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Equazioni differenziali ordinarie. — A  boundedness theorem fo r  
some non-linear differential equations of the fourth order. N o ta  (*} 
di H . O. T e ju m o l a , p re s e n ta ta  dal Socio G. S a n so n e .

R IA SSU N TO . —  L ’Autore, con opportune ipotesi, dim ostra un teorem a sulla limitatezza 
delle soluzioni dell’equazione

x dvì _[_ qj Çx) x  +  4* *) +<§■ (x > x ) +  h (x) =  0 (/ , x x  , x  , x)  .

i. This Note is sequel to an earlier one [2] in which the equation

(1.1) X™ +  9! (x) x +  cp2 (?) +  ?3 G) +  ^4 X =  P (t yX , *  , X , x)

was studied, subject to certain generalized R outh-H urw itz conditions on 
cp1 , cp2 an d 93. O ur interest here is in the boundedness result ([2]; Theorem  2) 
which we extend to the m uch more general equations of the form

(1.2) x^tv) +  9 (x) x  +  ^ (x  , x )  +  g  (pc , x)  +  h (pc) =  0 ( t , x  , x  , x  f x ) .

The functions , g  which correspond to 92 , ?3 in C1*1) now depend also on x  
and x  respectively and the function A, corresponding to a4 x  in (1.1), is non
linear.

Assum e here th a t the functions 9 , 41 > g  > h > 6 are continuous and tha t 
h! (x) , (x  , y)  , —  ( y  , z) exist and are continuous for all x  , y  and z.

Let gx (x  , y)  =  —  (pc , y)  and let gy , ^  be sim ilarly defined.

Theorem . Let

(1.3) <[1 ( y  J o) =  g  (pc , 6) .=  o , h (x) sgn 1  -> - f  oo as \ x  \ -> 00

and  suppose that a^ (i =  1 , 2 , 3 ,4 )  , , §2 , A0 , Aj , A2 , A  are positive con-
stants such that

(1.4) 9 (z) >  a± f o r  all  z  , g ( x  , y ) /y  >  as f o r  all  x  and y  =j= o

and  o <  —  h ' (x) <  s A2 , f o r  all x  , A 2 =  a2 (% +  æ3

( 1 -5 ) { « i  ö 2 — g y  ( x  , y ) }  a s  —  a ^  ( z )  h '  ( x )  >  A 0 f o r  a i l  x  , y  a n d  z  ;

( 1 .6 ) g , ( * > ÿ ) G  ̂  <  S , f o r  1 j  1 >  A ,  , S i <  2 « 4 A 0/ ( « 1 4 ) ;

( 1 -7 ) A 9  ( s )  d^- —  9  ( z )  <  &2 f o r  z - 4= 0 , S2 <  2 A o /(« i  «3) ;

0

(*) Pervenuta all’Accadem ia il 27 luglio 1973.
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(1.8) o < ■ an <  s.0 2a.
f o r  z  =4= °  ;

(!-9) g\  (x , y )  <  (s —  e0) ax A0 , —- J  gx (x , s) ds <  ,

~ r  I ( y . *) dsz J y0
< ~  4 3̂

f o r  all  x  ,

(1 • io) I 0 i f  , #  , JK , # , I <  A  f o r  all  t  , x  , y  , z  and  u  ;

( I . i i ) s0 <  s =  m in # 4  I A 0 a i

a 3 ’ a i  9 i 6 a 1 a 3 A 2 * 4  À 2

&3 / 2 Ä4 Aq ^ \
4 Ä4 ^2 \ Ä1 a 3 /

2  A

<2̂ <2
0̂
2
3

S2

7 7 ^  there exists a constant M0 which depends only on A , 9 , and h such 
that every solution x  (t) of  (1.1) satisfies

\ x (0 \ <  M0 , \x ( t) \<M Q , \ x (t) \ <  M0 , \x (t) I <  M0

f o r  all  sufficiently large t.
T he condition (1.5) is a refinem ent of the corresponding one (1.4) of [2] 

which holds for all y  4= o.

