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Logica matematica. — Meaning and truth in the Peano arith- 
m.etic(,). Nota di R o b e r t o  M a g a r i ,  presentata(**> dal Socio B. S e g r e .

R iassunto . — Si enunciano alcuni risultati sul tem a indicato nel titolo, la d im ostra­
zione dei quali verrà da ta  in un prossimo più ampio lavoro.

Let F  be the (first order) Peano arithm etic and let P be the set of the
sentences of F.

S tarting from some “ philosophical ” considerations we give a definition 
of “ p  is m eaningful ” (for p  e P) and a new definition of tru th  according to 
which:

p  is m eaningful i f f  p  is true or —,p  is true.

We write |p  for “ p  is m eaningful ” , p  for “ p  is true in the classical 
(Tarskian) sense (in the standard  model) ” and ff p  for “ p  is true in the new 
se n se ” (i.e. 1= p  and |p).

Let T  be the set of the (sentences which are) theorem s of F, T  (x) a formula 
which one free variable a: which canonically num erates T , V  =  {p  e P : p},
Vo =  { p  e P : 11 p }, P0 =  { / e P :  |p}\ we have:

1. Vo fi* the m in im um  V ' fo r  which'.
T C V ' ,
if p  , p  -> q e V ' then q 6 V ',
if p  T(_p) e V ; and ^»VTt hen  —x p e V '

(where p is the num eral corresponding to the Gödel num ber for p).

2. V o C V .

3. There are two fo rm ulas  Po(*),-Vo(#) (w ith one free  variable)
such that'.

(i) the following statem ents are equivalent:
(i , 1) 1= Po(p)
(i , 2) It Po(p)
a > 3) IÀ

(ii) the following statem ents are equivalent:
(it ,  1)1= V0(p)
(« , 2) 11 V0( f )
(«  » 3) fr P,

(*) Lavoro eseguito nell’ambito dell’attività del Comitato Nazionale per la Matematica 
delC.N.R.

(**) Nella seduta del 19 giugno 1973.
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(iii) for every f i e  P we have:

{in y 1) ft T (?) ->Vo(?)
(iii , 2) ft Vo(? )  A Vp(fi ~>q) -> V0 (q)
(*V,3)ftVoO>->f(?)) A ^ T ( ? J ^ V 0( ^ )
(iii , 4) ft Po (? )  ^  V0 (? )  V V0 ( - ,  / )

(it is possible to strengthen (iii) so that, for example, we have: ft V x ( T ( x )  -> 
-> V o(t )), etc.).

4. Po , Vo are in S2 in the arithm etical hierarchy.
We claim th a t in this w ay we get a system which in a reasonable sense 

avoids the usual expressive and deductive lim itations W
W e shall give the proofs of these and other results and an exp lana­

tion of our last claim in a paper soon to be published.

(1) This is not in contradiction with Gödel’s and T arsk i’s lim itative results, bu t for 
having such a system we pay, obviously, a price: we suitably enlarge the concept of deduc­
tion and restrict the set of m eaningful proposition (usually one assumes im'plicitly tha t every 
arithm etical proposition is m eaningful). W ith these agreements the claim is technically 
almost obvious; the m ain problem is to decide whether the agreem ents are in some sense 
acceptable.


