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Equazioni differenziali. — A4 Generalization of Bendixson’s
Negative Criterion. Nota di Ruporr KurrTH, presentata ® dal
Socio G. SANSONE.

RIASSUNTO. — Sia G un dominio di E”,f:G - E”, n > 2, (divf) (a)==0 per x ¢ G,
e sia P l'insieme di tutti i punti @ di G per i quali la soluzione ® (a,#) del sistema diffe-
renziale dx/d# = f (x), ¥ = a se # = o & periodica e inoltre (@ (2, )/t ¢ E!) & un sottoinsieme
di G. In queste ipotesi I'insieme P & misurabile secondo Lebesgue e u (P) = o.

Bendixon’s Negative Criterion reads: Let G be a domain in the euclid-
ean plane E’ and #:G —E? be a vector function which has continuous
partial derivatives of the first order in G such that, for any point x of G,

@ivf) () +o.
Then the differential equation
' dx/dz = f (x)

where # denotes a real variable, has no proper (i.e. non-constant) periodic
solution whose solution path (i.e. its range) lies entirely in G. (See, e.g., [2]).

For the proof the hypothesis that G is 2-dimensional appears indispens-
able. But a somewhat weaker version of the theorem can be generalized
to euclidean spaces of more than two dimensions in the following fashion:

(1) Let G be a domain in the n—dimensional euclidean space E*, and
f:G = E” be a vector function which has continuous partial derivatives of the
first ovder in G such that, for any point x of G,

divf) (x) >o0.
Further, let P be the set of all those points a of G for which the solution ®(a ,?)
of the initial-value problem

| dxfde = f () ,

(x=2a ift=o0
is periodic and the corresponding solution path {®(a,f)|t€ E'} is a subset
of the domain G. Then P is a Lebesgue-measurable set of measure uP = o
The assumption that div f is positive does not restrict the generality of
the assertion. Note that the set P also contains the starting points of the
constant solutions, whereas in Bendixson’s theorem these points are excluded.

Progf. There is an increasing sequence {C,};2; of compact subsets

C1,Cq, -+ of G such that

G'= C,‘

ics

z

(*) Nella seduta del 14 aprile 1973.
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and, for any ¢=1,2, -, the boundaries of C; and G have a distance
= 1/i. Let P, be the set of all those starting points of periodic solutions whose
paths belong entirely to C;. Then,

(9]
PO uUP;.
i=1
An indirect argument, using the compactness of the solution paths, shows
that even

P=uP;.

z

LCs8

7

Hence it suffices to prove that, for 7=1,2,-
ELP" = 0.

The closure P, of P, is a measurable set, and so is ® (P, ,#) for any z€ E.
By Liouville’s Theorem,

4

u® (B, 7) = J exp g J (div /) (® (@, ©)dv
B 0
(See, e.g., [1]). Let
o, = Min {(divf) () | x €C,} .
By the hypotheses made, «; > o. It follows that
p® (P, , ) > ‘. ub,; .

On the other hand, since @ € P, implies that ®(z, #) € P; for all #, the set P,
is invariant under the flow @, and so is its closure P,:

®P,,H)=P;, for all z
Hence, by the preceding inequality,
wP; > %' uP,  for all &

With P; also P, is a subset of the bounded measurable set C,; therefore,
wP;<oo. Tt follows, because o, > o, that

wP,=o.
P;, as a subset of a null-set, is measurable, and
P‘Pi =0,

as has been asserted.
The decisive point of the proof is that, for any point a of P, the solution
path (or, rather, its closure) is a compact subset of the domain G. Hence
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the following generalization of the above proposition holds under the same
hypotheses:
(2) Let Q* be the set of all those points & of G for whick the solution

@ (6,2) is defined for all positive real t and the closure of the solution path
{®©,2)| ¢t =0} is a compact subset of G. Then Q+ is a null-set.

There is a similar proposition holding for negative real #if div f is negative
in G.

A point ¢ of G is said to be a recurrence point of the flow with respect
to the future if

ce{®(c,h)|k=1,2,3,---}.

The following specialization of (2) is still a generalization of (1) and, therefore,
of Bendixson’s Negative Criterion:

(3) Let R+ be the set of all those recurrence points ¢ with respect to the
Juture for which {®(c,?)|t >0} is a compact subset of G. Then R+ is
measurable and has measure o.

Again, there is a similar proposition for the past, i.e. # < o.
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