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Topologia algebrica. — A variant construction of Stiefel~Whitney
classes of a topological manifold . Nota di NicoLar TELEMAN,
presentata “? dal Corrisp. E. MARTINELLI.

RIASSUNTO. — Sulla base del procedimento gia introdotto in [3] per definire classi
caratteristiche di fibrati con involuzione, costruisco qui le classi di Stiefel-Whitney delle
varieta topologiche paracompatte con bordo. La costruzione ottenuta si presenta come una
variante di quella di R. Thom.

§ 1. INTRODUCTION

It is known that for any paracompact topological manifold Stiefel-Whitney
classes can be defined (see [1], [2]). In a recent paper [3] we defined a
system of characteristic classes for fiber bundle with fiber-preserving invo-
lution, the fiber being an arbitrary (7 — 1)-simple space. Our construction
has some common elements with the construction of the Steenrod squaring
operations.

In this paper we use the technique developed in [3] to the case of topo-
logical manifolds X. For this aim, we consider a special class of coverings

by ‘“very small balls” U. The ¢ tangent bundle of X” will be U UXU;
Ued
the interchange of the coordinates in any product UxU induces an invo-

lution A in the tangent bundle, and the ‘“non zero tangent vectors over U ”,
UXU-—Vy, is (z— 2)-simple. Hence, the method developed in [3] can
be applied.

There appears a difficulty; the involution A does not preserve the “ fibers .
This difficulty justifies the use of the * hereditary sequence of coverings”
(HSC, §2).

Certainly, this method permits us to construct Stiefel-Whitney characte-
ristic classes, at the first step, for paracompact topological manifolds X
without boundary. If X has the boundary X, then X Ly X has not
boundary and the restriction of the Stiefel-Whitney classes of X L3 X to X
furnishes the Stiefel-Whitney classes of the manifold X.

In a successive Note, we propose to present an application of our
construction to the problem of the topological invariance of the rational
Pontrjagin classes.

(*) Lavoro eseguito presso 1'Istituto Matematico «G. Castelnuovo» dell’Universita
di Roma, come ricercatore straniero del C.N.R.
(**) Nella seduta del 10 marzo 1973.
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§ 2. HEREDITARY SEQUENCE OF COVERINGS

2.1. NotaTioN. If (M ,d) is an arbitrary metric space, let be
B;(xg,7)={x|xeM,d(x,x) <7r}.

2.2. DEFINITION. If X is a topologic manifold with boundary,
dim X = #, the open set UCX is called an “open ball”” in X if there
exists an homeomorphism f: B, (%, 3) =V, where B, (xy, 3) CE} (B} =
={@Y- -, 2" | (&, -+, 2") € E", 1> 0}, the Euclidean semispace) and VC X
is open, such that /(B (xp, 1)) = U. We denote /(B (x4, 7)) =7U, o <7» < 2.

2.3. LEMMA.  If X is a paracompact topological manifold, dim X = n,
Jor any open covering N = Vol o of X there exists an open covering
X ={X,}, . with the propertics:

(i) Z,, for any a€ A, is an open ball in X;
(i) 22X ={22,} _, 5 a locally finite covering of X, finer that .

Proof. For any point x € V,, « € A, we consider an open ball V, ,CV,
such that 2V, ,CV,. Then, &' = {V,,},. is an open covering of X, finer
than ®. The manifold X being paracompact, there exist the open coverings
W = {W,}, |, 9={T,}, , such that:

I) T,~CW,-;
2) Q0 is locally finite;
3) Q0 is finer than %'

For any point x € T, we consider an open ball S, which contains x such
that 2S,CW;. The space T, being compact, and {S,} being an open
covering of T, there exists a finite subcovering &; = {S, ,---, Sxﬁ}. The
covering 2 = ;‘LéJI §; has the desired properties. '

2.4. DEFINITION. Let N be a fixed natural number, and T a topological
space. The sequence 2 = {af', A% ... Q") is called an * hereditary
sequence of coverings of T, of length N and dimension 7'’ (we shall write

2 € HSC(T, N, »)) if:

(i) for any 1 <7 <N, in is an open covering of T;
Gi) any Ue ' 1 <7< N, is an open #z—ball in T;
(iii) for any U,Ved, 1</ <N-—1, UNV==g, there exists
W e 2!, such that WD U UV.

2.5. THEOREM. If X is a paracompact topological manifold with boundary,
dim X = », for any open covering % of X, there exists U = {AUL,..., U} e
€ HSC (X, N, n) with U~ finer that <.

