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Presiede il  Presidente Beniamino Segre

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Teoria degli insiem i. — Global Results and Asymptotically Self­
invariant Sets. N ota di G. S. L a d d e  e S. L e e la ,  presentata (,) dal 
Socio G. S a n so n e .

RIASSUNTO. — Gli Autori, applicando il principio di confronto, dim ostrano due teoremi 
di carattere globale.

Questi teoremi sono usati per ottenere condizioni sufficienti per la stabilità e la parziale 
stabilità e criteri di lim itatezza per insiemi antiinvarianti asintoticamente.

i. Introduction

There has been m uch work done regarding the classification of different 
kinds of invarian t sets, nam ely, invarian t sets, conditionally invarian t sets, 
asym ptotically invarian t sets and conditionally asym ptotically invarian t 
sets etc. and the study  of L yapunov stability  relative to these various types 
of invarian t sets has provided a natu ra l fram ework to discuss m any weaker 
concepts of stability, th a t are useful in applications [3, 4, 5, 6, 7]. M ost theo­
rems on stability  or asym ptotic stability  of any kind of invarian t set (or 
other convenient set) are proved by dividing a neighborhood of the set into 
a num ber of suitable subsets and showing th a t the solutions have certain desired 
behavior with respect to these subsets. Thus, an efficient w ay of generalizing 
stability  theorem s is to prove some global results in term s of a rb itra ry  sets 
and apply  them  to study  the various problem s of stability  and boundedness 
[8, 9]. This approach enlarges the class of useful L yapunov functions and 
offers a great deal of flexibility.

(*) Nella seduta del io  marzo 1973.
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A lthough the partia l stability  criteria of the invarian t set has been 
discussed by m any authors [1, 2, 3, 10, 11, 12], partial stability  of other kinds 
of invarian t sets has not been studied so far. In this paper, we obtain two 
general results of global character using a single L yapunov function and the 
com parison principle. This natu rally  generalizes some results in [8, 9]. 
As applications of our global results, we obtain sufficient conditions for the 
stability  and partia l stability  criteria of an asym ptotically self-invariant set, 
which generalizes the work of Rouche and Peiffer [10].

We also note th a t it is possible to apply our results to several other cases 
such as the stability  criteria of conditionally asym ptotically invarian t sets, 
partia l restrictive stability  of an invarian t set, boundedness of asym ptotically 
invarian t sets etc.

2. M ain R esu lts  

We shall consider the differential system

(2-1) 4 r  > *  (*<>) =  x o .

and the scalar differential equation

(2.2) yu) , u ( t 0) =  U0,

where f  e C [R+ X E , R^] , E  being an open set in R w and g  £ C [R+ X R , R]. 
Let x  ( t , t0 , x 0), u ( t  , t 0 , u 0) denote any solution of (2.1), (2.2) through (t0 , x 0) 
and (t0 , uf) respectively.

Let Y be a subspace of R ” and let P be the projection operator from R** 
onto Y, i.e. P : R n -> Y. As usual, we denote by H , 3H , PH , the closure, the 
boundary  and the projection of H onto Y, respectively, for any  set H C R M.

The following m ain result offers a general set of sufficient conditions for 
preventing the so lutions'of (2.1) th a t start in a given set H C R ” from passing 
through any  given part of the boundary S>PH.

Theorem 2.1. A ssum e that

(i) V g C  [R+ X E , R] and  V  (/ , x) is locally L ip s  chit z i  an in  x;

(ii) there exist sets l i , I2 C R +, H C R M and  G C Y such that r x n  I2 =f= 0 ,  
H C E, and  G C 3PH;

(hi) a e C  [R+, R] and  V ( t , x) >  a (t) fo r  ( t , x) e R + X A, where 
A  =  [x e E  : Px e G];

(iv) x 0 e H , t0 e 1± and  V  (t0 , x 0) <  a (t0);

( v )  ^ e C  [R+ X R , R] and fo r  ( t 9x) e R + X B where B =  [ x e E :  P ^ e  PH],

D + V  ( t , x) =  lim sup -4- [V (t +  h , x  +  h f  ( t , x)) — V ( t , x)] <  
^->o+

< f ( b V
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(vi) A n y  solution u ( t , t0 , u0) o f the scalar differential equation (2.2) 
satisfies the inequality u f , t 0 , uQ) <  a (t) , t >  t0, provided u0 <  a (/0) 
and t0 e l 2. Then , there exists no t* > / 0 , / 0e I  =  I1n  I2 such that

(2.3) x  (t , t 0 , x  0) e B , t ,  e I/o , t*) and at ( f ,  t0 , x 0) e A.