2. L et V  =  V  (x  , y  , z  f u) be the continuous function defined by

(2.1)

where

and

V =  Vo +  Vi

y

(2.2) 2 V 0 =  2 d2 J  h (s) +  (a2 d2 —  a4 dx) y 2 +  2 f  g  (x , s) d j
0 0

z  z

+  2 |" { scp (s) —  d2 s} ds +  d± u2 f -  2 d± j ( y  , s) ds f -  2 y h  (x) 
0 0

z

+  2 d1 zh (x) - f  2 zu  +  2 d x zg ( x , y)  +  2 d 2 y u  +  2 d 2 y  J  9  (i*) d i '

d± — £ +  ^  1 , d2 .= s + 7 -1
2 w 1 a i  a 3 >

(2,3) V 1==
/ ( * +  ®) sgn^r , |*  I >  I u +  O h  f
\ #  sgn (u +  O) , I x  | <  | u  +  O | J 9 ^ ~  J ^^ *
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For reasons which were outlined in [2], the theorem  will follow once it is 
shown tha t

(2.4) V (x , y  , z  , M) -f- 00 as x 2 +  y 2 -fi z 2 m2 00

and th a t the limit

V + =  Lim  sup [V (x (t +  k) , y  (t +  h) , z (t +  h) , u (t +  h)) —
h—> +0

v  (x  00 (t))Vh

exists, corresponding to any solution (x (f) , y  (t) , z  (t) , u  (/)) of the equivalent 
system

(2.5) X =  y  , y  =  z  , ' z  =  u , . u =  —  9 (z) u  —  ^ (y  , z) ,

— g  (x  > y)  —  h ( x )  +  0 ( t , x  , v  > ^ , u)

(obtained from (1.2) by setting x  — 4/ , y  =  z  ,2  =  u), and satisfies

(2.6) V + <  —- I provided ;r2 (t) +  y 2 (t) -4- z 2 (t) +  u 2 (t) >  M x , 

for some constant M x >  o.

3. F irst we verify (2.4). Assume th a t all the conditions of the theorem  
hold. Then, as in [1], the functions cp yg  satisfy

(3.1) d x — I/<p (s) >  e for all z  , d2 — a±y\g (x y y ) > z  for 4/ 4= 0 

and a2 —  dx gy (x , y)  —  d 2 <p (z) >  — 5-------A2 e for all y  , z  .CL\ (Z%
Let y be the function defined by

(3-2) t  (x , y )  =
g
(x, y)

\ g ? ( x >°)

, y ^ r O

, y  =  o.

Let s=f=o. Then, in analogy with ([ 1 ]; pp. 141), V0 can be rearranged as 
follows:

(3-3) 2 Vo =  12 d 2 (  h (s) d j — ] f  0 ) /y j +  {a2 d2 — aA di —- dl O y 2
0

y ^

+  | 2 j  g ( x . -0 d s — y g ( x  ,^ ) |  +  12 dx J  <K> . -0 dx — d2— df y | æ-2 
Ò 0

z

+  j 2 j* sep (s) d ^  Z<& (z) j +  { djL —  #/® (#) }
ô

+  ^/® (^) [« +  ® ( z )  +  d2 V® (*)/*]2 +  [A 0*0 +  TT +  dx ^y]2 . 

The first term  in curly brackets clearly satisfies
X  x

(3.4) 2 d2 j h (s) d^ —  >  2 s j' h (s) d ^ — .
0 Ô
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As for the next two term s, note tha t

since

y  y

2 J e  O . s) dj —  yg  (x , y )  =  j' jl i xj A . — gy (x  , )̂J j d r , j  =J= o 
0 ô

y g  ( y . y )
y y
g  (x , s) d j  - f  sgy (x , s) ds .

Furtherm ore
y

2 j g ( x  , s) d s — y g ( x  , y )  
0

<  3 Af a2 if I y  I <  Aa ,

since I g  (x , y )  \ <  aL a2 | y  | for ail x  and y ,  the la tter being a consequence 

of the fact th a t g  satisfies (1.4) and (1.5). Since cq <  2 A° , the va-
ai a 3

rious argum ents employed in estim ating the term  Vi in ( [ i ]; pp. 141-142) can 
now be applied to the second and th ird  terms in (3.3). Here, by considering 
the cases: | y  | <  Ai , | y  | >  Ai separately, it will seen tha t

y

(3-5) O2 d 2 —  «4 d i —  dl $  {z)\z) y 2 +  2 j  g  (x , s ) d s  — yg  (x , y)
Ò

>  M 2 y 2 —  M 2 Ai —  3 A? al a2

with

s <  —  «3 [2 A 0 V O l  A ) —  Si]/(«4 A )  >

where
M 2 =  (A0 «4/(04 a t ) -----— Sjj ..

