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Topologia algebrica. — Cubical Polyhedra and Homotopy. Nota V
di Wropzimrerz Horszrviskr e JozeF Brass, presentata @ dal
Socio B. SEGRE. ’

RIASSUNTO. — Vedi la Nota IV, apparsa alle pp. 402-409, vol. LIII di questi « Ren-
diconti ».

§ 5. CUBICAL CARRIERS. CATEGORY CH.

We will state and prove the cubical carrier theorem based on (4.8).
Let G = {g,:(V,Vo) > (W,Wy);2€T} be a family of cubical morphisms
admitting a common carrier (see [2], Definition 1.1). We define the acyclic
cubical carrier E (G) of G as follows:

(5.1) Let Fp be a face of V.
E(G) (Fy) = C (carr (U £, (Fp).

[Note that by (4.8) carr (U £, (Fp)) is acyclic and that E(G) (Fg) C C (W)
for Fg CVo]. !

(5.2) DEFINITION. A chain homomorphism % :C (V) —C (W) is said to be
carried by E(G) iff 4 (Fg) € E(G)(Fg) for each FzC V.
[Note that % (C(Vo)) C C(Wo)].

(5.3) THEOREM. Let G = {g,: (V,Vo) = (W, Wo);2€T} be a family of
cubical morphisms admitting a common cubical carvier. Then there exists
a chain homomorphism h:C(N) —C(W) carried by E(G).

Proof. We define /_y=1dz:Z —Z. The proof proceeds by in-
duction. Suppose that %2 has been extended over all of C,(V). Assume
that Fge C, (V). v =4%(3Fp) is a cycle in C,(E(G)) (Fp). Thus, there exists
Y € G411 (E(Q)) (Fp) such that 87 =y. We define 4 (Fy) = 7.

(5.4) THEOREM. The map h given by the theorem (5.3) is unique up to a
chain homotopy carried by E(G).

Suppose that 4' and /42 are two chain homomorphisms‘ carried by E(G).
Let # =/4"—#4® We will show that /% is chain homotopic to zero. Note
that

hoy=hi1—i, =o0.

(*) Nella seduta del 9 dicembre 1972.
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We will inductively construct a chain homotopy A carried by E(G). We
define Ag = o. Suppose that A has been extended over all of C,(V) and
that A is carried by E (G). Let FgeC, (V).

vy = (A%) (Fg) —£(Fg) is a cycle in
Cir1 (E(G) (Fy)) for: :
5y = SAS(Fg) — 84 (Fg) = (h— A8) 8(Fyp) — S (F,) =
== /ZS(FB) - 8/Z<FB> = 0.
Hence there exists ¥ €C,yo(E(G) (Fp)) such that 8% = —v. We define
A(Fg) = ¥. This concludes our construction.

As an immediate corollary we have the following:

(5.5) THEOREM. LZet q: A1 — A be a cubical morphism of (V, Vo) — (W, Wp).
Then there exists a chain map h : C(V,Vo) — C(W,Wy) such that
#(Fg) CC (carr f,(Fy)) and h is uniquely determined up to chain homotopy.

Proof. Apply (5.3) and (5.4) to G = {¢}.

We will denote the chain homotopy class of # by C(g).

(5.6) COROLLARY. If G = {g,:(V,Vo) = (W, Wo)} is a family of cubical
morphisms admitting a common carrier, then Clg,) = Clg,) for every
t1,22€T,

Proof. Apply (5.4) to C(g,) and C(g,)-

(5.7) COROLLARY. [If cubical morphisms p,q:(V , Vo) — (W, Wy) are conti-
guous then C(p) = C(g).

(5.8) COROLLARY. Let g : (V,Vo) — (W, Wo) and 7, (W, Wp) — (U, Uyg)
be cubical morphisms. Then:

@) C(g,°9) =Clg)C(g)
6 tof g=1Ida:A A then C (¢): (V,Vo) — (V,Vy) = IdC(V,V“)o

Let Ch denote the category of chain complexes and chain homotopy
classes of chain maps. Thus we have obtained a functor C from the category
QPp of finite cubical pairs into Ch:

(5.9) (V, Vo) = C(V, Vo)

lg: (V,Vo) > (W, Wo)] = C(9) .
By (5.7) there is a factorization of the functor C:
(5.10) C=CoCyg.

The functor € :CQp — Ch is unique.
[CQo denotes here contiguous category restricted to finite polyhedra].

