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Meccanica. —- On Almansi problem for an elastic orthotropic 
cylinder. N ota di C o n s t a n t i n  I. B o r s , presentata (*} dal  Socio 
D.  G r a f f i .

R ia s s u n to . — Si dà una soluzione per il problem a di Almansi definito da (1) e (2). 
La presente soluzione qui è più semplice di quelle fin’ora conosciute.

We shall consider an orthotropic cylinder limited by two planes x 3 =  o, 
x 3 =  h (h >  o) and by the surface .

Let A) be the dom ain of the cylinder and S the dom ain and also the area 
of a cross-section of the cylinder. We shall denote by T the boundary  of S.

We take the Tr3~axis to be central-line of the cylinder and the axes 
and X2 to be principal axes of inertia of the end x 3 =  o. In  this case we have

W e suppose th a t there are no body forces so th a t the equilibrium  equa­
tions can be w ritten in the form

We suppose also th a t the tractions applied on the lateral surface are given by

exterior norm al to
A t the ends there are applied tractions in order to equilibrate the loads (2).
The problem  defined by (1) and (2) is known as A lm ansi’s problem .
Here, we shall find a solution which satisfies the equations (1) and (2). 

After th a t it rem ains to satisfy the end conditions, but this is the Sain t-V enant 
problem  and we know how to solve it [2].

Some m ethods are known to solve the Alm ansi problem , for the isotropic 
case [1], [4] and for the orthotropic case [5]. In  the paper [1] and [5] there 
are started  with some representations of the stresses and in the paper [4] 
it is started  with a representation of the displacements.

Generally, in the known solutions a step by step m ethod is given which 
allows us to solve the problem  having the tractions r i (x1, x 2) x 3+l on the lateral

(*) Nella seduta del io  marzo 1973.
(1) We use the sum m ation convention over repeated indices. The index j  after comma 

indicates partial differentiation with respect to X j .

( 9 Gi?>j =  0 in (b.

n

where the functions are given and are the direction cosines of the
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surface when the solution for the tractions t ï (x 1 , x 2) x 3 is known. Knowing 
the solution for s =  o we can obtain the solution for every s. This process 
m ust be perform ed for each partia l traction v f} x \ (k =  o , 1 , 2 , • • • , n ; not 
summed). The final solution is obtained by superposition of solutions of the 
partia l problems.

Here, a solution of the complete problem  is given such th a t its determ ina­
tion is equivalent to the calculus of the first step in the other known solutions.

The relations between the stress components cr?y and the strain  com po­
nents y ij are taken  in the form

( <*11 — A yn  +  H y22 +  Gy33 , g22 — H yn  +  By22 +  Fy33,

(3 a) I ^33 — Gyn  +  Fy22 +  Cy33,

! cj23 =  Ly23 , g31 =  M y31 , g12 =  Dy12

and the inverse relations of (3 a) in the form

Ë "  ( VH  Œl1 A  Vl2 G22 V1 ^ 3)  ’ Ï 2 2  =  -pp ( v 12 <*11 +  v22 <*22 '-----  v 2 <*3s)»

~|T ( V1 G11 v2 <*22 +  <*33) >

I   I I
X 7 a 23 > f s i  " <*3l > Ï 1 2  —  q y a 12>

where A , B , • • •, E , , v* are constants which characterise the elastic p ro­
perties of m aterial of the cylinder.

W e shall try  to solve the Alm ansi problem  supposing th a t the displa­
cement com ponents u i are given by

Yn =

(3 b) j Ï33 =

' Ï 2 3 ^

(4)

where

n-f 1

« i  =  Sk = Q
^©1 ' +

2
X3

) 4 + ’
n

+  2 4 ,
£=0d  3) 4  +  2 ) ,

n+1

=  2k=Q
( 0 ^  +  h

2 \ 
X3

) 4 +1

n

+  2 ,£=0{k +  3) (k +  2) y

fz+1 . »4-1
^3 — 2  ~k A_ 2 (ak x i +  bk —  A*) x k3+u +  \ àk==\) k=0

<A x 3,

®1 } =  -7  ak (Vl x \ —  v2 x\) +  bk vx x ± x 2 —  ck x 2 —  K k Vi % , 

®2*} =  ^  V2 X± X2 +  A  bk (v2 .r2 —  xf) +  ck x ± —  A k v2 x 2 ,

are unknow n functions and ak ,b k , c.k , A^ are constants which 
m ust be determ ined.