The fourth and fifth term s in (3.3) correspond to V 2 ([1]; (3.10)]). Since 
^ ( y  > z)Jz  >  ^2 °) and ? >g satisfy (3.1) the estim ate for V 2 in [1] holds
here also. T h at is,

(3-6) j 2 '̂di J  ^ ( y  , s )  cU —  d2 —  di y j^ 2+  2 J  scp(s)ds—-zO(z)  > M 3 ^ 2
0 0

where M s = - j -  [2 A0/<2? az — S2] and e <  —  M 3 a± A2"1. Lastly,

(3.7) {dx — ^/O (z)} u2 >  ztfi ,

since 0-(o) =  o implies th a t <D (z) =  s<p ( t z )  , (0 <  t  <  1), and cp satisfies (3.1). 
The estimates (3.4), (3.5)? (3-6), (3-7) combined with (3.3) show th a t in the 
case z  =4= °

X

2 V0 >  2 s j h (j) ds +  M 2^ 2 - f  M 3 ^  +  SU2 _ m 4 

0

(3-8)
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where M 4 =  h ^  +  M 2 Aj +  3 Af a1 a2. In  the case z  — o, it is a simple
m atter to show th a t Vo an estim ate of the form (3.8) holds but w ith the term  
M3 z 2 absent.

To complete the verification of (2.4), observe now from  (2.1) and (2.3)
th a t

X

(3.9) 2 V  >  2 s I" h (s) ds —  I X I +  M 2y 2 +  M 3 z 2 +  zu2 — M 4 ,
b

since I Vi I <  I x  | . Now if x  >  o

X  X

2 e J  h(s )  ds  —  I x  I =  2 s 
0 0

and the integral on the right tends to +  oo as | x  | -> o o  since h (x) sgn x  -> +  oo 
as I'# I 00. T he case x  <L o can be handled sim ilarly. Therefore

X

2 s J  h (s') d r —  I x  I -> +  00 as \ x \  -> 00,
0

and, in view of (3.9), (2.4) holds.

4. N ext we verify (2.6). L et (x , y  , z  , u) =  (x (f) , y ( t ) , z ( t ) , u  (t)) be 
any  solution of (2.5). T he existence of V + =  V0 +  V”i is not in question. 
As for the actual value of V +, a simple calculation will show th a t

(4 -0  V 0 — ■— L ^ y 2 — ~U2 z 2 —  U 3 ^ 2 — U 4 +  d4 {h ' (x) —  a4} y z  +  

+  d ig x (x , y )  y z  +  (d2y  +  z  +  dx u) 6 ( t , *  , y  , z  , u)
where

U, g \ x , y )
y

y■h' (*) — ~ y  J gx O , s) d̂

■U, ^2 —  à i g y ( x , ÿ ) — <b (z)lz —  —  j ( y  , s)
0

U 3 =  d 4 9 (z) —  I ,

U 4 =  zty(y  , z )  —  a2 z 2 +  d 2y  ( y  , z) —  a2 z) ,

di*

and th a t

,  s ÿ + = = \ — A(.*)sënx — ( Ü ( y > * ) + g ( x , y )  +  9) 8g n x ,  \ x  | >  | u +  O 9  
4-2 1 ~  \ y  sgn (u +  O ) , j x \  <  \ u +  $  I V

H ere both the co-efficients U 4 and U 3 can be estim ated as in the corre
sponding case (3.5) of [2]. In  fact the estimates there show th a t

U 4 >  —  s0 a3 y 2 for all y  , z  ; U 3 >  e ax for all z  .
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The term  XJ1 satisfies
y

Ux <> +  (aA- k '  (*)) j g x (x , s) ds

0
since d2 =  s +  a f 1 and — — >  #3 (jy =)= o)* Hence

y

U i ^ 2 +  u 4 >  I s' as +  (a4 —  h! (x)) —  —- j gx (x , s) d j j j 2, s' =  s —  s0 .

