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T op o log ia . — On the Betti number o f a compact special almost 
Tachibana space. N ota di S e i i c h i  Y a m a g u c h i e F u m izô  M a t s u ­
m oto , presentata (*} dal Socio G. S a n s o n e .

RIASSUNTO. — Gli Autori provano che il primo numero del Betti di uno speciale spazio 
com patto M, quasi Tachibana, è zero, e che il terzo numero del Betti di M è zero o un 
numero pari.

§ o. Introduction

Let M be a C°° ^-dim ensional alm ost H erm itian space with the structure 
tensor (<p * , g  I). M is called an almost T achibana space (resp. a special almost 
T achibana space) if the associated form is a Killing 2-form  (resp. a special 
Killing 2-form  with constant a (=|= o)). For such spaces, the following theo­
rems have been proved.

T heorem  A [io]. The first Betti number of a compact almost Tachibana 
space is zero or even.

T heorem  B [5]. In  a compact almost Tachibana space, a necessary and 
sufficient condition that a pure p-form  u be covariant almost analytic is that u 
is harmonic.

T heorem  C [11 ]. A n y  special almost Tachibana space is a 6-dimensional 
Einstein space.

THEOREM D [ i i ] .  Let M be a compact special almost Tachibana space 
with non-negative holomorphic bisectional curvature. Then M is isometric with 
a 6-dimensional sphere S 6.

The purppse of this paper is to study  harm onic 3-form s in a com pact 
special almost T achibana space and to prove the followings:

T heorem  i. In  a compact special almost Tachibana space, i f  u is a har­
monic 3-form , then O u is also harmonic, where the operator O is given by (1.8).

T heorem  2. The odd Betti number of a compact special almost Tachibana 
space is zero or even.

§ I .  Almost Tachibana space

Let M be an ^-dim ensional alm ost H erm itian space with local coordinate 
system  {x*},  alm ost complex structure cpf and m etric tensor g  . To the 
almost H erm itian  structure, a differential form <p =■ 1/2 qy â x 7f \ à x i can be 
associated, where (ju.= <?/gri-

(*) Nella seduta del io  febbraio 1973.



In  this section, suppose th a t M is an almost Tachibana space. Then, 
by definition, it holds th a t

( I-1) Vy 9ik +  V; <Py* =  O ,

where V denotes the operator of covariant derivation with respect to the 
R iem annian connection. Therefore, to the alm ost T achibana structure, a 
differential form

41 =  1/3 ! tyijh Ax1' A dxh

can be associated, where we put

^ijh — V,- <Py* .

Now, we shall recall some operators and identities between them  in 
M [4]. The operators T . y , ® ,  etc. are defined by

a = 0  0 a P
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For the forms u 0 , u± and u% of degree 0,1 and 2, we define Au2 =  o, 
Au± =  A% =  =  cux =  &u± =  o and Au0 =  A u0 =  Cu0 =  — ^ 0  —
y^o =  ci)u 0 =  C u Q =  O^0 =  0.

T hen the following relations hold good for any / ( > o ) - f o r m  u,

(1.13) (AL — LA) u =  ( m — p) u ,

(1.14) (dA —  Ad) u =  (1/2 c —  C) u  ,

(1.15) (TA —  AT) u =  (8 1/2 $) u ,

(1.16) (CL —  LC) « =  (® —  d) ^  ,

(1.17) (d L —  Lr) u =■— 4 ,

(1 .18) (SL ■— LS) u =  (F —  1/2 y ) « ,

(1.19) (y A —  Ay ) u  =  —  2 ^  ,

(1.20) (8A +  AS) « =■ o ,

(1.21) (AA —• AA) u =  —  1/2 (<L +  rS) ̂  —  3 (Ad +  dA) ^  ,

(1.22) (OA ■— AO) u-— —  1/2 (8y yS +  cd +  dc) u .

Let (w , u) be the global inner product of j{>-forms w  and u, then we have 
for a p -fo rm  u and a (p +  2)-form  v

(1.23) (Lu ,v )  =  ( u ,  Av) .

§ 2. Special almost Tachibana space

In  the following, we assume th a t M is a special almost T achibana space. 
Then, the associated form 9 is a special Killing 2-form  with constant a (=j=o), 
th a t is, it satisfies (1.1) and the equation

C2-1) Vi Vy 9a  =  — < g k j 9a  — Su 9jh + # u  <&•)•

T hen we can easily show oc >  o. In  M, the following identities are known
[ i i ] :

(2-2) R y^ <?rt =  —  2 occpy,- ,

(2-3 ) R =  5 * g ji .

(2.4) R =  30 a .