Progf. We consider a covering X = {X,} _, having the properties (i),
(i) from the Lemma 2.3. We know that for any « € A there exists an home-
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omorphism f: B (x,,2)>22, x,€E.,. We consider on every 2X, the
metric d, defined by the formula:

do(x, ) =d (7 (@), ()

d being the Euclidean metric.

Let @,6€A be two arbitrary indices, such that 3/2%,n 3/2%,=F .
On C,; = 3/2 2, N 3/2%,, we have two metrics: 4, and &;. We affirm that
for any e; > o there exists ¢, > 0 such that

dd<x’y><€a:>db<x:y><€b» x’yecab°
Really, on C,; X C,; let be the product metric J,:

5 ((x, %), (%0, 30) = da (x, %) + da (¥, o).
The function
LZ’&Z CabXCab——>R

being continuous on the compact space C,; X C,;, is uniformly continuous,
i.e., for any g; > o there exists g, > 0 such that

0 (x, ), (g, ) < &a=|ds (%, ) — ds (%9, ¥o)| < 24,

for any (x, %), (xy, Vo) € Cus X Cps.
In particular, if we take y = x, = y,, we obtain

3. (%, ), (g, yo) =dulx, ) <cu=mdy(x,5) < e

Let be A, ={6]|b€A,3/22,Nn 322, 2}. Let be ¢, the corre-
sponding e, for g;=1/6,6€A,. Let

Sy =1inf{dy(x,y) |x€e(@X) N2, yea(3/2E,)N X, beA,};

we have 3,,> o0, and if x €2, N X;, y € X, such that &, (x, y) < 3,;, then
y €3/22,. Really, let / be the segment (by respect the metric ;) which con-
nects the points x, y. If /N dX, = @, /CX, and the assertion is proved; in
the contrary case, let be £ an arbitrary point of /n3X,. If /Nna(3/2%,) =g,
the assertion is proved again. We suppose the absurd, i.e., there exists
N€/N3(3/2X,); then we have

8a5>dé(x)y) >db<£ yﬂ) 2 8115
which is impossible.
Let be 7, = min {e,, 1/2-3,,, 1/6}.
beA,
For any point x € ¥,, we consider a ball

Ba’a(x9rx>cza: Vi < 7,

N
Let be A™ = {Bda<x’yx)}aeA,x52a‘
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The covering N has the properties:

(1) ™ is an open covering of X;

(2) any U e is a n-ball in X;

(3) if U,Vea™, UnV==g, then there exists W€ such that
UuVCW.

Only (3) needs a proof. Let be U= B, (x,7.), V= B, (y,7,),
a,b€A, and let be £€ UNV. We have for any z€ By, (v,7,):d;(€,2) <
<27, =<2 8,=28,, hence B, (v,7,)C3/2%,, and ,(§,2) <d, () +
- d,(2,5) < 1/6+1/6=1/3 because d; (&, 7)< 7, = &0, dy(5,5) <75 < e,
We have in consequence By, (y,7,) C By, (€, 1/3); also By (x,7,)C By (&,1/3)
and By (§,1/3)C3/2Z,C V-

If we take in (3) U =V, we deduce the covering UN is finer that .

If we repeat the upper construction changing % by A" we obtain a
new covering which we denote by "' and so on.

2.6. CoROLLARY. HSC (X, N, n) contains at least one element for arbi-
trary N.

§ 3. STIEFEL-WHITNEY CLASSES OF PARACOMPACT TOPOLOGICAL MANIFOLDS

3.1. DEFINITION. Let X be a topological manifold without boundary,
dim X =z Let % = {U,} _, be an open covering such that any U, is
a ball.

The ‘¢ U-tangent bundle of X 7, THX, is

T¥X = UU,xU,CXxX.

ael

The tangent bundle admits a natural open covering %" = {UaX U}, .

The points of T? X are called tangent vectors” and the points (x,x) € T* X
are called “zero tangent vectors’; let be Ty X = TM X — Vi, where
Ve ={(x,x)|x€X} is the set of zero tangent vectors of X. Let 2f

denote the covering of T0(M X induced by the covering U™ on the subspace
TH X CTHX.

3.2. LEMMA. U, XU, —Vu, s homeomorphic to Ry X R" (see [2],
Chap. 6,2.5).

Proof. We can take U = R”; the homeomorphism R”XR” %+ R"xR":
(x,9) 2o (x— ¥, x) proves the assertion.

3.3. NotaTioN. If M is a topological space and U is a covering
of M, let Cf}f (M, R) denote the subcomplex of the singular chain complex
C, (M, R) which is generated by the singular simplexes having the
image in at least one of the sets of the covering @ (R being an arbitrary
commutative ring with 1). Let be C& (M, R) = hom (CX* (M, Z), R).



