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Geometria differenziale. — On Kdihlerian projective symmetric
and Kéhlerian projective recurrent spaces. Nota di S. S. SINGH, pre-
sentata @ dal Socio E. Bomprant.

‘'RIASSUNTO. — In una precedenté Nota ) ho definito e studiato spazi kihleriani
simmetrici e spazi kahleriani ricorrenti. Questa Nota concerne lo studio di alcune proprieta
di spazi kahleriani proiettivi simmetrici e kihleriani proiettivi ricorrenti.

1. INTRODUCTION

An 7 (= 2m) dimensional Kihlerian space K" is a Riemannian space
which admits a tensor field ¢,* satisfying

(1.1) @ 9, 0 =—3)

(1.2) P =" (P, =8, 09
and

(1.3) ? =0,

where the comma followed by an index denotes the operator of covariant
differentiation with respect to the metric tensor &;; of the Riemannian space.
The Riemannian curvature tensor is given by

Row' = 2 ) =)+ Bl o) = (1) @

the Ricci tensor and the scalar curvature are respectively given by Ry, = Ru,”
and R =g R,,.

It is well known that these tensors satisfy the following identities [4]

(1.4) Row’ « = Ruva — Rowu,
(1.5) R)=2R) .,

(1.6) ¢ R, =—R, 0%
(.7) % RS =Rrq}

(*) Nella seduta del 13 gennaio 1973.

(1) The numbers in square brackets refer to the references given at the end of the paper.
(2) All Latin and Greek 1nd1ces run over the same range from 1 to 7.

(3) 3 9/347)‘, where {;L } denotes real local coordinates.
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We also have [2]

(1.8) 9 RYe =—R/
and
(1.9) 0, RmX =o0.

If we now define a tensor Sy, by
(1.10) Sm = ¢, R,

then we have

(1.11) Sy = —Sw,

(1.12) #" S, = — S, 9%

and

(1.13) P,* Suv,a = Ru)\,v “ va,u'

The holomorphically projective curvature tensor is given by

(t1g) P, =R, ‘+ R, 3, — Ry 8,  +Su9,  —Sumo’+25, 0k

n—|—2<

whereas the Bochner curvature tensor Kj,u, = Kmfgwé is defined by

(I'IS> Klu.vé = :R)\y.\;é + (Rlv R Ry.v 87\/% _.— Env R(J.k _gy.v R)\k +

n+4
+ Slv (Py.k——su,v cplk+(Plv Su.é-—.@. S k—!—ZS)\u. cpvk—i_chlu.svb)_

R )] )3 )3
— o eTy @S e Fee —e, e T 2e,0).

2. KAHLERIAN PROJECTIVE SYMMETRIC SPACE

DEFINITION 2.1. A Kihlerian space satisfying
(2.1) Pyt .=o0 or equivalently Pjyy,,c =0
shall be called a Kihlerian projective symmetric space.

THEOREM 2.1. [n a Kdhlerian projective symmetric space the scalar cur-
vature is a constant.

~ Proof. From (1.14) and (2.1) we have
(2.2) R)&p.v“,a = — nITz (R)\v,a 8;;.“ - Ruv,a Ska +

+ S?w,oc <Pu.a - Spw,a (Pla + 2 S?xy.,ac cPva> :
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2

Making some simplification with the help of (1.13) we get

<23> R?xu.va,a - n + 2 (R}v W u,v,)\>y

which on using (1.4) gives
(2~4) Ry o =0 when #==2.
Multif)lying (2.4) by g we obtain
Ry, = 0.
Using this relation in (1.5) we get
R,=o0
i.e. R is a constant.

THEOREM 2.2. A Kdhlerian projective symmetric space is symmetric in
the sense of Cartan.

Progf. Multiplying (1.14) by g, we get
(25 Prno= Ripo —FT_:T{ (R €0 Ry &30 755, P —S,, 05, +25,,9,)
which in view of (2.1) gives
(2.6) Rivoe = ﬁ; [Ryye 8o — Ry Eio +
+ Sie Puo Sgy,a Pro + 2 Sm,; Pus] -
Multiplying (2.6) by g% and using theorem 2.1 we obtain

(27) . le,s =0

which implies that R;, .= o. Hence from (2.6) it follows that Rouve,e = O.
Therefore, the space is Kihlerian symmetric in the sense of Cartan @,

Remark. It may be remarked that a Kiahlerian symmetric spéce in the
sense of Cartan is a Kihlerian projective symmetric space.

In view of the above Remark and Theorem 2.2 we can state the following
theorem:

THEOREM 2.3. A necessary and sufficient condition for a Kéhlerian space
to be Kdhlerian projective symmetric is that the space be Kihlerian symmetric
in the sense of Cartan.

(4) K. B. LAL and S. S. SINGH [1].
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3. KAHLERIAN PROJECTIVE RECURRENT SPACE

DEFINITION 3.1. A Kihler space satisfying
(3I> P?\p.vé,a = Q. P)xu,vk

for some non-zero vector a., shall be called a Kihlerian projective recurrent
space.

THEOREM 3.1. A Kdhlerian recurrent space is Kéihlerian projective ve-
current.

Progf. A Kihlerian recurrent space is characterized by
(3-2a) Rkuj,s = a. Rxw,é
or equivalently by
(3:2b) Riue,e = @ Ry

for some non-zero vector a..
Multiplying (3.2 b) by g* we get

Riwe=a. Ry, .

From (1.14), in view of the above relation and (1.10) it follows that
Puw' e = @ P’

which shows that the space is Kéhlerian projective recurrent.

