ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

KIN VINH LEUNG, DEMETRIO MANGERON, MEHMET
NAMIK OGUZTORELI, ROBERTO B. STEIN

On a class of nonlinear integro-differential equations.
Nota I

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 54 (1973), n.4, p. 522-528.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1973_8_54_4_522_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1973_8_54_4_522_0
http://www.bdim.eu/

522 Lincei — Rend. Sc. fis. mat. e nat. — Vol. LIV — aprile 1973 [342]

Analisi matematica. — On a class of nonlinear integro-differential
equations. Nota | di Kin Ving Leune, DEMETRIO M ANGERON o)

MenMET NamIik OGuzrdreELT @0 e RoBErTO B. STEIN, presentata "
dal Socio M. Piconz.

RIASSUNTO. — Gli Autori studiano nel presente lavoro una nuova classe di equazioni
integro—differenziali non lineari che costituiscono un modello matematico concernente certe
attivita elettriche delle reti neuronali.

I. In the present Note we study certain properties of the solutions of
a system of nonlinear integro-differential equations of the form

dx; I K'1 t f—
d‘tl =4 N — x|+ 265 &a [x:(s)] 7247 ds
(I,1> I+ exp % »—f}t~—21£,-]-xj % =1 "
=
_x,‘(o)=x? G=1,2,--,N)

where a, b, c; and p, are certain given constants such that & > o,
¢;=0 and p, >o0, f,(!) and g;(x;) are certain given functions which
are sufficiently smooth in their arguments, x?’s are certain given constants
and x; = x,(#)’s are the unknown functions.

In [1] and [2] the differential system (I.1) has been analysed in the
case in which all ,;’s are zero and 1 < N < oco. In the present Note we assume
that N is finite, at least one of the &,’s is different from zero, and that the
corresponding g, (#;) is not identically equal zero.

Let us note that in certain realistic problems occurring in the study of
electrical activities in neural networks we have @ =~ 100 and g (%) = x;.
The cases N=K =1, and N =1, K= 2 are of great importance in the
study of isolated neurons for which a very large number of experimental
results are available in the literature. The biological implications of our
results given here will be presented somewhere else.

In the next sections we shall investigate the existence, uniqueness and
the stability of the solutions of the system (I.I) and elaborate a numerical
scheme for the construction of the solutions.

(¥) The Author wishes to express his sincere thanks to the University of Alberta and
to Sir George Williams University for the invaluable conditions offered to him to develop
his work in the Department of Mathematics and in the Department of Computer Science
on these universities, respectively.

(**) This work was partly supported by the National Research Council of Canada
under Grant NRC-A4345 through the University of Alberta.

(¥**) Nella seduta del 14 aprile 1973.
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II. To investigate the existence, uniqueness and the stability of the
solutions of Egs. (I.1), we put

xz’o=xi
t
II. )
Ly x,»=/g,-b[xf(8)] e 7™ ds (¢f=1,---,N; k=1,---,K).
0

Then we can easily show that the integro-differential system (I.1) is equi-
valent to the following nonlinear ordinary differential system

dx, ) I K
dz = N — Xio + ,621 62} xik
N =
PP B PRI R o e

dx;é
( d;‘ =& (¥l — Pir ¥

and

4 if A=o,

II. +(0) =
(I1.3) Za) =4 = P

Clearly, the system (II.2) admits a unique solution {x;(#)} satisfying
the initial conditions (II.3), since the functions g (x;,) and f, = £, (@) are
supposed to be sufficiently smooth, and N is finite.

Let us note that the system (II.2) is autonomous if f;(#) = f, = constant,
7z=1,---,N. In the next section we investigate this autonomous case in
some details.

III. The steady-state solutions of Egs. (II.2) with £, (¥) = f, = const.
are determined by the following N (K + 1) equations:

1

K
\ a N — %0 +Zbi,éxib:o
k=1
<IIII> { 'I+exp3_ﬁ—j§1£ﬁxjo

}gik<xi0)_pikxz'kzo’ , i=1,--,N; k=1, K.

It can be shown, by using the principle of contraction mappings, that
under certain conditions that satisfied by the constants «, 4, ¢
| & [%,]] and py, the system (IIL.1) admits a unique solution {x%}.

Let {x%} be a system of solutions of Egs. (IIL.1). We now put

RNER]

(111.2) Xy =t + X,
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Then, we find that

dX;0 3 S
az = ———'CZX,'O +d2 }linjo +Ebz',é Xik +Q2(X)
(I11.3) /=1 =t
dXZ ’ '
) dtk =& x:;) Xz'o - pz’k Xz’/é‘ + Rz’k <X)

(Z= I,"',N; b= I,"',K)
where '

1 1 2
(III.4> ﬁz_; = [,:7', N . _— N . 2
’ I+ exp -——f}—ztijxjo} [I—l—exp —fi— cz:jij} S
{ J=1

7=1
and Q (X) and R (X) are the remainders of the Taylor expansions containing
all the nonlinear terms of the relevant functions at x, = xy,. Clearly the
functions Q (X) and R (X) are negligible for small X;’s. Therefore we can
omit Q and R in Egs. (IIL.3) for sufficiently small X,’s. Consider the
linear equations obtained this way. Using the well known criterion of
Routh-Hurwitz and other general stability criteria, we can study the stability
properties of the solutions of Egs. (III.3) in the neighborhood of the steady-
state solutions X;; = o, which yield naturally similar results for the original
system (II.2) in the neighborhood of {x};}. The effect of the nonlinear terms
on the first approximation can be analysed by use of asymptotic methods

(cfr. [3D]).