30. -~ RENDICONTI 1973, Vol. L1V, fasc. 3.
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(5.10) Remark. We will show that up to isomorphism C(V,Vy) does not
depend on the orientation. Let or’ be another orientation of the
cube I*. We define a natural transformation

I':C(V,Vg; or) - C(V,Vg; or)
as follows:
I ([Fg, or Fg]) = [or Fg: or'- Fg]- [Fg, or' Fg] .
It is easy to notice that
I'": C(V,Vo;or) = C(V, Vg; or)
given by
I ([Fg, or' Fg]) = [or' Fg: or Fg] - [Fy, or Fg]

is the inverse of I Thus up to the natural equivalence C does not depend
on the orientation.

§6. COMBINATORIAL HOMOLOGY OF CUBICAL POLYHEDRA

We are now in a position to define homology for cubical polyhedra.

(6.1) DEFINITION. Let G be a group.
df

H,(V,Vo; G) = H,(C(V,Vo);G)
H* (V,Vo; G) = H* (C(V, V) ; G).

H, (V,Vy) will be used to denote H, (V,Vy; 2).

We will now show that our homology satisfies a set of axioms that may
be considered as the combinatorial equivalent of the Eilenberg-Steenrod’s
axioms for homology.

(6.2) LEMMA. Let VoCV CI* be a pair of cubical polyhedra.  Let
i: C(Vo) = C(V) be the canonical injection. Then

Cdda: Vo —-V)=]7].
Proof. Put G = {Ida:Vo—-V}. 7 is carried by E(G). Hence by
(5-4) [[] = C (lda).

(6.3) LEMMA. Let VoCV CIA be a pair of cubical polyvhedra. Let j: C(V)—
C(V, Vo) be the canonical projection. Then C(1ds: (V, @) — (V,Vo)) =[/].

Thus the algebraic homomorphisms ¢ and ; are induced by the respective
cubical morphisms. From the definition of C(V,Vo) we have an exact
sequence

(6.4) 0 - C(Vo) = C(V) %> C(V,Vy) - o
for every pair of cubical polyhedra (V,Vp).
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From (6.2) and (6.3) we have H ([7]) = H(C(Ida: Vo — V)) and
H (/) =H{da:(V,2) - (V,Vy)). It is a standard conclusion in homo-
logical algebra that (6.4) gives us an exact sequence:

— H, (Vo) — Hy (V) = Hy(V,Vg) > Hy_y (Vy) = - - -

We now establish an excision axiom. Let (V,Vq) CI* be a pair of
cubical polyhedra. Notice that VN Inty Vo CI* is a polyhedron @af
x €V \Inty Vo then carr(x) is a face in V\Inty V). By considering
generators, we obtain the canonical chain isomorphism

C(V\IntyVo; Vo\Inty V) ~ C(V,Vy).
Hence, we have
(6.5) If (V,Vq) is a polyhedral pair in I* then
H(V N\ IntyVo; Vo\ Inty Vo) ~ H,(V,Vy),
and this isomorphism is induced by the inclusion‘

(V\\ Inty Vo ,Vo\ Inty Vo) — (V,Vo) .

§ 7. EILENBERG-STEENROD AXIOMS FOR FINITE CUBICAL COMPLEXES

There is a sequence of functors {H,}}° = from the category of finite
cubical pairs into the category of groups and a function 8§ = § (£,V, Vp):
H,{. (V,VO) . Hk (V,V()> - H'é__l(vo) SuCh that

1) If g: Ay —A is a cubical morphism of (V,Vp) into (W, W) then the
following diagram commutes:

H, (¢
H, (V,Vg) ————— H,(W,W,)
3 S
H/é~1(7> v
Hi i (Vo) ——= H (W)

2) Strong excision axiom.

If (V,Vp)CI# is a cubical pair and Ids: A — A is an inclusion mor-
phism of (V\ Inty Vo, Vo \ Inty Vo) — (V,Vy), then

H(IdA> . H(V\ Inty Vo, Vo \ Inty Vo) — H(V,Vo)

is an isomorphism.
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3) Exactness axiom.
If (V;VO)CIA is a cubical pair and Ida: A —~A is a morphism of Vj
into V, and of V into (V, Vj) then the sequence

(1dy) Hy (1dy)

H.
s Ha (Vo) — M 1, (V) - - HL(V, Vo) 2> Hy_y (Vo) —

is exact.

4) Homotopy axiom.

If two cubical morphisms p,¢: (V,Vg) = (W, Wy) are contiguous then
H(p) =H(g): H(V,Vy) - H(W,W,).

