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Geometria differenziale. — /nduced and intrinsic derivatives on
the subspace of special Kawaguchi space. Nota di Upa1 PraTap SINGH
e SHr1 Krisuna Dro DusEey, presentata © dal Socio E. Bomprani.

RIASSUNTO. — Nella teoria degli spazi speciali di Kawaguchi esistono due tipi di
connessione (indotta e intrinseca) su una varietid immersa (come nella geometria di Finsler).
La loro differenza & stata determinata da Yoshida [2] @,

In questa Nota si definiscono e studiano due tipi di vettori normali di curvatura. Si
discutono inoltre i due tipi di parallelismo di un campo vettoriale.

1. INTRODUCTION

We shall consider an n—dimensional metric space Kz in which. the arc
length of a curve x/ = 2% (¢¥) @ is given by following integral:

r ’, ", . r,
(1.1) S = | [A (@, #') '+ B (#, 2] de,
v
where
' dx? iz d? xf
Xt = s Xt =
dz d

and A;, B are differentiable functions of #* and #7. If p = 3, % is even then
the space K# is called an #—dimensional special Kawaguchi space of order 2.
The theory of such a space was established by A. Kawaguchi [1] and was
studied by several authors.

In order that the arc length in the space should remain unaltered under
any transformation of the parameter #, we must have the so-called Zermelo’s
conditions,

(1:2) Ayxi=o0 , Apr'=0p—2A , Byr'=pB,
where
A . B
A= 5 B, = "

And, since (1.1) is scalar, it follows that A; is a vector.

Let us consider an m—dimensional subspace Km of Kz represented by
ox?
du®
has rank ». If we denote a, and 4 the quantities in K corresponding to A,

the equations x*= x’ (#*) and the matrix of the projection factors p! =

(¥) Nella seduta del 12 maggio 1973.

(1) Numbers in the brackets refer to the references at the end of the paper.

(2) Throughout this paper, Latin indices run from 1 to 7, Greek ones a,B,v,9d,¢
from 1 to » and p , v from m + 1 to 7.
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and B in K# respectively, it follows that the same equations concerning a,
and 4 as (1.2) hold.
Putting

(1.3) Gi=2A:00—Rn » Gup=2ayp — age ,
it has been shown ([2]),
<I4> szp;péz

Suppose G™ is the tensor reciprocal to Gy (1e. G™ Gg, = 37) Yoshida [2]
defines

(1.5) P =G"Gy 0

on the assumption that 7,7 are both even and det (G;) {det (Gy)} does
not vanish identically. It is easy to show that

Pite=13.
The connections I of Kz and I'™ of Km are given as
(1.6)  2T'=(2A,,2"—B,)G" | 201"= (244, d"— bg) G™

The covariant differential of a contravariant vector field »* (+*, xl) homogeneous
of degree zero with respect to the #* is defined by Kawaguchi [1]

(1.7) 8" = dof 4 F}k o dat
where
i 32 I“‘ _ .
o= sk

If o is a vector field in K such that o= p? 2*, then the induced covari-
ant differential 80 is defined as (Yoshida [2])

(1.8) So* = 2% 8.

Putting
8o = do” + T, o do”

it has been shown in [2]
<1-9> FSY pz (pBY"i‘ Fﬂé IbB p’r)

Yoshida ([3]) defines for the projection parameters p?,

o - defo

(1.10) Ht —D P Paa‘i‘ F,/épaﬁ F:B-ﬁ

Using (1.9) and normal vector 7’ of Kz, (I.Io) can be written as
f ;

(1.11) 3 ——H“ g

pay v

51, — RENDICONTTI 1973, Vol. LIV, fasc. 5.



726 Lincei ~ Rend. Sc. fis. mat. e nat. — Vol. LIV — maggio 1973 [484]

from which it follows
(1.12) Hg, = G" G, 73’ I:Iéa = G““ff; Iflga ,

where G™ has the same meaning as in [2].

2. DIFFERENCE BETWEEN INDUCED AND. INTRINSIC CONNECTIONS

The connection coefficients of the imbedding space K# are denoted by
I's and the induced connection coefficients of subspace K7z have been given
by (1.9). With the help of (1.5) and (1.9) we can write,

(2'I> GaSPgY_GzJﬁ8<pBY+FJkPBP>

The most significant motivation for the definition (1.9) is in the fact that it
leads directly to the fundamentally important induced normal curvature

O .
vector Hy , given by (1.10), which derives its name from the circumstance
that it is normal to Ko, i.e.

(2.2) G,; pg Ioiga =0
as is immediately evident by multiplication of (1.10) by G, #} and subsequ-

ent application of (1.4) and (2.1). -
def * T

‘The intrinsic connection coefficients I'g, = A have been defined
3 % .
as ([2])
o *7 o
(2:3) Ly = —|-F(a)pl(y)—]—P(Y)pt(B)+P 2igye
where

: def :
F —e].-‘z—‘— i ;DCZZB.

