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Analisi m atem atica. — On Cesàro-Nörlund summability of Jacobi 
Series. N ota di R. S. C h o u d h a r y ,  presentata (#) dai Socio G . S a n s o n e .

R ia s s u n to . ■— Si dim ostra un teorema sulla som mabilità di Cesàro-Nôrlund dello 
sviluppo di una funzione definita in [■— 1 , 1] in serie di polinomi di Jacobi nei punti 1 e — 1.

Introduction

In  a previous paper published in this Journal (Choudhary, 1972),'I have 
proved a theorem  on the N örlund sum m ability of the Jacobi Series at the end 
point x  =  I .  The object of present paper is to prove the same theorem  under 
less stringent conditions by  superim posing the N örlund m eans on Cesàro 
m eans of order one.

L et Han be a given infinite series with the sequence of partia l sums { S n}. 
Let {p n} be a sequence of constants, real or complex and let us write

=  Po +  Pi +  Pz +  • * * +  Pn •

The sequence to sequence transform ation; viz.,

v = n \> — n
( L i )  t n p  P n  — v S v p  P\ )  —v > P »  O  ìrn v —0 rn v = 0

defines the sequence { tn } of N örlund m eans of the sequence { }, generated
by the sequence of constants { p n}. The series Za„ is said to be sum m able 
(N , p„) to sum S if lim tn exists and equals S.

If  the m ethod of sum m ability  (N , p n) is superim posed on the Cesàro 
m eans of orders one, a m ethod of sum m ability (N , p n) • (C , 1) is obtained [6], 
If  Gn denote the (C , 1) m ean of the sequence { }, then (N , p n) . (C , 1)
m ean of { SM } is given by

n
(1-2) T , =  prn k=0

The sequence { } is said to be sum m able (N , p n) • (C , 1) to the sum S,
if lim T n exists and equals S.

The conditions of regularity  of the m ethod of sum m ability (N , p n) are

(!-3) lim 47- =  o

(1-4), lim 2  \Pk \ = 0  I P„I .n —>oc k=0

(*) Nella seduta del io  marzo 1973.
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Two im portan t particu lar cases of (N , pf) sum m ability are (/) H arm onic 
sum m ability  when p n =  — -V  and (iì) Cesàro sum m ability  when

P n
n +  S — I 

§ —■ I § >  o .

2. The Fourier Jacobi expansion of a function f  (x) e L  [— i , i]  is 
given by

(2 . 1)

where

/  (X) ~  2  a n P(“’P) ( /)  >

(2  ̂+  a-f-ß +  i) r (» +  I) r  (« +  a +  ß-fi)
2a+ß+1 r  (n +  a +  I) r  (n +  ß + i)

X

X j ( I — ;r)a (i x f  f  (x) PÌ“,|3)( /)  d x
- 1

and Pia,ß) (V) are the Jacobi polynom ials of order (oc, ß ) , a >  —  i , ß > — i. 
The N th  partia l sum of the series (2.1) at the end point x  =  f  1 is given 
by (Obrechkoff, [2], p. 99)

TV

S» (I) =■ 2a+ß+1 j  (Sin x y +1 (cos f  f + /(c o s  9) P<“+Il’e> (cos <p) d 9 .
*0

Consequently,
TV

(2.2) S „ ( i )— A = 2 a+8+1Xm IJ s in -~ - j2a+1 (Cos ^-j2P+1 x
0

X [ /(c o s  9) —  A] P<a+1'ß) (cos 9) dcp .

Cesàro sum m ability  of the series (2.1) at the end point x  =  +  1 has 
been studied by Kogbetliantz [1], Szegö [5], Obrechkoff [2] and P andey [7]. 
R ecently G upta [3] and A uthor [4] have discussed the N örlund sum m ability 
of the series (2.1) at x  =  + 1 .  W riting

Cos
23+1(2.3) F  (9) =  [ /  (cos 9) -  A] (s in  “+1 (

the A uthor has proved the following theorem:

THEOREM A. L et (N , fin) be a regular N örlund  method defined by a real 
non negative, monotonie non increasing sequence o f coefficients { p n }, such 
that Pn oc., as n  -> oc then i f

(2.4) F i / )  =  J  I F(<p) I d9 = / ( I
P(i It) as /  o
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and

(2-s)

then the series (2.1) is summable (N , p n) at the po in t x  =  +  1 to the sum  A 
provided  — 1/2 <  a <  1/2, ß > —  1/2, and the antipole condition

b

(2.6) J (f +  / ) 3/2~3/4 1/0*0 ( d x  <  oc ,
- l

b fixed j is satisfied.
The object of present paper is to prove above theorem  under less 

stringent conditions by  superim posing the N örlund m eans on the Cesàro 
m eans of order one.

