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Analisi m atem atica. — On the numerical solution of a Goursat 
problem considered by M .  Pic one (,>. Nota di K i n V i n h  L e u n g ,  
D e m e t r i o  M a n g e r o n  (* (**)4) e M e h m e t  N a m i k  O g u z t ö r e l i ,  presen­
tata (***> dal  Socio M. P i c o n e .

R iassu n to . ■— In questo lavoro gli Autori, prendendo le mosse da tutt’una serie di 
lavori dell’Illustre Accademico Linceo Mauro Picone, pubblicati più di sessantanni fa, ma 
la cui portata è, a tutt’oggi, ben difficile sottovalutare, presentano uno schema numerico di 
risoluzione del problema di Goursat considerato da Picone in [1] e [2].

I. Let f  (x) and g  (y)  be two given functions which are m onotonie and 
of class C ' in the intervals o <  x  <  a and o <  y  <  ß (a , ß >  o) respectively 
satisfying the conditions

(l v / /  (o) =  g  (o) =  o , o <  f  (o )g f (o) <  I
\ O <  f  (x) <  x  , o <  g  (y)  <  y  .

Let X (x) and Y (y) be functions of class C  in o <  x  <  a and o <  y  <  ß 
respectively, such th a t X (o) =  Y (o). F urther let A  (x , y )  , B (x , y)  , C (x , y)  
and F (x , y )  be functions which are sufficiently smooth in the closure R of 
the rectangle R : o < ; r < a , o < v < ß -  Clearly, the origin is the only 
common point to the curves jy == /  (x) and x  =  g  (y) in R.

1  he Goursat problem  which consists of the finding of a function
_

u — u (x  , y)  of class C' in R with a continuous first total derivative -v-
ox ày

satisfying the hyperbolic equation

(L2> — 7 =  A  (x , y )  u +  B (x , y )  ^  + -C  (x , y )  ^  +  F (* , y )

and the conditions
I U (x , f  (x)) =  X (x) for o < x < C L ,

’3 I u ( g ( y ) , y )  =  Y O ) for o <  JV <  ß ,

has been considered in the pioneering work of E. Goursat [3] and E. P i­
card [4], and fully investigated by M. Picone in his famous M émoires [1] 
and [2]. M. Picone established very elegantly the unique solution of the

(*) The research reported in this paper was supported in part by the National Research 
Council of Canada under Grant NRC-A4345 through the University of Alberta.

(**) The Author wishes to express his sincere thanks to the University of Alberta 
and to^Sir George Williams University for the invaluable conditions offered to him to develop 
his work in the Department of Mathematics and in the Department of Computer Science of 
these universities, respectively.

(***) Nella seduta del 12 maggio 1973.
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G oursat problem  (I.2 )-(I.3 ) solving an equivalent integral equation of more 
complex structure than  of the usual V olterra integral equation w ith two 
variables. The results of M. Picone were extended to D. M angeron’s poly- 
v ibrating equations by M. N. Oguztöreli [5] b).

In  this paper we present a num erical scheme to construct the solution 
of the above form ulated G oursat problem .

II. L et N be a sufficiently large positive integer. Put

( » . I )  . * = u

Let us divide R  into N 2 rectangular elements of size h 'X k  by the lines 
x  — rh , y  =  sk (r , s =  1 , 2 , • • •, N —  1). We shall denote the grid points 
(rh , sk) by Pr,, or P<‘) with

( I I .2) i  =  i  (r , s) — (s — 1) (N — 1) +  r  ,

and for the sake of convenience we also write P (0) =  P0,0 =  ( 0 ,0 )  =  o. 
Let u  =  u (x , y)  be the solution to the Goursat problem  (I.2 )-(I.3 ) whose 
existence and uniqueness are established by M. Picone. W e wish to com ­
pute the values of u (x , y)  at the nodes VryS (r , s =  o , 1 ,• • - , N).