2 £af
In analogy with (1.10) we construct the intrinsic curvature vector

o
*

4 Wi, = gt T ) £i— T 2

Let us define the form,

(2.5) Ager = Towe — Pooy = Goa (T — T
This equation and (2.3) yield

(2.6) M=t To+ BipTo+ 1" Hioy:
In [2] T" has been written in the form,

2T%= [2 T+ p, o "] 3
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which gives

- AT L gt BT

If we use (2.7), then the equation (2.6) can be expressed as
o 3 %7 o

(2.8) Ao =T Ty 2

. 00 . 7 o o
=T e— (2T )(ﬂ) Wi
since p’ M= I‘*i, the above equation becomes
P q

o e *7 o
(2.9) AGY - FBY PBY ?; -
If A,y = 0 and m , 7 are both even, then it has been proved in [2]
that the intrinsic and induced connection parameters coincide, i.e.

(2.10) A, =o0.

By
Now substituting (1.10) from (2.4) and using (2.5), we get

o

ﬁz‘ _Ifli i A8
(2.11) o = Hp, — 25 Ay, -
Hence, we get

THEOREM (2.1). The intrinsic curvature vector differs from induced normal
curvature vector merely by a tangential component.
Further the equation (2.11) proves:
o

X . )
COROLLARY (2.1). The vector Hgy is not, in general, normal to the sub-
Space.
If in analogy to equation (1.12) we define
T T—
(2.12) b= Hp, G 7
then in view of the equations (2.11) and (2.12) we obtain,
*U- [
(2.13) Hg, =Hg, .
Therefore,

THEOREM (2.2). The same second fundamental tensor can be used in
both the induced and intrinsic theories.

3. DERIVATIVES OF A VECTOR FIELD

For the curve C:a' = 2" (£) [or u* = u*(#)] of the subspace K, the

. ' d , da®
unit tangent vectors x’ = di; and #* = ——CZ&— are related by

’

X = p; .
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Let
(3.1) X (2) = iU (2)

be a vector field tangent to Km. It is supposed that X’ is a differentiable
function of (x7, 7). We shall now obtain a relation between the covariant
derivative 8X°/8¢ (with respect to the connection of the imbedding space K#)
and the intrinsic covariant derivative 3U%/8¢ (with respect to the intrinsic
connection of Kwz). The latter is defined by

SUS AUt .
(3-2) st = a7 tleU

The equation (3.1), when differentiated with respect to # along the curve C,
yields,

(3:3) = 2R U+ 5 dU :

Also, due to (1.7) and (3.1), we have

$X* dXz i
(3-9) 5=+ DU i

The elimination of p:B from (3.3) and (2.4) gives

dx?
az

ocﬂ sz

=[f'klr§a I, 22, +Fla?}

After simplifying this equation with the help of (3.2) and (3.4), we get

8! Ei . o4, i(3U°
3-5) =L U4 (0
which in view of (2.11) and (1.11) takes the form,
(36) 8X =Hj,n' Ui 4 p] ( —Ag, U zzﬁ) .

This is the required result.
The following theorems are immediate from equation (3.6):

THEOREM (3.1). If the vector field X* tangential to Km is parallel along
a curve (of Kom) with respect to Kn, it is not necessary that the vector field U*
is parallel along the curve with respect to intrinsic connection of Xm. Under
these circumstances, we have
’ 3U* __AE o B8

THEOREM (3.2). If the induced and intrinsic connection parameters coin-

cide then the parallelism (along a curve of Km) of the vector field X' in Knim-
plies the parallelism along the curve of the vector field U in Km and vice versa.
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4. INDUCED DERIVATIVES

In analogy to article 3, we shall derive an expression involving the
covariant derivative §X’/8¢ of a vector field X’ and induced covariant deri-

vative SU*/8¢. The latter is given by

Sus dUE P
(4.1) = + 1%, U

On eliminating P:;B from (1.10) and (3.3), we get

ax?

Ori o« , sz
= M=) At T 2| Ut L 8

Taking the help of equations (3.4) and (4.1) this equation becomes,

L2 S i SU
(4.2) 5 = Hp, U2 i TP
Using (1.11), we get

SXi iy Z 8U
(43) N 73 Hﬁa U + P <.

This yields the following:

THEOREM (4.1). The necessary and sufficient condition that a vector field
of the subspace be parallel along a curve in Kn is that it is parallel along the
curve with respect to induced connection of Km.

Now we suppose that U* = #”. On the assumption that I'¥ are homo-

geneous of degree two with respect to the #, it has been shown (Yoshida [2]),

(4-4) Thodl o = D4 i i
Hence, by (2.5) we get
(4.3) At i =o0.

Thus, Theorem (3.1) takes the form:

THEOREM (4.2). The necessary and sufficient condition that a curve of
the subspace ée auto parallel in Kn, is that, it is auto parallel in Km with
respect to the intrinsic connection parameter.
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