W riting

(2.7) <K<p) =  [ /(c o s c p )— A] ,

we prove the following theorem:

THEOREM. I f  (N ,pf)  is a N örlund  method defined by a real non negative 
monotonie non increasing sequence o f coefficients { p n }> then i f

t

(2.8) 'L O  =  J 14* 0 )1  d,p =  o ( / ) , t  —> o ,
0

then the series (2.1) is summable (N , p) • (C , 1) at the po in t x  =  1 to the 
sum  A, provided  — i / 2 < a < i / 2 ,  ß >  — 1/2 and the antipole condition

b

(2.9) j  ( i + x ) m ~m \ f ( x ) \ d x  < o c  ,
-I

b fix e d , is satisfied.
In  view o f the relation

p f ’V — *) =  (— v  p?*'* \x )

the corresponding problem at the po in t x  == — 1, can be solved in  the sim ilar  
manner.

3. For the proof of the theorem  we shall require the following lemmas.

Lemma i (Szegö [5], p. 167). For a , ß arbitrary and  rea l and  c a fix e d  
positive constant then

(3-i) Pia,e)(cos 0) =
e -a-l/2 Q ^-l/2x ^

o  (na) ,

c\n <  0 <  Tc/2 

o <  0 <  cjn .
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then

(3-2)

where

(3-3)

and

(3 4 )

Lemma 2 (Szegö [5], p. 190). I f  a > — 1, ß >  — 1, cjn<% < n —  cjn 

p'a-e> (cos 0) =  n~m k  (6) [Cos (N0 +  y) +

TvT 1 a ß ~f~ I / * I \N =  » + ------    , Y = —- ( a + y j -

Lemma 3 (Gupta [3]). The antipole condition (2.9), viz., the condition

b

J (1 +  x)m ~m  1/ ( 4 ) I dx  <  oc ,

implies fo r  ß >  — 1/2

TC

( 3- 5)  J  | / ( c o s 0) .
a — cos 1 b

which further implies

, 0 \0- l /2 1A
- A I ( cos — J d0 <  oc ,

1 \n

(3-6) j  I /  (—  cos /) — AI y  1/2) =  o (1) .

Lemma 4. Let

(3-7) M„_*(Ç):

and

(3-8)

where

m —n —k

4  +  i A )  2  Xw P£+1’W(cos9)

,ot+(B+l ”
N„(?) =  ^ 5 -----  S a M . _ 4(ç),

X =

- « £=0

2 a ß l  r ( ^- f "a " r ß +2 )  2 a ß l
* r  (a +  I) r (n +  ß +  I) , r  (a +  1) 

then fo r  o <  <p <  i jn,

(3*9) I N„ (9) I = 0  (^2a+2) .

wiOC-f-1
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Proof. U sing the order estim ate (3.1) we obtain in the range o <  <p <  i jn,

( n + l — k) m - 0

= o

P ^ +1,ß> (cos <p)

{n + l — k) —I,

O [(« —  k f a+2]

m =  n —k

V  m 2(X+ 2

Therefore

IN . (ç )|
a+ß + l

2  p)

=  o
2 a  +  2

2  A
" n k = 0

=  O X “+2) .