To sim plify our presentation, we shall denote the value of a function 
z  — z  ( x , y)  at Vr,s by one of the following notations: zr, s ~  2 (rh , sk) =  
=  z  (PrfJ) =  Zi =  z (P (0). F u rther we shall use the symbols or z ^ f )

dm+n zto  denote the value of ------—- at the node P (?) :
dxm dyn

(II-3) g{m ,n ) —_ m ,n) —_
i r,s

dm+nz
dxm dyn

(̂0,0) =  ß

II I .  We begin w ith the calculations of the partia l derivatives 
of u  at P (0), the origin, with o <  m  +  n  <  4 (m , n  =  o , 1 , 2 , 3 ) .  For this 
purpose we subdivide the first rectangular element of corners Po,o , Pi,o ,

Po,i , P i,i into nine rectangular elements by the lines x  =  , x  =  2h ,
k 2 k

y  =  — , y  — —  • L et Q| (J/\ , k{), 0 2 (/z.,, k%) and Q3 (hz , k3) be the curve

points on y  =  f  (x) and Q4 (hi  , k4), Q5 (h$ , /:5) and Q6 (h& , k6) be the curve 
points on x  =  g  (y) where

hi  - - 3 , ^a =  '— - , hz =  h ;

h4 = s ( j j  > h b = g { — ) ’ h%-— g  (k) ,

^ = / ( y )  , * a = / ( - y j  , h%= fQ i )  ;

^4  =  -  , 4  =  ~  A  =

( in . I)

(1) Various other extension of Goursat problems are to be found in [9]-[io].
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Let U r be the  value of u  at the points Qr (r =  i , ••■•,.6). We have

(111.2) U x =  x ( | )  , U 2 =  x ( - ^ )  , U 3 =  X (h) ;

U 4 =  y ( | )  , U 5 =  Y [~pj , U 6 =  Y(k)  ,

by virtue of Eqs (1 .3). F urther

(111.3) *<M> =  A u +  B u^°) +  C +  F

by Eq (1 .2). By differentiation we can easily show th a t

( I I I .4 ) (2,1) a* I TD* u  =  Aj ^  +  Bx *°*°) + c r « (o>i,+ F r ,

and

( n i . s ) *a,8) =  a 2 « +  b 2 ua ’» +  C Ï u M + .F Ï

where
1 A l = A a ’0) + A C , A 2 =  A (0,1) +  AB ,

(H I 6)
J  B* =  B(1,0) +  BC +  A  , B2 =  B(0,1) +  BB ,

j Ci =  Ca,0) +  CC , C2 =  C(0,1) +  CB +  A  ,

( F i =  F (1,0) +  FC , F* =  F (0,1) +  FB .

W e now expand the six nodal values U r of u  a t the curve points 
Qr ( r  ~  1 r  • - , 6) in T ay lo r’s series until and inclusive the th ird  order term s

(in.7) Ur =  U ^+  hr 4 1>0) +  kr 4 0,1) +

flr Kq2,0) +  2 hr kr U(q’̂  +  fir

fit +  3 fir kr 3 hr ki +  fir

I 
2 !

I

IT

Com bining ( I I I . 3)—(11 1 .7) and putting

(111.8) V  =  *<°-*>] ,

(111.9) ^ =■ [*1 »• • - , h ] ,

2i- U,- —  ) I +  ht kt (A +  ^ A ?  +  h .  A 2) j « -  hi ki (F  +  —  Fi +  - ~  F2

and T =  [a„y] (7, j  ■■= i , • ■ ■, 6) with 

a«M = i + £ , B + ^ 0 * , B r + * , . B Î )

( I I I . ip )  { oc2*>2 =  ki i +  h i C + f ( h i C Ï + k i C * 2)

k.

&i,5 ^ 1

h%
a»,3 =  ~ - ( i  +  4 * B)o , a,*, 6 =
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we obtain the equation T u '  — z  from which follows u'  =  T-1 z  if T  1 exists. 
Note th a t u^>l\  and uff*2) can be derived directly from Eqs. ( I I I .3 )-
( I I I .6).