1 0 Note now th a t

(ai  —  h ' (*)) (y 2 —  di >  —  («4 —  K  (*)) —

s' d2 -S'2 o
~  «3^/2 +  d ^ *  (* , y ) y z  > ----- ^  g x (x , y )

for all a: , _y and z. Therefore

U i T2 +  u 4 +  d 4 (a4 —  h! (x)) y z  +  dx gx (x , y )  y z
, j2 rl2^  £ 2 / 7, / Q1 2 ai 2 / \ 2> - ^ - ^ 3y  —  0 4 —  h (x)) —  z — -v - g x ( x , y ) z

y

since y  J  gx (x , j) d^ <  , s' =  s —  s0. Lastly  the estimates for U2 in
0

([1]; pp. 144) show clearly th a t
z

U 2 >  (&0la1 a3 — A 2 s -----— J  ^  ( y  , s) ds-j ,
Ò

so that, in view of (1.4) and (1.9),

( d2 d2 )
f z  —  («4 —  h ' (*)) —  -+-<?•* (* . y)  j >  A0/(8 ax a3)

with e <  Ao/(i6 ay a3 A2). T he various estimates obtained for U,-, i  =  I , 2 , 3 , 4  
together w ith (4.1) im ply th a t V 0 satisfies

(4-3) V 0 <  — M 5 (y 2 +  z 2 +  u2) +  M 6 (I y  I +  | s |  +  \ u \ )

for some constants M 5 >  o , M 6 > 0 .
T he expression fo r V f  in (4.2) yields

+  ̂~ h  (x) sg n *  +  M 7 (1 +  \ y  | +  | * |) , | x  | >  | u +  ® |

1 ~  I \ y  I , I x  I <  I u  +  ® I

for some constant M7 >  o, since 4 and 0 satisfy (1.8) and (1.10) respectively.
Thus, in view of (4.3), there are constants Mg >  o , M9 >  o such th a t V +
satisfies

(4.4) V + <  —  M 5 (y 2+  z2 +  u2) —  h (pc) sgn x  +  M7 (1 +  | y  | +  | * | +  | u  |)
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or

(4-5) V + <  —  Ms O'2 +  +  u2) +  Mg (I y  I +  I g I +  I * I)

according as | x  | >  | u  +  O | or \ x \  < \ u - \ - < & \ .
The usual two-stage argum ent will now yield (2.6). Indeed since h is 

continuous and satisfies (1.3), there is a constant M 9 >  o such tha t 
h (x) sgn x > - — Mg for all x.  Thus, it will be clear from either of the two 
estim ates (4.4) and (4.5) th a t V + satisfies

(4-6) V + <  —  I provided / 2 — z 2 — u2 >  Mxo ,

for some constants Mio >  o. Suppose, however, that y 2 +  z 2 +  u2 <  Mio and
let M n =  m ax | u  -j- 4? | . Then | x  \ > M n  implies I x  I >  I u  4- I and

so, in this case, the estim ate (4.4) is applicable. Since y 2 -j- z 2 +  u 2 <  M io,
(4.4) implies the existence of a constant M12 ;> M u such tha t

(4-7) V + < — I if y 2 +  2 2 + u 2 < Mw  but  | ^ | > M l 2 .

The two results (4.6) and (4.7) together verify (2.6).

Remarks.  The extension of the present result to an equation (1.2) with 0 
satisfying

i 0 0  , * , 4/, z  , u) I <  A  +  B (y 2 +  z 2 +  u2)1/2, A  >  o , B >  o

can be carried out as in [2]. In  fact, all th a t is necessary is to increase each 
of the estimates (4.4) and (4.5) w ith a term  not exceeding BM13 ( y 2 +  z 2 +  u2)1!2, 
M i3 =  m ax (1 , di , dg). However if the constant B is fixed so tha t 
B <  Mö/(2 M13) the whole of the estimates for V + will rem ain true.
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