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Relatività. — Periodically Extendible Space-Time Manifolds. 
N ota di John  R. P o r t e r , presen ta ta  (,) dal Socio E. B o m p ia n i .

RIASSUNTO. ■— Dal fatto che nella relatività generale una varietà com patta di tipo 
tem porale ha caratteristica di Eulero-Poincaré nulla, segue la non esistenza di varietà perio­
diche di tipo tem porale che posseggano ipersuperficie compatte di tipo spaziale. Ciò vale in 
particolare per varietà di tipo tem porale che posseggono campi di vettori di Killing.

Let M be a four-dim ensional C°° differentiable manifold without boundary 
and g  a pseudo-R iem annian m etric on M of signature ■— 2. The pair (M , g)  
will be called an E instein-L orentz manifold. The existence of g  on M implies 
the existence of a line element field on M. If  M is non-com pact this always 
exists, but for M compact, it constitutes a topological restriction in tha t the 
E uler-Poincare characteristic of M m ust vanish. For com pact E instein- 
Lorentz manifolds, this fact has been exploited by Porter and Thom pson [1] 
and [2]. This paper considers periodically extendible E instein-Lorentz 
m anifolds and compactifications of these for a certain subclass which does 
not in general have closed time-like curves which are objectional on physical 
grounds and which com pact E instein-L orentz manifolds necessarily possess.

M = 5 x IR

A n E instein-L orentz m anifold (M , g)  is said to be periodically exten­
dible if there exists an isom etrically em bedded E instein-L orentz manifold 
(M ', g )  w ith disjoint boundary  com ponents B 1 and B2 (aM =  
and Bi n  B2 =  9) and a d iffeomorphism 9 between Bx and B2 which induces 
the iden tity  on the first and second fundam ental forms. A  particularly  in te­
resting exam ple would be obtained with M =  S . X R ;  Bx =  S X J and 
B2 =  S X {V2.}l both space-like with respect to g  and 9 a di ffeomorphism bet­
ween Bx and B2 preserving the first and second fundam ental forms, see fig. 1. (*)

(*) Nella seduta del io  febbraio 1973.
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If  (M , g) is a periodically extendible E instein-Lorentz m anifold with 
(M ', g )  as before, then an E instein-Lorentz m anifold (M ", g ")  is obtained 
from by using 9 to identify points of B ± with points of B2. In  the
example, the resulting m anifold could have the topology S x S 1, but not 
necessarily. For example, there are two topologically distinct ways of 
obtaining a topological manifold from S1 X I by identifying S1 X {0} and 
S1 x { i } ,  nam ely the Torus and the Klein bottle, fig. 2.

Sx {0} — Sx {1}

Fig. 2.

If  (M ', g )  is a com pact E instein-Lorentz m anifold with boundary, 
th en !(M ,£ -) is said to have compact period. In  this case ( M rf, g n) will be 
com pact and the results on com pact E instein-Lorentz m anifolds from [1] 
and [2] m ay be employed. Am ong these results, the most interesting are:

Theorem i . Compact E instein-Lorentz manifolds o f P iran i—Petrov types 
I l f  N, and  C adm it neither perfect flu id s  nor non-null electromagnetic fields.

THEOREM 2. Compact E instein-L orentz manifolds o f P irani-P etrov  
types I I  and  D do not adm it Robinson—Trautm an vacuum solutions.

A pplication of these theorem s to the manifolds considered in this paper 
result in:

THEOREM T. Periodically extendible E instein-Lorentz m anifolds w ith  
compact period o f P irani-P etrov types I l f  N, and  C adm it neither perfect 

f lu id s  nor non-null electromagnetic fields.
Theorem 2'. Periodically extendible E instein-L orentz m anifolds w ith  

compact period o f P irani-P etrov types I I  and  D do not adm it Robinson— 
Trautm an vacuum solutions.
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Note th a t the above theorem s also apply to the following case. (M , g) 
possesses a com pact hypersurface S w ithout boundary and a Killing vector 
field transverse (nowhere tangent) to S. Then M ' =  {p  \ p  e M and 
p  =  F (s , f) for N e S and t  e [o , S]} is compact where F is the flow of the 
Killing vector field and § is less than  or equal to the in f of the flow times 
from points on S. The flow then defines a  diffeomorphism between S and 
{ x  I F  (s , S) for j e S }  which preserves the first and second fundam ental 
forms by virtue of the fact th a t it is the flow of a Killing vector field. In  
particular, if M ■ =  S X R and S is a com pact space-like hypersurface and M 
is stationary  or static, then the non-existence of certain solutions is given by 
Theorem s T and 2 '.

The objections against com pact E instein-Lorentz m anifolds on the 
grounds*that they  necessarily possess closed time-like curves can be elim inated 
if such m anifolds possess a space-like hypersurface without boundary. The 
m anifold can be cut apart along the hypersurface, giving an E instein-L orentz 
manifold with boundary. A leph-o  copies of this m anifold can then be glued 
together along their boundaries to obtain a non-compact E instein-L orentz 
m anifold which does not necessarily possess closed time-like curves.
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