Proof. Suppose th a t the assertion of Theorem  2.1 is false. Then there 
exists a t* >  t0 , t0 6 I =  l i  n  I2 such th a t (2.3) holds. This implies th a t 
x  (t*, t0 , x 0) e A. Consequently, by the assum ption (iii), we get

(2.4) V (t*, x  (t*, t0 , x 0)) >  a i f ) .

We set u 0 =  V  (t0 , x 0)} where t0 e I. Then, because of (2.3), we have 
x  fit , / 0 , ^ 0) e B  for t  e [tQ , £*). As a result, the hypotheses (i) and (v) yield, 
using a known com parison result [3], the inequality

(2.5) V ( t , x  ( t , t 0 , X q)) < r  ( t , t0 , ufi , t e [ t 0 i t*),

where r  ( t , t0 , u0) is the m axim al solution of (2.2). We now let x 0 e H .  
Then, by (iv) and the choice t0 e I, we have

V (V0 , x 0) <  a (t0) .

Since u0 =  V  (t0 , x 0) and t0 e I, we have u0 <  a (t0). This implies, by (vi) 
th a t

(2.6) r  (t*, t0 , u fi <  a (/*).

It therefore readily  follows from (2.4), (2.5) and (2.6) that

a (t*) <  V (t*, x  (t*> t0 , ^0)) <  r  (**, t0 , u0) <  a (/*).

This contradiction proves the theorem.
Suppose th a t the solutions th a t start in a given set are required to 

reach another given set in finite tim e and rem ain there for all future time. 
The next global result yields sufficient conditions for such a behavior of 
solutions of (2.1).

Theorem 2.2. A ssum e that

(i) V e C  [R+ X E ,  R] and  V ( t , x) is locally L ip s  chitzian in  x  ;

(ii) there exist sets F  C E , E 0 C E , l x C R + such that x 0 e F  , t0 e I x im ­
plies that x  ( f , t 0 , Xq) e C0 fo r  t  >  t0, where Co — \x  e E : Px € PEo];

(iii) g  € C [R+ X R , R] and  fo r  ( t , x) e R + x  C0 , D + V  ( t , x) <
<  g  f  ,V  ( t , x))-,

(iv) there exists a set D C  E0 such that D C Eo and  V  ( t , x) >  a (t) 
f o r  ( t , x) e R + X D o, where « e C  [R+, R] and  Do =  [x e E  : Px e 
e P ( E o \ D ) ] ;
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(v) there exists a set I2 C R + such that l i  O 12 ^  0  and a number 
T 0 =  T 0 (t0 , u 0) >  o , t0 e I2 , u0 >  o such that fo r  any solution 
u ( t , t 0 , Uq) o f (2.2), the relation

u ( t , t Q, Uq) <  a (t) , t  7> t0 f -  Tq , 4  e 12 >

holds.

Then, there exists a T  =  T  (4  , x Q) such th a t x 0 e F , t0 e I =  Ix n  I2 
implies th a t

Px ( t , t0 , at0) € PD, for t >  4  +  T.

Proof. Let ; r 0 G F a n d  t0 G I, so th a t b y  ( i i ) ,

x  ( t , t0 , ^ 0) G C0 , for t  > t 0 .

Set Uq =  V (4  , x 0) , /0 e I and T  =  T (4  5 #0) ~  T 0 (/0 , V  (4  , #0)).
Then, because of (i) and (iii), we obtain

(2.7) V  f  , x  ( t , t0 , x 0)) < r  ( t , t0 , u0) , * > 4 .

Let {4 }  be a sequence such th a t 4  >  4  +  T  , 4  G I and 4  -> 0 0  as k 0 0 . 