In the next section we deal with numerical solution of the system (I.1).

IV. We now consider the system (I.1) where f;(#) is not restric¢ted to
be a constant. To establish the solutions of Eqgs. (I.1) numerically, we put

I
14-¢7%

) ‘ZI,-(Z) =fi(t> +]§ Ci Xy

' u;(v;) =
(IV.1) :

wiy = [ gulm©] e ds.
0

Then Egs. (I.1) can be written as

K
(IV.Z)' d(;r; = a [u;—xi] “l— Z 5,}‘60,} , x,-(o) — x? .
k=1

Let % be a sufficiently small positive number. Put

m .
(IV.3) x,-’,=x,-(r}l> ) xﬁﬁ):% (Z‘=I,"';N ; 7‘:0’1)."?R)’
t=rk

We assume that z! = %;0. Then we can write

AR M
(IV.g) Kigptl = Xjp + 7 Fip T oy %o o+ by
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by Taylor’'s formula, where we assume that
MEt (M1)

Iv. — |2, < e,

(IV.5) argoy B l<e

where ¢ is a given sufficiently small positive number. Clearly we have

m m— — N —
(IV-6) ddt’fi - [ ilt""l‘i‘i o (iit’”ifi + k—-zl bi ddt’:ll% '
We now put
V.7 =24 =L, a=xar
Clearly ;
\ =1,
av-e ( L — LI+ 11 ).

We can show by the mathematical induction that

o TE_ LB aeiamin e ),

o(n;7r)
where
E={:(n;r) Zocq(n;r)=r and anq(n;r)=r},
g=1 ¢=1
IV. -
V30 i) = (37 w3 7) sy a3 P)], g (37

integer and o <a,(n;7)<7,

and a, (7 ; (#;7)) is defined by the following recursive formula:

(IV.11) 4, (ria(n;) =ulr;atm;n) + Svian;r),
q
where -
[ty (r—1;d' (n—1,7—1))
if op(m—1,r—1)=oau(m;7r)— 3

(IV'IZ) ‘L(?‘;Oﬁ(ﬂ,?")): and an(n,y)=o’ g’:]j,z’...’n__:[’

o, otherwise,

a (m—1;7) @uq(r; " (n—1;7)

. - if afi(n—1;7)=oay(n;7)— 38, 41,
(IV.13) virsa(n;n) = g =1,-,m with o«/(n—1;7)=0,
0, otherwise,

38. — RENDICONTI 1973, Vol. LIV, fasc. 4.
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and

£
(IV.14) 39,4:{ o i 57’=l=9
1 if ¢'=g¢q.

We can also prove by the mathematical induction the following formula

(IV.13) s — 2, P, (2)
do}

where

(IV.16) 2, = e "

and P,(0) is a polynomial of degree »— 1 defined by the recursive formula

(IVaz)  Pu@) =1 , P,(6)= (20— 1) P,y (6) + 0 (x—1) Py 1 (6)

7=2,3,4,"".
Further, we have

d” o, d”f d” x,
(IV.18) — 7,

ar T2 éi, 7o
and

d"w, d" e, d" e
IV. i,k _ f__ s z,é ,
< 19) a7 gt pzk dg1
by virtue of Egs. (IV.1). We now put
‘ vk
(IV,zo) Wi gy = [gié [x,(s)] o~ bin 0h—9) ds .
i
We can show, by a quadratic approximation, that
—ph. 1 /

(AVizr) =t [wi’k”_l T, | Sk T p i T ?_,é ] +

L — 2Y

+ -pik [gz',b;r ﬁ gzk ” + ﬁfé:l 4
where
) dg, () dz,

(IV.22) L O A e
and

’

1
Y= e [gz‘,é;r"—gi,k;r—l _/Zgi,k;r_d .

Combining formula (IV.6) with (IV.9) and (IV.19), we obtain the necessary
recurrence relationship to construct the solutions x; (#) step by step.
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The flowchart of the above computation is given below. The correspond-
ing computer programming can be made easily. In our investigations we
observed oscillatory, non-oscillatory, damped and undamped solutions depend-
ing on the choice of the parameters and on the form of the functions f; (#)
and g (x,).

FLOWCHART. FOR EQS (1.7)

START -

Generate polynomials Pn (6)

Generate i;-U[V(t)] in

dt
terms of [r] = @ and
dv
(r) = e = 1,2,00.m

dt

Read WV, KX, a;s bi,k’ Ci,j’

Py g tad = 12y Wl k= 12,000 0K
2

lRead H.T, €, Jmaa:l

ft =+ ;e

Compute x by Jth order approx.
of step size h NA =J

f

g
Compute average v

h = k/2
NB = NB + 1

P
Point £, a:_l:, N NA, NB

1 XJ\

END G 1 T
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In a forthcoming paper we shall investigate the effect of the nonlinear
terms Q;(X) and R,;;(X) on the behaviour of the first approximate solutions.

V. The authors gratefully acknowledge the use of the computing facil-
ities of the University of Alberta, and are pleased to emphasize once more
that the invaluable research work of Professor M. Picone [4] and his
Institute (INAC) constitutes a permanent example of how to embark

upon, and how to solve, difficult problems arising from the study of natural
phenomena.
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