Lemma 5. For 1 jn < 9  <  TU— i/n,

(3.10) |N„(<p)| =  0 (V ‘- 1'2) (Sin^-j “ ä/2|Cos-|-j ß 1/2 +

+  O (n*~W) (Sin-|-)"“"S/2(Cos A \ “ ß“ 3/2 

Proof. From  Lem m a 2, we have

M„_*(<p) = S  PLa+13) (cos 9)(rc+ i—Æ) —0 ,

____ L___ " " v *  - ~°I~I3~1 w «+ i(sin  A r a^ 3/2 /Cos ? A 0~1/2
(n +  l - f  T ( * + i ) m  \ò m  2)  r ° S 2 X

m=n—k
X Cos{m<p +  pip —  YÌ +  O ^ ; + L ^ J 2

X (Sin i r ‘ M f c o s i

2~a —ß —1 

r(a-fii)TTu

x—1/2 X

=  S i +  22, say, where p =  +  i , y =  fa +  — \ ^
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Now

I Sa I =  O S i n ““ 5/2 (Cos * r ß“ 3/2 m~fÀkrn«-™
m —0(«+  I —k)

=  0  [ ( « - ^ ( S i n ± ) - - - W ( C o s ^ ) - p- ^ .

Also

Si
-cc —ß — 1 m —(n — k)I y

r(a+i)y7T {n+ 1  — k) ff!=0 

X Cos { m tp +  P<P —  Y }

w a + i/2 (s in - |. ]  “ 3/2 ( C o s ß 1/2 X

r ( a  -f I) _j_ j S i n ± r “" 8/2f C o s ^ " ß" 1/8 Cos ( y —  pep) X

m —n —k m = n —k

X 2  m a+1l2 Cos mep +  Sin (y — pp) 2  m a+T 2 Sin :
7« = 0 m=0

Again using A bel’s transform ation

m =  n — ks
and

2  ma+1/2 Cos mep =  O (^-— >è)a+1/2 (Sin --Ì , ^9  >  I
«=o V 2 /

y i  w a+1/2 Sin ^ 9  =  O (n — k)a+LI* (Sin
m =  0

«+1/2 IC;„ 9 '' - 1 ^9  >  I .

T hus we have

I i i  I =  O { ( n - k ? ~ m  (Sin | ) “ a' 5/2 (cos - | ^ P-1/2

Therefore

I M K_ (̂<p) I =  O { (» — /è)01-1/2 (sin  5/2 ß 1/2C o si r S- “ ) +

+  O j (« -  k f ~ ' m (Sin ± ) — W (Cos

and

Nk (Ç )I =  o t t Y *  P k i n — k f  1/2(Sin
£=0

a - l/2 /C;„ ç\-«-3/2 / ^  Jp\-3-3/2
+

o J  2  P, («— i f - 11* (Sin ± ) ~ M (Cos » ' - S- ‘S
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Now since
n k=[nl2 ]  k = n

2 > 1( « - r " , =  s  s  / . ( « - i r
k =  0 k=[n! 2] + l

-1/2

=  o  ( » - » )  2  A  +  O ^ , )  [(„ -  

=  o  ( » « - ^  P„ + 0  (»/„) « “- 1/2 

=  o  (»“- 1/2 PB).
Consequently,

I N„ (9) I =  O («“- 1/2) (sin V ) “ 5/2 (Cos - |)  ß 3/2 +  

+  O e«“- 1/2) (sin JL) - “- 5'2 (Cos 9 “̂ ß_1/2

L e m m a  5. For n ■— i/?z <  9  <  tu,

(3-1 *) I N w (9) I =  O (na+ß+1) .

Proof\ On substituting 9 =  tu —  t, we have

m — n—k

M"-*Op) =  (n  1 j_M S  P*+1’0)(cos 9)
'  ' / m — 0

m =  {n—k)

(n-\-i—k) “ 02  — T)m P ^ ,oc+1) (cos /), where o < t< i /n .

H ence using (3.1)

I M n_k (cp) I =  O
m — n—k

I a  -j- ß -f 1
(« + i —k) 2  »*“

m — 0

O (n — k) a -fß  +  l

and, therefore,

I N„ (9) I =  o *“ +fi+1 V ,
P 2mi PkVn k=0

since a +  ß > —  i

=  O («“+e+1)

4. Proof o f theorem . 
From  (2.2), we have

m = n
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T he C esàro-N ôrlund m ean of the series (2.1) at x  =  +  1 is given
n

-̂n Yd Pk Gn — k ( l)  •
r n  k = 0

Or
n

T n— A  =  Y j p k  [ B n - k Cl) — A]
r n  k =  Q

I
I j P kk=0

2 a + ß+1 
\ n + i — k)

m — n —k 

m — 0

x / ' +  «  (Sin —)2" +1 (Cos i )® +1 P<T « ’(cos T) dT ,
0

TC

=  I  ÿ (9) (Sin _ |j2a+1 |Cos _^j2ß+1 N„ (9) dqj .
0

In  order to prove the theorem , we have to show tha t

W rite

1 ^  “  j ^ ^  (Sin T“)2 + (Cos ~-)2ß+1 N » (?) dcp =  o (1) , as » 
0

l / n  8 TX — l / n  re

iw-J+j+j + j
0 1/« 8 TC--1/«

S being a suitably  chosen, sufficiently small constant. 

