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Analisi funzionale. — On a 7heorem of Reinermann . Nota di
S. P. SingH, presentata @9 dal Corrisp. G. FicHERA.

RIASSUNTO. — Viene dato un teorema che generalizza quello di Reinermann sul punto
unito di una trasformazione g -- /% (g non espansiva, % fortemente continua). Da questa gene-
ralizzazione & possibile dedurre, come corollari, altri noti risultati.

Reinermann [7] has given the following theorem.
Let X be a uniformly convex Banach space and C be a non-empty, closed,
bounded, convex subset of X. Let

f:C—C,
g:C—>X,
h:C—X,
be such that
a) [f=g+h
b) llgx)—g Wl <|lx—y| for all x,y in C, (g is called non-
expansive),

¢) /4 is strongly continuous i.e. if x, converges to x weakly then /Zx,
~ converges to 4x strongly.

Then f =g + /% has at least one fixed point in C.

The aim of this note is to prove a more general theorem and to obtain
a few known results as corollaries. v

We need the following preliminaries:

Let X be a Banach space and let A be a bounded subset of X. We define
o (A), the measure of non compactness of A, to be

inf. {e > of/A can be covered by a finite number of subsets of dia-
meter < e} (Kuratowski [5]).

Let T: X - X be a continuous mapping such that
a(TAN<E  a(A)

for any bounded subset A of X. Then T is called £-set contractive if £ < 1.
(Darbo, [3]). If 2= 1, then T is called 1-set contraction. (Nussbaum [6]).

In case when « (T (A)) < « (A), for any bounded subset A of X such
that o (A) > o, then T is called densifying (Furi and Vignoli [4]).

(*) This research was partially supported by NRC-Grant A-3097.
(**) Nella seduta del 13 gennaio 1973. :
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A contraction mapping (|| Tx — Ty|| < £||lx — y|| for all x,y in X and
0< /%< 1) and a completely continuous mapping (A continuous mapping
that maps a bounded set into precompact set is called completely conti-
nuous.) are examples of densifying mappings. A non-expansive mapping
is an example of 1-set contraction mapping.

Let C be a non-empty, closed, bounded and convex subset of a Banach
space X and let T:C — C be a densifying mapping. Then T has at least
one fixed point. (Furi and Vignoli [4]).

Let X be a reflexive Banach space and let C be a closed convex subset
of X. Then every strongly continuous mapping T:C — X, is cornpletely
continuous.

THEOREM 1. Let X be a reflexive Banach space and let C be a non-empty,
closed, bounded and convex subset of X. Let

f:C—=C,
g:C—>X,
£2:C—X,
be such that
Q) f=g+n

b) g is 1-set contraction and (1 —g) s demi-closed ©,
¢) h is strongly continuous.
Then f Jas at least ome Jixed point.
Remarks. (i) If X is a Hilbert space and g is non-expansive, then 1 — g
is demi-closed [1].
(ii) If X is uniformly convex Banach space and g is non-expansive,

then 1 —g is demi-closed [2].

Proof. Let 4 be a fixed positive number less than 1 and let o€ C. Then
the mapping 4g + 4% is a densifying mapping and has a fixed point by
a theorem of Furi and Vignoli [4]. Let £, be a sequence of numbers such
that o < %, <1, and 4, 1. Let {1, } be a sequence of points such that

ko g2y, + by, =2, xy in C.

Since X is a reflexive Banach space and {x, } is bounded, therefore the
sequence {x, } has a weakly convergent subsequence {x;, } converging to x
in C. Then the fact that x, T8, — hxk” (#,,— 1) (gxk — hxy, ) and

/mc/é ~converges strongly to 4x 1mply that gy g;vc,é converges strongly 'to 4.

(1) If x; cdnverges weakly to x in C and (1 —g)x; converges strongly to y, then
(1—g)x =y.
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By assumption 1 —g¢ is demi-closed, therefore

(1—g)x = hx,
ie. x=gx + hx = fx.
Thus the proof.

COROLLARIES — 1. /% case X is.a uniformly convex Banack space and gis
a non-expansive mapping, then we get the above quoted result due to Reiner-
mann [7].

A uniformly convex Banach space is reflexive and a non-expansive
mapping is clearly 1-set contraction. (1 —g) is demi-closed by Remark (ii).

— 2. The following known result, due to Zabreiko, Kachurovsky and
Krasnoselsky [8], can be obtained as a corollary to Theorvem 1. Let C be a
closed, bounded, convex subset of a Hilbert space H. Let f:C —C be a non-
linear operator such that f = g + k; where g is non-expansive mapping and h
is strongly continuous. Then f has at least one fixed point in C.

Proof. Clearly, a Hilbert space is uniformly convex and g is non ex-
pansive. By Remark (ii) (1 —g) is demi-closed and therefore all conditions
of Theorem 1 are satisfied and f has at least one fixed point in C.
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