5) Dimension axiom.

If P=FgCI* is a vertex of I* then

H,(P)=0 for A7=o0.

§ 8. CUBICAL HOMOLOGY OF COMPACT PAIRS

Using results and definitions of preceeding sections we will define the
homology of a pair of compact topological spaces. Throughout this chapter
all spaces will be compact. Let us recall ([1], Property 3.8) that

QX , Xp) = lim (Ng(X , Xo), z'g : BCAeFinAX)).
We define the cubical homology of a compact pair.

(8.1) DEFINITION. Let G be a group.

H;(X,X,;G) XL léir_n(Hk(N‘;;(X, Xo);G), H,(73): BCA € Fin A(X))
H* (X, Xo; G) <= lim (H* (N3 (X, Xo); G), H*(#3) : BCA € Fin A(X)).

H, (X, Xo) will be used to denote H,(V,Vo;Z).
Let g: (X, Xg) = (Y, Yo) be a continuous map. Let us recall ([1],
3.9) that:

Q(g) = lim (Npg; ¢ (B)CAeFinA(X); BeFinA(Y)).

(8.2) DEFINITION.

H(g) L lim (H (N3 g); £ (B)CA € Fin A(X); B e Fin A(Y))

(in cohomological case there should be direct limit). Note that H is a functor

([1], 3-4)-
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§9. BOUNDARY OPERATOR, EXACTNESS, DIMENSION AXIOM

Let us now consider the boundary operator and exactness. Assume
that (X, Xg) is a compact pair. Let A€ Fin A(X). Let 7: X9 - X and
J: X = (X, Xg) be the canonical inclusion. Let A € Fin A (X).

From the exactness of the combinatorial cubical homology we have an
exact sequence:

o= H,(Nx, A;G) - H,(NA;G) - HINA,Nx, A;G) - H,_;(NA;G) —

Assume that A; € Fin A(X) and that A CA;. Then the following diagram
commutes

ceoos Hy(Nx, A1 G) — H,(NAj;G) = H, (NAy, Ny Ar;G) = H, ; (NxA;) —

<= H,(Nx,A;G) - H,(NA;G) - H;(NA;Nx, A;G) i H;—1 (Nx,A) —
Passing to the limit we obtain the sequence:

H, (7 H,(;
20 H,(X5G) A HL(X X3 G) > Hy (X3 G)—>

©.1) - —>H(Xo;G)

which is in general half-exact, in the sense that the composition of any two
maps is zero. But if G is a compact topological group, or a vector space over
a field then (9.1) is exact. [Look Eilenberg-Steenrod,  Foundations of
algebraic topology ”’, VIII, 5.6].

The cohomological analogue of (9.1) is always exact.

Let f: (X, Xo) — (Y,Yo) be a continuous map. Let A € Fin A(X)
BeFinA(Y) and /' (B)CA. Axiom 3 of the combinatorial theory shows
that the diagram

§ H(N, /)
H(NA(X,X,) — HINB(Y,Y,))
g H(NG/)
Hzy (Nx, A) ——"— H;_1(Ny,B)
commutes. :
Passing to the limit we have the commutative diagram:
H, (/)
H (X, Xo) — 5 Hy(Y,Yy)
(9-2) 3% 3
" He o (f)
H: 1 (X,) _ e ()

- Hea (Yo)

(9.2) is the third Eilenberg-Steenrod axiom.
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We will now discuss the dimension axiom. Let P be a point. Then A (P)
consists of three elements:

Ai=(P,P) ; A= (P,2) and As=(o,P).

Q(P) = NA(P) C I?

NA (P) has one one-dimensional face given by:

B: {AZ’A3}“>{_“I’I}

B(Ag) =—1

BAg) =1
and two vertices: (—1,—1,1) and (1,—1,1). By (4.8)
(9.3) H,(P)=o0 for £=Fo.

(9.3) is the Eilenberg-Steenrod dimension axiom.

§ 10. HOMOTOPY AXIOM. EXCISION AXIOM

(ro.1) LEMMA. Jf f,g: (X, Xo) > (Y,Yo) are continuous maps such that
Q(f) and Q(g) are contiguous then H(f) = H(g).

Progf. It is a’consequence of (II., 1.27).

(10.2) THEOREM (Homotopy axiom). Let f and g be a pair of homotopic maps
Srom (X, Xo) = (Y,Yo). Then H(f)=H(g): H(X, Xo) — H(Y,Yy).

