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Geometria differenziale. — Some theorems on Kéhlerian spaces
with parallel Bockhner curvature tensor. Nota di S. S. SinGH, pre-
sentata ® dal Socio E. Bompiant.

RIASSUNTO. — Proprietd degli spazi Kahleriani che ammettono un campo di tensori
di curvatura paralleli secondo Bochner.

1. INTRODUCTION

An 7 (= 2m) dimensional Kihlerian space K" is a Riemannian space
if it admits a structure tensor ¢, satisfying

(1) ® 9, 9, =—38,"
{1 A=y
h n_
where S, 1 o rky,
(1.2) P = "% (O = 008
and
(13> @Ak!u =0,

where the comma followed by an index denotes the operator of covariant
differentiation with respect to the metric tensor g, of the Riemannian space.
In a previous paper [3] ® we have proved the following

THEOREM 1.1. /n a Kdklerian projective symmetric space the scalar cur-
vature is constant.

THEOREM 1.2. A Kiklerian projective symmetric space is symmetric in
the sense of Cartan.

THEOREM 1.3. A necessary and sufficient condition for a Kihlerian space
to be Kihlerian projective symmetric is that the space be Kihlerian sym-
metvic in the sense of Cartan.

(*) Nella seduta del 10 febbraio 1973.

(1) As to the notations we follow K. B. Lal and S. S. Singh [2] and S. S. Singh [3].

(2) The numbers in square brackets refer to the References given at the end of the
paper.
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2. Kihlerian spaces with parallel Bochner curvature tensor
DEerINITION 2.1. A Kdhlerian space for which the Bochner curvature
tensor Kmf defined by~
k A 1 £
(2.1) K =R+ T {R,, 8, —R_ 3 —I—gk
Eguv R)xk + S?xv (Pu.k —_ Su.v CP)\/} + <P7\v Suk *

— %, S;“ -+ 2 Sm <pf +2 Sf (PML} _
R k £ P
BRI (8,9, _‘_gwsl TP —
—cpu.v (Plk + 2CP.11.L cpvk}’

satisfies
p
(2.2) Ko ,e =0,

is called a Kdihlerian space with parallel Bochner curvature tensor.
- We know that the Bochner curvature tensor of a space of constant
holomorphic sectional curvature vanishes identically. Hence we have

Remark 2.1. A Kihlerian space of constant holomorphic sectional cur-
vature is a Kihler space with parallel Bochner curvature tensor.

Again, since Rmf,s = 0 implies R;, .= 0; which further implies
K;\L,‘;\,"%,s = 0; we have the following

Remark 2.2. A Kihler space which is symmetric in the sense of Cartan
is a Kihler space with parallel Bochner curvature tensor.

DEFINITION 2.2. A Kaihlerian space for which the holomorphically pro-
Jective curvature tensor P, defined by

' I £
(2:3) P)\u f= Rkuv Ry 7 + 2 {Rkv w Ruv 87\ + SM Pu Su-v cplé +2 SML CPv/}} ’
satisfies
(24) P)\u.vk,s =0,
has been called a Kihlerian projective symmetric space ®.
If we put
AN R
(25) L)\M = R?\u — —*“*—*-2 T2 g)\u_
and
y . R
(26) MML = @, LO‘!L = SMI-— EXUEESY 7+ 2) CPNJ. ,

(3) K. B. Lal and S. S. Singh [2].
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K has the following form:
% % I % &
<27) Kkuv = Rluv + 7 -+ 4 [le 8u —_Lu.v 87\ +
+ g}\v :Ly,/é —_gu.v ka + M)\v cpuk - Muv CPAé —l_
+ <P}\v ]‘\‘/‘[y./é - cpuv M)\k + 2M7\u. ’:P\o)é + 2 (P)\y. ka] :

THEOREM 2.1. A Kdhlerian space K" with parallel Bochner curvature
tensor is symmetric in the sense of Cartan.

Proof. Multiplying (2.7) by g, and differentiating with respect to x°
we get

(2.8) K o e = Rippare T ﬁ (800 Loy e — &0 Lye +
& Lo e 8w Laae T Puo My, . —
e Myt M, —e,, M, +
+29,M,, +2¢, M ].

Again, multiplying (2.8) by ¢*" and taking into account (2.2) we obtain
1 v
<29) le,s + m [LA&;E_—glmgM Lu_v,a + L)«.o,s —_
_ nLAm,s _ <Pu.mguv M)u;,s — CPM Muw,a gl’«" +
| + 2 vawgw Mly.,s + 2 (P)\ugkw Mvm,a] =0.