We like to rem ark  th a t the additional term s in the equations (4) have 
some m echanical m eaning.
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I f  we denote by the stresses corresponding to the displacem ents 
? u <& ~  ^  , u(k) — 0 , then the stresses a corresponding to the 

displacem ents (4) are given by

7 2  fi - \ - 1  n ? 2- j - 1

CT11 =  2  Tn -^3 +  G ^  #3 1 , (J22 — ^22 ^3  +  F ^  icô  ^s“1,
£-0 >&=0 k=0

n n + 1 » 4-1

^33 “  S  3̂3 ^3 ' E (ak Xi +  bk A^) Xg~̂  +  C kiùk x \  1,
k=0

°23 — L I \fk  +  i)  ©2  ̂ +  0) ĵ2] ^3 +  2  x 3 1 I 7
U=o /6=o j
{72+1 » \

[(^ +  t ) © l} +  °>k,i] x \  +  2  ^9^ 1L
k=0 J

X ' {k) k 
G12 =  2 j  T12 *3 - £=0

U sing the above formulae, from the th ird  equation (x), we get

(5 a) Acùâ — - (k +  i) [(Mvj +  Lv2 —  E) (ak x 1 +  bk x 2 — A^) +

+  t 33 +  M 9^+i,i +  L ^ +lf2 +  {b +  2) Ccoi+J  in S

( i  =  0 , 1 , 2 , - *> «),
where

A =  M +  L 92
dxx dx\

T he th ird  condition (2) will be satisfied if 

(5 b) c£ cùâ =  T3} (/è +  1) [M (©i^ +  9^+1) % +  L (©2^ +  ^/è+i) ^2] on T,

where the operator 35 is given by

T he condition of existence of the function cùk requires th a t

(6). ®oo, di* ■ A co/, da =  o.

It is easy to see th a t the function cô  exists with a rb itra ry  ak , bk , ck . From  
the condition (6) we obtain

( 7) ESA, = k +  I t 3  ̂di* — J j [T33 T  (/è T  2) Cco^+2] daĴ >

=  o , I , 2 , • • - , n  +  1).
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T he first two equations of equilibrium  ( i)  give

( ViL +  rfL  T  {k T  I )  [(G +  M) Cû,+M +  (k +  2 ) M (®S*+1) +  <p,+2)] =  O, 

(8 a) \ 'fi2>,i +  T22,2+(^ +  1) [ (F + L ) «^+1,2+(/é+2) L(@25+1)+4'/é+2)] = 0  in S,

! (k =  o , I , • • •, n)

and from  the first two equations (2) we have

(8 b)
I Tfl) »1 +  TS§ »2 =  — (k + 1) G^ + i  »! »

\ n i +  t 22 »2 =  ^2 — (k +  i) F<û^+1 n% on F.

Everywhere, in this paper, we m ust rem em ber th a t [see (4)]

(9) CO
72+ 1 +  S =  9r n 4  ==

T n  4- s
r (n+s)

V
A n+s) = (s

The equations (8 a) and (8 b) define a plan problem  with body forces, 
for the stresses (a , ß =  1 , 2 ; k  =  o , 1 , 2 , • • •, n).