N ext we com pute the values of u  at the three corner nodes P (1;, P (2) 
and P(3) by the expansions

! , 7 (1,0) , (2,0) , IP (3,0)1 % =  u li0 =  u 0 +  /iu0 + - ^ y U  0 + J T U 0 >

/T TT TT\ ; _ __ I 7 (0,1) I k2 (0,2) , k3 (0,3)(1 1 1 . 1 I) U%— ^ 0jl — « 0 +  ku 0 +  ~^Y U0 +  ~JT U0 >

[ U3 =  Ui}i =  UxT- --- U0 +. hku{Q,V) +  —  (/zUq,V) +  /§^o’2)) .

F urther, we can evaluate the partia l derivatives and U f f of  u
at the end curve points Q3 and Q6 for o < m + ^ < 3  by the following 
T aylor expansions:

Jo'

+ * , « r +  kr U§iV) T“

+  v r w « r +  2 h r k r Uq,V) + ki

*4 M) ±  hr +  ^  4 0,2) +

+  Ti- W  4 24) +  2 hr k r 4 >2) + & « T i
II

©
4 2,0) +  hr u f ’0) +  K  u (2,1) ,

U ? ’*> = [Au  +  B u a ',)] + .C « (0,1) +  F ] r >

u<0,2) = » r +  h r Ug’2>+  ,

I U?>1} =  [At u  +  Bt  u a>0) +  CÎ  u(0}1) +  B u (2,0) +  F t] r ,

I u f ’2) =  [AÎ u  +  B Î « a '0) +  Ct u (0tl) +  B ^(2’0) +  Fi ] ,

! V?■, | = n f w +  Âa u f ' n +  i 3 t l f ' , ,

■ u “ = a r > + / s s a r + i I * r > ,

for r  =  3 and 6.

IV. Now, let consider the adjoining element after relabelling the end 
curve points Q3 or Q6 as Q*. Let Q* be the other end curve points in this
new square and Q* be a curve point between Q* and Q*. L et u* , u* and u%
be the values 6f u  at Q* , Q* and Q*, respectively. We choose Q* as the new 
origin of the coordinates. Let (h3 , kf) , , kf) be the coordinates of the
two corner nodes P*(3> , P*(4) which on the opposite side to Q* of the new

50. — RENDICONTI 1973, Voi. LIV, fase. 5.
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rectangular element. W e can com pute u* =  (P*<3.>) and u * = u  (P*<4)) by 
the form ula

(IV . I) U* =  U* +  K  «JÖ.O) +  kr +

+ — W  +  2 h , K  *;«•■> +  «?"•»] +

+  -  K  “T m +  3 £  br »0*M  +  3 h ,e ,  « t™  +  k\ ,

for r  =  3 and 4.
W e now can use the formulas (III.  12) to find the partia l derivatives 

of u  at the end-point Q*. W e can proceed this process until Q* reaches the 
boundary  of the rectangle R. By then u0 is given and 4 N — 1 out 
of (N +  i)2 nodal values of u  have been com puted. T he rem aining 
(N +  i)2 —  4 N  =  (N ■— i)2 nodal values of u  can be com puted by  the 
following form ula which can be easily established:

(IV .2) ‘MrJr\ iSJr\ 1,J + 1 ~f~ My— 1,J—1 4  fofe- r̂,s ,s  

2 JW>rfS /M'r—\ , s )  2 h d > r}S  ( u YiSjt \  'M'r,s—\ )  z=z 4  r̂ , s .

Note th a t in these equations each of (N —  i)2 internal nodes Fr>s (r y s =  i , • • •
, N —  i) will be successively used as center of (IV.2). T he center should 

be chosen such th a t 8 out 9 nodal values of u  in (IV.2) are already com puted 
and th e  gth nodal value of u  should be obtained by  (IV.2). In  this w ay we 
complete our scheme to evaluate the solution u ( x  yy )  of the D arboux 
problem  (I.2 )-(I.3 ) at the (N +  i)2 nodal points Fr>s (r , s =  o , 1 , • • - , N). 
Clearly, the accuracy of the above m ethod essentially depends on the m agni­
tude of h  and k . A  com puter sim ulation of the above analysis will be presented 
in a separate paper where we shall also give several three dim ensional illu­
strative figures of the solutions of some G oursat problem s of the form (I .2 )- 
(I.3). F urther, in another paper, we shq.ll extend the above m ethod to a 
G oursat problem  considered in [5].
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