Let us pj-ove

P ro p o s itio n  2.1. In  M, we have fo r  a p —form  u

(2.5) (dA -f- Ad) u =  [C — (p —  2) aA] u  .
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Proof. M aking use of (2.1), we have after some complicated calculations 

6 (dA* +  A du \ . . . ip  =  3 ÿ *  V, u s,h . . . ip — 3 (J> —  2) oc<p" u ^ . . ,ip  

=  6 [Cu  — (J> —  2) a . A u \ i 3. . . ip .

This completes the proof.

P ro p o s itio n  2.2. In  M, we have fo r  a p-form  u 

(2.6) (AÄ — ÄA) « =  (SC — CS) u  +  (J> —  2) a (AS —  SA) u .

Proof. O perating S to (2.5), it follows that

SdA^ -f- SAd^ =  SCu — (A 2) ol8A u .

If  we apply d to (1.20), then

dSA^ +  dAS^ =  o .

Therefore, adding side by side of these identities and taking account of (1.20) 
and (2.5), we can easily find (2.6).

§ 3. P roofs of Theorems

In  this section, we suppose th a t M is a compact special alm ost T achibana 
space and u  is a harm onic 3~form. We divide the proof of Theorem  1 into 
several Lem m as.

Lemma 3.1. In  M, we have Au  =  0 fo r  u.

Proof. For u> the equation (2.6) can be rew ritten as

(3-1) AAu == SC?/ —- aSA^ .

On the other hand, m aking use of (2.2) and (2.4), it follows th a t 

(3-2) SCu — — 9 aAu .

Furtherm ore, we obtain

(3*3), SAu — L— 3 Au

by  virtue of 8u  =  o. Thus, with the aid of (3.2) and (3.3), the equation (3.1) 
reduces to

AAu =  —  6 cx.Au .

Consequently, the integral form ula

(AAu , Au) — —  6 a (Au  , Au) 

is true and therefore we get A u  =  o, because of a >  o.
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L e m m a  3.2. In  M, we have Au — Lu  =  o fo r  u.

Proof. In  the first place, we shall show Au ~  o. Applying'V,- to ^Jhk ttjhk =  o 
obtained by Lem m a 3.1 and taking account of (2.1), it holds th a t

(3 4 ) ¥ kk v,- um  =  3 %¥h ^ .

By the way, since the equation (àu)iJkk =  o holds good for u, if we contract 
this with {pJ'hk, then

(3-5) 3 ¥ hk Vy uhM =  V, um  ¥ hk ,

and we get with the aid of (3.4) and (3.5)

¥ ik  Vy U hki =  a - ¥ k Ujh i  ,

or

(3-6) Cu =  ocA% .

Hence, by m aking use of (1.21) and (2.1), it follows th a t 

(3-7) AA^ — — 2 aA^: .

M being compact, it m eans th a t Au =  o. In the next place, let us prove 
L u =  o. R egarding to m ~  p  =  3 and A^ =  o, we have A L^ =  o from 
(1.13). Then the integral form ula

o =  (ALu  , u) =  (Lu , Lu)

holds good, which m eans th a t Lu  =  o.

L e m m a  3.3. In  M, we have Cu =  cu — o and Vu =  yu =  o fo r  u.

Proof. Regarding to Lem m a 3.2, (1.16) and (1.17), we have

(3-8) L C ^ =  —  Tz/ , Leu — 4

for «, and consequently, by virtue of (1.14) and (3.8), it holds th a t <&u =  o. 
M oreover, it follows tha t

ALCzz -— LAC u =  Cu 

from (1.13), (3.8) and <$)u =  o, which denotes

LAC u  =  -— Cu .

Hence, the integral form ula

(LACu  , Cu) — — (Cu , Cu)

is true, which shows th a t Cu =  o.
Furtherm ore, by  virtue of Cu =  o and (1.14), we find cu == o. Sim ilarly, 

from Lem m a 3.2, (1.13), (1.15), (1.18) and (1.19), we can obtain Tu =  yu =  o. 
These complete the proof of Lem m a 3.3.
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Proof of Theorem 1. As the equations yu =  o and cu =  o are true for 
we can easily obtain Ä<$>u =  o from (1.22). This means th a t is harmonic.

Proof of Theorem 2 . The first Betti num ber of M is zero, because of 
Theorem  C and R >  o. M oreover by m aking use of Theorem  1 and the m ethod 
of [ I ] and [9], the th ird  Betti num ber of M is zero or even. This completes 
the proof.

The authors wish to express their sincere thanks to Prof. Y. Ogawa 
who gave criticisms and advice.
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