It has been verified that the metric tensor g;; and the Ricci tensor R,
are hybrid in 7 and ;j and thereby these tensors satisfy

(2.10) &y = Gen P P
and
(2.11) R,, =R, o ¢
By virtue of (2.10) and (2.11) we have
(2'12> cpy.mguv M?w,s = cP)x\ogMV My.m,e = vacoguv MML,;
{ R,E glm
= CP)\y.glw Mvw,a = le,s_ 2 (n 4 2)

On using the above relations in (2.9) and making some simplifications
we obtain

R,E e

(2.13) Rm,s—mz

ie.

(2.14) Lyo,-=0.
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Using (2.14) in (2.8) and taking into account (2.2) and (2.6) it follows
that

R)\U.V(L),E =0,
which shows that the space is Kéhlerian symmetric in the sense of Cartan.
This proves the statement.

Since, an Einstein Kahler space is a special one of the Riemannian spaces,
. . . 3 .
in which the Bochner curvature tensor reduces to U,,," given by

2 def

R
(2'15> U;\w = R;\mk + ) [gkv Suk _guv 8)\/% ‘I‘

n(n+ 2
+ @5, @, —®,, 91 + !
<P7w cPu, cPu,v CP)\ 2 (P)\u CP\, ] )
as immediate consequence we have the following
COROLLARY. A Kdhler Einstein space with parallel Bochner curvature
tensor ‘is symmetric in the sense of Cartan.
By virtue of the above Theorem 2.1 and Remark 2.2 we can state
THEOREM 2.2. A necessary and sufficient condition for a space K" to be

a Kéhler space with parallel Bochner curvature temsor is that the space be
Kihlerian symmetric in the sense of Cartan.

In view of Theorems 1.3 and 2.2 we have the following
THEOREM 2.3. Kaihlerian spaces which are symmetric in the sense of Cartan

are the only spaces whickh are both Kdklerian projective symmetric and a Kihler
Space with parallel Bochner curvature tensor.

Further, from Theorems 1.3 and 2.2 we also. have
THEOREM 2.4. A necessary and swficient condition for a Kéhler space K"

to be Kihlerian projective symmetric is that K" be a Kdhler Space with parallel
Bochner curvature tensor.

Moreover, from the Remark 2.1 and Theorem 2.1 we have

THEOREM 2.5. A4 Kdhler space of constant holomorphic sectional curvature
is Kéhlerian symmetric in the sense of Cartan.
Furthermore, the tensor K,,, defined by

def 1 e €
(2.16) KN’-" = Ru.v,k —_— R)\V,u —I— m <ng BM _guv 3}\ +
+ CPAv cpp.e _ cPu.v (PRE + 2 CPNJ. (Pva) R,s
satisfies the identity

-4 ”n

(2.17) KMJN ™ = m K;\u‘v .

Therefore, on using (2.2) we have

THEOREM 2.6. [n a Kikler space with parallel Bochner curvature tensor
the tensor K,,, vanishes identically.
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3. Kabhlerian spaces with vanishing Bochner curvature tensor

DEFINITION 3.1. A Kékler space for which the Bockner curvature tensor
satisfies

<3I> K)\u,vk =0,

is called a Kihler space with vanishing Bochner curvature tensor.

Since, a Kahlerian space with vanishing Bochner curvature tensor is
a special one of the Kahlerian spaces with parallel Bochner curvature tensor,
as immediate consequences we can state the following theorems:

THEOREM 3.1. A Kdihlerian space K" with vanishing Bochner curvature
tensor is Kdéhlerian symmetric in the sense of Cartan.

Proof. The proof follows from Theorem 2.1.

THEOREM 3.2. A Kihlerian space of constant holomorphic sectional
curvature is a Kdhler space with vanishing Bockner curvature temsor.

Proof. The proof follows from the Remark 2.1.

THEOREM 3.3. A Kdihler space with vanishing Bochner curvature tensor
is Kdhlerian projective symmetric.

Proof. The statement follows from the Theorem 2.4.

Further, we have

Remark 3.1. The converse of the statement in Theorem 3.1 is not
necessarily true.

Remark 3.2. The converse of the statement in Theorem 3.3 is not
necessarily true.

The author is thankful to Prof. K. B. Lal for his helpful guidance
during the preparatlon of this paper.
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