Theorem 1) follows from Theorem 3 in the parti-

cular case ¢ =1, /=1 and 4 = o.
Applying the same technique used in the above theorem, it is obvious
that we can obtain, by Theorem 2, the following theoremis.

THEOREM 4. Consider the function ¢ and the differential equation (**)
with b = o, i.c. the equation
@O @ ] +f(O)g(x,x)=o0.
Then, under the conditions (i), (ii), (v), (vi) and
(Vi)' § s a class of functions defined and differentiable for all large t,
which possesses the property:
Jor every nonoscillatory x € § with im x (£)=F= 0, there exist positive con-
{—00
stants L, M such that (6) s satisfied for all large ¢

every solution of the differential equation wunder consideration, which belongs
to the function class § is oscillatory or tending to zero as t—> oco.
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THEOREM 5. Consider the function ¢ and the differential equation (**)
with b =o. Then, under the conditions (i), (i), (iv), (v), (vi) and

(Vi)' § s a class of functions defined and differentiable for all large
t, which possesses the property:

JSor every monoscillatory x € &, there exist positive constants L, M such
that (6) is satisfied for all large ¢

all solutions of the differential equation under consideration, which belong to the
Junction class § are oscillatory.
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