Proof. By the Theorem 3.9 in [2] Q(f) and Q(g) are contiguous.

Let (X, Xo) be a compact pair. Let UCX be an open subset of X
such that UCint Xo. We have the canonical inclusion map 7: (XNU,Xo\U) -
(X, Xg). Notice that there exists G = (G_1,G1) € A (X) such that G_; C Int X,
and G; C X\U. Note that finite subsets A(X) containing G are cofinal
in Fin A(X). Furthermore, the family of all subsets of A (X\U) of the
form 77'(A), where G € A € Fin A(X) are cofinal in Fin A(X\U). Thus
to show that

H(G): HX\U, Xo\U) - H(X, Xo)
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is an isomorphism we need only to show that:
(10.3) C,(N5 ™) NFY(A) (X\U, X,\U) - NA(X , X,)

is an isomorphism for finite subsets A of A (X) containing G. Let
a: A —77(A) be the canonical map. Let us recall ([2], Theorem 2.6) that
the following diagram commutes

NL(A) (X\U, X, \U) —— N (X \U, X,\U)

(10.4) « Idy

12
NA (X, Xg)

(10.5) LEMMA. If G és an element of A then
C(Ida) : C(NL(X\U , Xo\U)) - C(NA(X, Xy))

is an isomorphism in the category Ch.

Proof. Let /2 €C (Ida).
i) Clearly % is an injection.

ii) Let Fy be a face of NA(X, Xg) such that Fg=f=0 C(NA(X, Xo)).
Let BCA be the domain of B. Note that G € B and B(G) = 1. [Otherwise,
Fg would be zero in C(NA (X, Xj)), because G_1 NG1C G_1C Xo]. For
similar reasons

N{Gue:e=B@ or a€e ANN}N Xo=Fo .
Hence Fg is also a non-zero chain in C(N,(X\U , Xo\U)).

Passing to the contiguous level we obtain the commutative diagram:

Ce (o)

C, (N7 (A) (X NU, X\UY) 7 C, (Na(X \U, Xo\UY)

Co (N5 Cy(1dy)

C, (NA (X, Xy))

By ([2], Theorem 2.4) Cg () is an isomorphism. By (10.5) Cg (Ida) is an

isomorphism. Hence Cg(Nfgl(A) 7) is an isomorphism. This concludes the
proof of (10.4). Thus we have:

(10.6) THEOREM (Excision axiom). Let (X, Xo) be a compact pair and let U be an
open subset of X such that UCint Xo. Let i: (X\U, Xo\U) - (X, Xo)
be the canonical inclusion. Then H(E): H(X\U , Xo\U) — H(X , Xj)
is an isomorphism.
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§ 11. CONTINUITY OF CUBICAL HOMOLOGY

Throughout this section (X, p,; #€T) is a representation of a compact
space X as limit of an inverse system (X,,2: #<S€T) of compact
spaces X,, z€T.

The proofs of the following lemmas are standard in the point set topology.

(11.1) LEMMA. For every finite A C A(X) there exists t€T and a Junction
S A= AX) such that p7 (f(G)) CG for every G € A.

(11.2) LEMMA. For every finite A C A(X,) there exists s>t and a Junction
FiA—=AX) such that
D) F(GC (TG
@) 0{m(G): G,9€eZl=0 iff N{m(H(G): (G ez} =
Jor every ZCf(A)x{— 1,1}

(11.3) Remark. (i) shows that p, induces cubical isomorphism

S (A)

N s (2): NpTH(F () =~ NfF(A) .
Assertions (11.1), (11.2), (11.3) and ([2], Theorem 3.4) imply:

(11.4) COROLLARY. For every finite A'C A(X) there exist t€T, ACA (X))
and a function f: A'-"°s A such that:

) HHS(R) CG for every G €A.
ii)  Morphism

57

N A(2): Np™H(A) > NA is a contiguonos equivalence.

_I(A
wi) For Av= A" Up ™ (A) a morphism = )Al : NAL > Np™t(A)

is a contiguous equivalence.

Thus we have the following diagram.

H(NA" -
4 H(Np™(A)) H(NA)
’ 1-17 0
H(NA) 4
|
H (X) H (X))

H(p,)
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H(NA", H(NA), H(NA;) and H(Ng ™" (A)) denote combinatorial homology
of respective polyhedra.
As a corollary we have:

(11.5) THEOREM (continuity). Cubical homology (and cohomology) theory is
continuous.
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