Suppose that, if possible,

* (4  , 4  , *0) e D 0 , for 4  >  4  +  T.

Consequently, the assum ption (iv) yields the inequality

(2.8) V (4  , #  (4  , t0 , #0)) >  a (4) .

This, however leads to a contradiction

* fo) ^  v  (h  y x  ( 4 , 4  , *0)) < ^ ( 4 , 4 ,  u 0) <  a (4) ,

because of the relation (2.7) and hypothesis (v) and thus, the proof is 
complete.

R em ark 2.1. The two theorem s th a t have been proved above include 
as special cases the m ain global results in [8, 9]. All th a t is required to 
verify this is to take li  =  I2 =  R + and Y =  K n, so th a t projection operator 
P becomes the identity  operator. Notice also th a t we have preferred to 
employ a single L yapunov  function instead of a vector L yapunov function, 
as was done in [8]. For our purposes, a single L yapunov function is quite 
sufficient. As will be seen below, it is possible to apply  our results to cover 
several situations of stability  and boundedness criteria including those which 
have not yet found their w ay into the literature such as the partia l stability  
of an asym ptotically  self-variant set.
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3. A pplications

Let us begin by giving applications of Theorem  2.1. Let M be a com pact 
set in R n and suppose th a t it is asym ptotically self-invariant with respect 
to (2.1). For the definitions of an asym ptotically self-invariant (ASI) set 
and its stability  criteria, see [3, 4, 6]. For any set M, let

S (M , p) -  [x-e R" : d (x , M) <  p],

where d (x  , M) is the usual distance of a point x  £ R n from the set M. The 
following result gives sufficient conditions for the stability  of the ASI set M.

T h eo rem  3.1. Suppose that

(i) V e C  [R+ X S (M , p) \  M , R] , V ( t , x) is locally Lipschitzian in  x  
and  V ( t , x) -> — 00 as d (x  , M) -> o and t  -> 00;

(ii) b e  C [(o , p) , R] and  fo r  ( t , x) £ R + X S (M , p) \  M, V  (/ , x) >  
> b { d ( x ,  M));

(iii) ^ e C  [R+ X R , R] and  fo r  (t, x) e R + x  S (M , p) \  M , D + V (t, x) <
<g( t , v  (^^));

(iv) For every r  £ (o , p), there exists a t  (f) >  o such that any solution 
u ( t  , t 0 , u0) o f (2.2) satisfies u ( t , t0 , u0) <  b (r), t > t 0 > r ( r ) ,  
provided u0 <  b (r). Then the ASI set M w ith respect to (2.1) is 
uniform ly stable.

Proof. Given s0 e (° > p)> there exist num bers S (s0) >  o and t  (s0) >  o 
such th a t x 0 e S (M , S) \  M , t 0 >  r  (e0) implies V (t0 , x 0) <  b (e0), because 
of the assum ption (i). W e set E =  S (M , p) \  M, H =  S (M , e0) \  M, 
G =  3S (M , ç0), Y =  R n, a( i )  =  b (e0) and 1± =  I2 =  [ t  (s0) , 00), so th a t all 
the hypotheses of Theorem  2.1 are verified. Hence the conclusion follows.

Rem ark 3.1. Suppose th a t the set M is self-in variant with respect to (2.1). 
I f  we assume, in Theorem  3.1, th a t V  ( t , x) —  00 as d (x  , M) -V o for 
each t  e R + and th a t t  (f) =  o for every r  e (o , p), then, we can conclude 
th a t the invarian t set M is equi-stable.

We recall th a t the stability  of the ASI set M is also called the eventual 
stab ility  of the set M [3].