T he solution of the problem  (8 a), (8 b) gives us the stress com ponents 
and also the functions cpk , <\>k because these functions are the com ponent 

of displacem ents in this problem.
Now, let us exam ine the existence of the solution of the problem  (8 a), 

(8 b). For th a t purpose let %% be a solution of the equations (8 a) and let 
us pu t down

_(*) _  £(*) I *0*)^aß — ^aß r  ^aß •

The new com ponents T«p wilE satisfy the equations 

( îo a )  T ^ ß  =  0 in S

and tfye boundary  conditions

( IO b) Taß n$ =  p ^  on r  (a , ß f= i , 2 ; k =  o , 1 , • • •, n),

where

pf> =  — (k +  X) Go>,+1 »! — ¥& na,

p f  =  ^2 --- (k +  i) F<0  ̂+ 1 n2--- 77a •

T he necessary and sufficient conditions to solve the problem  (10 a), (10 b) 
are given by

(11) j  p W  dr =  o (a =  I , 2) , j  ( x ±  p W  — x % p ^ )  dr =  o .
r  V

These conditions allow us to determ ine the constants ak , bk , ck before 
knowing the function cùâ. For th a t purpose we shall take into account
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the fact th a t for any function ^  which satisfies the equation =  o we 
have [3]

r r r r
I <ùk di* =  I ^ ‘Stok ds — j  J  ^Acü£ da

f f  s

and from this we can derive the following formulae

j j Mco^ % d s =  j9 x 1 ^(ùk di* —  j J  x 1 Acô  der,
I r r  s

(12) ( j n2 ds =  J  x 2 ^)(ùk di* — J j x 2 Aoik da,
r  r s

j (M x2 nx — L x ± n2) cô  d s =  j 9 c£(ùk ds — j j cpAcô  der.
r  r s

H ere <p is the function of torsion defined by 

A9 =  o in S, 

ĉ 9  =  M x 2 nx —  L x x n 2 on F.

Using the form ulae (12), from the conditions (11), finally we obtain

EI22 &k+i — {k +  1) {k +  2) [tÌ  ̂ 4~ (k -f- 1) x x Tjf+1'] di* 4-,(*+lh

E in  h11 °k+l

+  Jj  [t&+8) +  (k +  3) C«*+s] ^  d a ,
S*7

J  \y£* +  (^ +  1)^2 T^+1)] di* +(k -f- 1) {k -j- 2)

(* 3 )
+  J j  [tS +2) +  (k +  3) C<a*+J *2 d a ,

s

D t, ck~Yl =   ^  ■ J  [^1} x 2 ~  T2 } * 1  +  (k +  1) 9 T3̂+1)] di“ +
r

J j  {? (a&+l x l +  &k+l x 2 ---Aæ+i) +  T33' 2) +  (k 4" 3) CcÔ +3 +
s*

+  M (9,1 — XÙ ( 0 ? +1) 4- 9^+2) —  L (9,2 +  *1) ( 0 f +1) +  ^ +2)} da

{k =  o , I , 2 , • • •, n),
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where

der (a , ß — I , 2 ; a =J= ß; not summed),
s

D* =  j I (L x \  +  M x\ +  ~L,xx <P'2 — M #2 cp^) da >  o (see [2]),
/ .s

is obtained from  © f} by dropping out the term  of ck .
It is easy to see th a t we m ust perform  the calculus in the following 

order: tak ing  into account (9) we can determ ine the constants A n+1 and 
an+\ , bn±i , cn+1 from the form ulae (7) and (13); the function cùn+\ solving 
the boundary  value problem  (5 a), (5 b) for k  =  n  +  1; the functions 
?n , 4b solving the problem  (8 a), (8 b) for k =  n. A fter th a t we determ ine

y ^ n y b n y Cn y ^ n y  9 n - l  , 1 an d  SO On.
For the problem  (i), (2) the constants a0 , b0 , c0 m ay  be taken  as zero, 

but they  can be utilized in order to satisfy some end conditions.
In  this w ay the problem  of A lm ansi (1), (2) is solved.

Some remarks'.

-  M aking n  — o in the above results we obtain the results concerning 
the A lm ansi-M ichell problem , so th a t this m ethod had unified both the pro­
blems.

-  T he above results can be generalized for the case when the m aterial 
of the cylinder had one plane of elastic sym m etry.

-  We can particularize the results in order to obtain the isotropic case.
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