(4-1) =  l i  H~ I2 T- I3 ~T I4 , say.

In Ii, we use the result (3.9), and thus,

1 fn

III =  O 0*2a+2) J  I $ (9) I (Sin -|^2a+11'cos d<p
0

1 In

=  O (?Z2a+2) ^  I ^ (<p) I cp2a+l d9  

*0
1 In

=  O ( n )  j  I ip (9) I d9

361

by

OC .

(4.2) 0 ( 1 ) ,  from  (2.8).
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Again, m aking use of the result (3.10), we obtain

8

I I2 I =  O (na~112) f  I ^ (9) I (Sin j 3/2 d9
l /n

8

=  O ([na~1/2) I I ^ (9) I <pa- 3/2 CÌ9
l / n

=  O (*“- 1/2> [{o (9)} + 0  (nn~112) {0(9)} 9a- 5/2d9 ,
l /n

since § is chosen sufficiently small

— o  (ncc~1̂ ') -j~ 0  C1) ~t~ °  ( ^ a“ 1/2) I 9 a - 3 2̂ (Ì9

1 /n

(4.3) = 0 ( 1 ) ,  since a < 1 / 2 .

Coming to I3, we have

Is I =  O

+ 0

=  O

ÏÏ—1/«
oc —1/2

r e - 1  In

a -1/272

n —l/n

a —1/2

I 'I' (?) ! (Sin 3/2 (Cos — f +V2 d9 

I ^ (?) I (Sin | - j a 3'2 (Cos 1/2 d9 

1 / (cos 9) —  A I (Cos y )  (Cos - | j ß 1/2

+

d 9

8

+

+ 0
n—l/n

f  na ~ 112 \ f  (cos 9) — A
8

=  O (na~1/2)y from (3.5) 

(4.4) =  o (1), since a <  1/2 .

Finally, m aking use of the estim ate (3.11)

Cos ~

f  f e i n ^ 2Œ+1
- l / n

=  O (%a+ß+!) J  1 / (cos 9) — AI ^Sin —j2<X hl ^Cos ^ 2ß+1 <3̂
n — l/n
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1 In

=  O (Vza+ß+1) I/  (—  cos 9) — A I <pß~1/2 <pß+3/2 dçp
0
l / n

=  O (na~l/2) J  9ß-1/2 | / ( — cos 9) — A I d9 
0

— o (n a~112), from (3.6)

(4- 5) — 0 ( 1 ) ,  since a < 1 / 2 .

Com bining (4.1), (4.2), (4.3), (4.4) and (4.5), we have I (9) =  0(1). 
This completes the proof of the theorem.

5. Now since Theorem  A and Theorem  of this paper run  on sim ilar 
lines, it m ay be interesting to com pare the scope of applicability of the con
ditions under which these theorem s hold. We show below by m eans of 
examples, th a t for some special sequences { p n } the condition (2.8) of the 
present theorem  is less stringent than  the condition (2.4) of the Theorem  A.

The condition (2.4) implies tha t

(A)
t

^(9 ) =  I  I /(c o s  9) '— A I d9 =  o 
0

M illLl 
p ( i / / )  j

and from the condition (2.8) we have
t

(B) <K?) =  / I /(c o s  9) —  A | d9 =  o( t )  .
0

(a)  In  the case of harm onic sum m ability p n =  i / ( ^ +  1) and so tha t 
Fn ~  log n.

The condition (A) gives

while condition (B) gives
=  0 {WTJI) ■

T ( / )  =  o ( / ) .

(fi) In  à case for which p n — and so P „ ~  log2 (n +  i).
The condition (A) gives

V( t )

W hile condition (B) gives
log j t  1 ’

Y  (/) =  O (t) .

I am grateful to Prof. D. P. G upta for his kind advice during the p re
paration  of this paper.
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