430 Lincei — Rend. Sc. fis. mat. e nat. — Vol. LIV — marzo 1973 [292]

3.4. DEFINITION. Let A:(T™ X, T¥ X) <2 be the continuous invo-
lution A : (xg, %)) — (%1, %)

Let X be a paracompact topological manifold, dim X = %, and
Y = XxR. If % ={V,} , is a covering of X, let be V, = V,xR, and
let & denote the covering {V"‘}aeA of Y; if

Y = {ar',..., AN} e HSC (X , N, »), then
ar = {at,..., "}y e HSC (Y, N, 7 + 1).

Let s: Y > YXY be the map
st (x,H)—=>((x,t—1),(x,2+ 1)), (x,%) e XXR.

3.5. CONVENTION. If 2 € HSC (X,N, %), let us denote 9% , o and Qjo
also by @ if it does not produce any confusion.

3.6. PROPERTY. For any open covering U of X, s(VY) CT;w Y.
If % is an open covering of X, finer that &, then the chain map s,
induced by s has the property:

5, (CY (Y, R) C CH(TH VY, R).

3.7. THEOREM. If X is a paracompact topological manifold without
boundary, dim X == n, and- Y = X XR, then there exists a natural number
v (n) such that for any U = (A',..., A" e HSC (X, 2v (), n) and for
any open covering N = {N,} _ finer than MU', there exists the ** pseudo—local”
R—homomor phisms: :

aelA

v (7) & v ()
B CP (Y, R)—=CH, (TY Y,R), p-+r<n,
O =5
(14 (— 1) A) A =0k - (— 1) B s,

(““ pseudo-local means: for any singular simplex € C,° (Y, R) let V() €
be a fixed set of the covering V) such that 6 € C,(V(c)XR , R); then there
exists U €A™ V(o) CU, such that

£ (6) €Cyy, (UxTU — Vg, R)).

If BD B are two such systems of homomor phisms whick satisfy (i), then there
exist the pseudo-local R—homomorphisms:

» 2v(n) 2v(n)
o) CP(Y,R)>CH, .7 (T ™Y,R), p4+r+1<n,
(i)  such that, if we denote K = K — ), we have

K7 = (1 4 (— 1) A) ¢ 70 4 09 + (— 1) ¢219,
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and the pseudo-local R—homomorphisms:
ul,  CY, (Y, R) = CX7 (1P y R
such that
(i) KO, =41 A) o) 4 (— 1) e, 1o+, w?, =o.

Proof.  The proof of the Theorem is essentially the proof of the
Theorem 7.1 [3]. We shall indicate here only the specific part of the proof.
Let 6,€C” (Y, R) be a singular simplex; this simplex belongs to
O(V(co) R) There exists at least one U(s,) € " such that V(oy) CU(cy).

AN
In C (U(GO)XU(GO) — V/\ , R) we can solve the equation (see the
Lemma 3.2)

3 (ky (60)) = (1 —A) sq(5) -

Let be o, a singular simplex of C;(V(s,),R) CC* (Y, R), 0, =, — xg.
We affirm that there exists U(s;) € ® such that

y=(1—A4A) 5:(6)) — £ 30, € C; (Ulo)) X U(67) — Vuoy , R) ;
really, there exists

U, €' such that V(s)CU;  and
B2 eCr(U@) X Ulx) —Vowy, R), U@)ear, i=—o,r.
But U; nU(x)) 4= 2 5=U; N U(x,); hence, there exists U’,U"’€ % such that
U, uU(@)CU , U; uUx)CU';

because U' N U" <=0, there exists U (61) € * such that U' uU"” CU (o).

Now we can solve the equation 24 (c;l) =y because y is a cycle in C,
(U(ey) X U(67) — Vuey , R) when 7z is sufficiently great. We call U(GO),
U(sy) the supports of Z; (oo) , 4 (5y).

We continue this construction by the 1ncreased induction over p and 7.
We observe that for any £} Gf all &7, F<7r, p' < 2, are constructed)
we must increase the supports a finite number of times; therefore for all
B, p +7r<n, we must perform only a finite number, v' (%), of augmen-
tat1ons of the supports. Also, for the construction of e w2, ptrt1<n,
we must perform a finite number, v'(%), of 51m11ar constructions. Let

v (#) = max (v'(%) , v''(n)).

3.8. DEFINITION. Let X , Y, a9t £ be as in the Theorem 3.7.
We define:

o, (E)eCTTNY,Z), o<i<n,

(@: (A7) (o) = [{(1 + A) A + K370 3.} (9)]
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where [y] denotes the homology class of the cycle y in H,(UXU—Vy, Zy) ~ Z,,
Ue '™ being a support of y = {(1 4+ A) "D 4 gD 3} (o) (the
homology class of y is independent of the support U; see [2] Chap. 6,2.3).