Let us represent the system  (2.1) in an equivalent form by splitting it, 
nam ely

y ' = A { t , y , * )  . y ( t o ) = y 0,

^  ==/a ( t > y , z )  , z ( t 0) = z a ,

where x =  ( y  , s) , f  =  ( / ,  , / 2) and the vectors y , z  belong to R/’ and R"” '5 
respectively. Assum e th a t the set {o} is ASI relative to the system  (2.1).
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Denote by  (p) =  [y  6 : \\y || <  p]. Then we have

Theorem 3.2. A ssum e that
(i) V e C [R + X S f p )  \  {0} x R "  k, R] , V ( t , y  , z) is locally Lipschitzian  

in  y  and  z  and  V (/ , y  , z) —  00 as [| y  || +  || z  || -> o and t  00;

(h) ^ C [ ( o , p ) , R ]  and  V ( t , y  , z) >  b ( || y  ||) , f o r  ( t , y  , z) e 
e R + X S y (p) \  {o}X R ”“";

(hi) g  e C [R + X R  , R] and fo r  ( ; , y , ^ ) e R + x S ^ ( p ) \ { o } x  R* V
D + V ( t , y , z) =  lim sup — [V ( t + h , j  + h f1 ( t , y , z ) , z  + h f2 ( t , y , z ) )  —

^-»0+
—  V ( t , y , z ) ] < g ( t , V ( t , y , z ) ) ;

(iv) fo r  every r  £ (o , p), there exists a t  (f) >  o such that any solution 
u ( t  , t 0 , u0) o f (2.2) satisfies u ( t , t0 y u0) <  b (r) fo r  t  >  t0 >  t  (r), 
provided u 0 <  b (f). Then the AS I set X =  o ze/z/Æ respect to (2.1) 
A partia lly  stable.

Proof. Let s1 e (o , p) be given. Then, by (i), there exist num bers 
8 (Si) >  o , T (sjl) >  o such th a t || y 0 || +  || II <  8 (s^, t0 >  t  (s^  implies 
V(^0 ,T o ^ o ) <  Thus, setting E =  S^(p) \ { o } x R ^ ,  H =  [O ',# ) : ||vll +
+ l k l l < e i ] \ { o } ,  G =  P 3H =  [y 6 R^ : IIjvII =  £,] , Y =  R^, «(X) =  b (£l) and 
l i  =  I2 =  [ t  (sì) , °o), we see th a t all the hypotheses of Theorem  2.1 are 
satisfied. Hence the partial stability  of the ASI set x  =  o follows.

Rem ark 3.2. A lthough m uch work is done regarding the partia l stability  
of the invarian t set x  =  o , [1, 2, 3, 10, 11, 12], the concept of partia l stability  
of an asym ptotically self-invariant set has not been considered so far.

Next, as an application of Theorem  2.2, let us consider the following

THEOREM 3.3. A ssum e that the hypotheses o f Theorem 3.2. hold. Suppose 
fu r th e r  that (i) b (Y) is non-decreasing in  s\ and  (ii) fo r  every r  £ (o , p), there 
exists a t  =  t  (fi) >  o and  T  =  T  (V) >  o such that every solution u ( t , t0 , u0) 
of  (2À) satisfies u ( t , t0 , u 0) <  b (r) , t  >  fa  +  T  , t0 >  t .  Then the ASI set 
M w ith respect to (2.1) is uniform ly asymptotically stable.

Proof. Since, by  Theorem  3.1, the ASI set M is uniform ly stable, we have, 
for £0 =  p, a S0 =  8 (p) >  o such th a t r 0 e S  (M , 80) implies th a t x  ( t , / 0 , x 0) £ 
e S (M , p) , t >  t 0 . By setting F =  S (M , 80) , E 0 =  E =  S (M , p) \  M, 
and D =  S (M , 2 )̂ for any £ (o , p) and by choosing a (f) =  b (sx) we see 
th a t the conditions (ii) and (iv) of Theorem  2.2 are verified. T he other hypo­
theses of Theorem  2.2 m ay be verified as in Theorem  3.1. Hence, it follows, 
by Theorem  2.2, th a t if x 0 £ S (M , 80), then ( t , t0 , x 0) £ S (M , ej), for 
i > l o  +  T, thus proving the asym ptotic stability  of the ASI set M.

It is clear from the foregoing discussion th a t it is possible to apply  our 
global results (Theorem s 2.1 and 2.2) to prove results concerning the bound­
edness of ASI sets, stability  and partia l stability  criteria of conditionally 
asym ptotically  invarian t sets [5], etc., by choosing the sets E  , H , G , Y , F ,  D 
and the function a (t) in a suitable way.
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