THEOREM 3.2. Ewvery Kdhlerian projective recurrent space is a Kdéhlerian
recurrent space with Bockner curvature, '

Proof. Let the space be Kihlerian projective recurrent.

Substituting in (3.1) from (1.14) we get
1 P : 4 & A
<33> R)xu.vk,s + 'm <8u R)\v,a—— 87\ Ry.v,s + <Pu. S){v,s' _ CP)\: Su.v,s + 2 va S)\u,s =
‘ 1 , %
=a, [R;\u‘f + Py (3, Ry — 8; R, + cpr S @ S, +2 cp\"é SM)] .
Multiplying the above equation by g*¥ and making some simplifications

with the help of (1.8), (1.9) and (1.10) we obtain

(3.4) Rf.—aRé="1(R.—aR) s

B
Multiplication by gz, reduces (3.4) to

- <3S> R?\m,s - as R)xco = (R,s — as R) g?xo) °

I
n
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Now from (1.15) we have

% & I k % %
(36> Kly.v e R)\y.v ,E + 7+ 4 <8u RM’E - 87\ R““”E +g7\v Ry. e

£ % 3 %
*guv R?\ N + cpy. Slv,s_- (PA Su.v,; + CP;\V Su. ,s_—

—— (Pu.v Skk,s + 2 ‘:Pv/é S)\u,e + 2 CPN.L Svk,s> -

R, £ £ £ £ N
T T B S TS T e, 9 T2, 9,),

which on using (3.4) and (3.5) reduces to

R, — a, R)
(37) K?nu.vk,s — Qe ‘K)\y.vk = R)\u.vk,s — Q¢ R)xu.vk —I_ —W .
' [gkv Sué _gy.v Slk + cP)w cpy.k - cpy.v (P}\é + 2 CP)\U. (Pf] .

Again the relation (3.1), after some simplification gives

(R ,—a.R)
(38> R}.y.vk,s — Qg ]Kky,v'é + W .
18,8, —£, 3" + o9, —e,0 +20,9T=0.
From (3.7) in view of the above equation it follows that

;& p
‘Kku.v e T Q¢ K;\w, = 0.

Hence the space is Kéihlerian recurrent with Bochner curvature.

THEOREM 3.3. A wmecessary and sufficient condition for a Kdihlerian
projective rvecurvent space to be Kdhlerian recurvent is that

(3.9) R.,—aR=0

’

holds.

Proof. A Kabhlerian projective recurrent space satisfies the relation
' (3-16} Py e —a. Py = 0.
Let the space be Kihlerian recurrent, then we have
(3.11) Ry e —a. Ry =0

for some non-zero vector a,.
From (3.10) it follows that

R.—aR=o0.

Hence the condition is necessary.



8o Lincei — Rend. Sc. fis. mat. e nat. — Vol. LIV — gennaio 1973 [80]

Conversely, let (3.9) hold.
A Kaibhlerian projective recurrent space satisfies the relation

(3.12) Ry.—a R, =—-R_ —aR)g,,.

1
A, 7

which in view of (3.9) reduces to

(3-13) Ry —a. R, = o.

Using this relation in (3.1) it can be easily verified that
Ry’ e — 2. Ry =0,

showing thereby that the space is Kihlerian recurrent.
Therefore, the condition is sufficient. This completes the proof.

THEOREM 3.4. A necessary and sufficient condition for a Kdhlerian projec-
tive recurvent space to be Kdhlerian recurrent is that the space be Kdihlerian
Ricci—recurrent.

Proof. Let us suppose that the Kihlerian projective recurrent space is
Kahlerian recurrent, then evidently it is Kahlerian Ricci-recurrent. Hence,
the condition is necessary. S

Conversely, let the space be Kihlerian Ricci-recurrent. In such a space
we have the relation

(3' I4> R)\u.,s — Qg RNJ- = 0.
Hence, from (1.14) in view of (3.14) it follows that
P)\u.vk,s‘—' 223 P>\uvk = Rluvk,s —ds R)xuvk .

Using the fact that the space is Kihlerian projective recurrent the above
relation gives

‘ 4 b
(315> R?\uv e T Qe R)xp;v =0
which shows that the space is Kahlerian recurrent.
Therefore, the condition is sufficient. This completes the proof.

THEOREM 3.5. [If a Kdhlerian space satisfies any two of the properties:
(1) The space is Kihlerian projective recurrent;
(2) The space is Kéhlerian recurrent;
(3) The space is Kdhlerian Ricci-recurrent

it must also satisfy the third.

Progf. Kihlerian projective recurrent, Kihlerian recurrent and Kibhle-
rian Ricci-recurrent spaces are respectively characterized by the relations

(3I6> P?\u.vk,e — Q¢ P?xu.vk = 0,

(317) . R)\u.vk,s — Qg R)\p.vk =0,
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and
.18 R;\ug——dsR)\u=O.
3 w,

Further, we have

(3 19> P?tu.vk,'e — Q¢ P)»uvk == Rlu.vk,:-: — Qg Rkuvé +

+ n—jj‘; [Sp.b (R?\v,s — Qg R)w) - 87\)é <R$“,’E — Q R;Lv) +

+ (Pu.k (Slv,a - aa S)\v) - Cplk (Sp.v,s - as Sy.v> + 2 ‘:Pv)é (SN.L,E - as S?\u>]‘

The statement of the theorem follows in view of (3.16), (3.17), (3.18)
and (3.19).

Acknowledgement. 1 acknowledge my grateful thanks to Prof. K. B. Lal
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