3.9. THEOREM. dow;(#)) =0, o<i<n.

Proof. The assertion of the Theorem follows as follows the Theorem 7.4.
[3], it being an algebraic consequence of the relations (i) Theorem 3.7.

3.10. THEOREM. T7he cohomology class of o, (k}(f)), 0<i< n is inde-
pendent of the choice of k.

Proof. See the proof of the Theorem 7.5. [3].

3.11. DEFINITION. Let be W, (Y, 2, ) e HY, (Y, Zy), 0 <7< #, the
cohomology class of the cocycle w;(4). Let W, (Y, , ) e H' (Y, Z,)
be the unique cohomology class which corresponds to W’ (X A, ) by the
inclusion j: C (Y,Zy) -~C, (Y, Zy,) which is a chain equlvalence

3.12. THEOREM. W, (Y, AU, W), o < i < n, does not depend on the choice
of U and (AU e HSC (Y, 2v(n) , 1), N an open covering of X, finer
than Y.

Proof. Let 0;, i=1, 2 be two coverings of X , U, € HSC (X , 2v (n) , #),
%, finer than . Let be A = {art .. 62£2“(")}EHSC (X, 2v (), n) such
that "™ be finer than ), N ), (the existence of ¥ is assured by the
Theorem 2.5). Let be

£ GV (Y, 2y~ ClL, (T% Y’ Z,), p+r=mn
an arbitrary system of pseudo-local homomorphisms as in (i) Theorem 3.7.
In the sequence

q'£2v<n)’ 6)’)1 N Q")Z ) oj')i ) 62’{} y 62"7‘;(%); Zh =1, 2,

any covering is finer than the successive; therefore, we can consider

(7> @, va(n) Jv(”)
1Cp (Y, Zy) > Cpyy (T, " Y, Zy),  resp.

o) i} _an®
/é]) : C <Y Zz) — Cﬁ‘i‘" (T Y, Zz)

deﬁned only on the singular simplexes of C Y(Y, Z,), resp. C (Y, Z;) which
lie in C% (Y Z,). The bide systems of pseudo local homomorphisms can be

extended over all C:» (Y, Zy), resp. Cp (Y, Zy); we denote them by ,éj,(r),
resp. #,”).  When we consider the corresponding cocyles ; (4), o, (4",
o, (%, (')) we have, by construction:

' (7) — () (7)
i () | oty g = 0: e D, , = 0: (B));
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the inclusions of complexes
; DY
L. CNW(Y,Z
C?r'l Y, Zy) *) ( g
C—]E_) C32 (Y b ZZ)

being chain equivalences, the theorem follows.

3.13. DEFINITION. The classes 20, (Y, U, %) define unique classes
A, (X) € Hi(X , Zy) ~ Hi(Y, Z,) which are called the ¢ Stiefel-Whitney
classes of the paracompact topological manifold without boundary X .
If X is a paracompact topological manifold with boundary X, let be
X=X L X5 X is a paracompact topological manifold without boundary,

and let j: X & X be the inclusion on one of the summands.

3.14. DEFINITION. The Stiefel-Whitney classes 20, (X), o <7 <%, of
the paracompact topological manifold with boundary X, dim X = #, are

W, (X) = ;" W, (X).

3.15. THEOREM. If X is a paracompact topological manifold which admits
a differential structure, let T (X) denote the corrvesponding tangent bundle. Then

W, (X) = W, (T(X)) .

Proof. Let % be a Riemannian metric on X, and let % denote the product
metric on Y = X XR, where R has the canonic Euclidean metric. Let & be
the associated metric on Y. For any point x;€ Y there exists a positive
number 7, such that for any two points x,y,d (x,x,), d (¥, ¥y) < 7=,
there exists a unique ‘“small”’ geodesic xy which connects them; let 7 € xy
be his half. We identify the small tangent vectors with their image in Y
by the exponential map. To the pair (x, y) € B, (xy,7,) we associate the
point x € T, Y. In this manner, we define an homeomorphism:

o:THY Y | VCTX,
U being the covering W = {By(x0,7:)}, oy of Y
and V an open neighbourhood of the zero section in TX. We remark that the

involution A in T® Y corresponds by o to the antipodal map in VCTX.
Now the theorem follows from the Theorem 9.4, [3] and the definitions of
20, (X), and 20, (T(X)).

Note. In a further note we shall study the connection between the
Stiefel-Whitney classes defined by Thom and the classes W;(X) when the
manifold X has no differentiable structure.
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