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Analisi funzionale. — On a Theorem of Reinermann  (*b N ota di 
S. P. S i n g h , presentata (**} dal  Corrisp. G. F i c h e r a .

RIASSUNTO. — Viene dato un teorema che generalizza quello di R einerm ann sul punto 
unito di una trasformazione g  +  h (g non espansiva, h fortemente continua). D a questa gene­
ralizzazione è possibile dedurre, come corollari, altri noti risultati.

R einerm ann [7] has given the following theorem .
Let X be a uniform ly convex Banach space and C be a non-em pty, closed, 

bounded, convex subset of X. Let

/  : C -> C , 

g  :C - > X ,  

i : C - > X ,

be such that

a) f  =  g  +  K
b) \\g ( x ) — g  (y)  U <  II# — y  II for all x , y  in C, (g  is called non- 

expansive),
c) h is strongly continuous i.e. if x n converges to x  weakly then hxn 

converges to h x  strongly.

Then /  — g  +  h has at least one fixed point in C.

T he aim  of this note is to prove a more general theorem  and to obtain 
a few known results as corollaries.

We need the following preliminaries:
Let X be a B anach space and let A be a bounded subset of X. W e define 

a (A), the m easure of non compactness of A, to be
inf. { z >  o/A can be covered by a finite num ber of subsets of d ia­

m eter <  s} (K uratow ski [5]).

Let T  : X -> X be a continuous m apping such tha t

a (T (A)) <  k . a (A)

for any bounded subset A  of X. Then T  is called k-set  contractive if k  <  1. 
(Darbo, [3]). If  k =  1, then T  is called i-s e t  contraction. (Nussbaum  [6]).

In  case when a (T (A)) <  a (A), for any  bounded subset A  of X such 
th a t a (A) >  o, then T  is called densifying (Furi and Vignoli [4]).

(*) This research was partially  supported by  N R C -G rant A-3097.
(**) Nella seduta del 13 gennaio 1973.
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A contraction m apping ( \ \ T x —  T y \ \ <  k \ \ x — y\\ for all x  >y in X and 
o <  k  <  i) and a com pletely continuous m apping (A continuous m apping 
th a t m aps a bounded set into precom pact set is called completely conti­
nuous.) are examples of densifying m appings. A  non-expansive m apping 
is an exam ple of i-s e t  contraction m apping.

Let C be a non-em pty, closed, bounded and convex subset of a Banach 
space X and let T  : C -> C be a densifying m apping. Then T  has at least 
one fixed point. (Furi and Vignoli [4]).

Let X be a reflexive Banach space and let C be a closed convex subset 
of X. Then every strongly continuous m apping T  : C -> X, is completely 
continuous.

THEOREM i. Let  X  be a reflexive Banach space and  let C  be a non-em pty , 
closed, bounded and  convex subset o f X. Let

/  : C -> C , 

g  : C X  ,

^ : C - > X ,

be such that

a) f  ~  g  +
b) g  is I —set contraction and  (1 — g) is demi-closed W,
c) h is strongly continuous.

Then f  has at least one f ix e d  point.

Rem arks, (i) If  X is a H ilbert space and g  is non-expansive, then 1 — g  
is demi-closed [1 ].

(ii) If  X is uniform ly convex Banach space and g  is non-expansive, 
then I — g  is demi-closed [2 ] .

Proof. lie t k  be a fixed positive num ber less than  1 and let o e C. Then 
the m apping kg f i  kh  is a densifying m apping and has a fixed point by 
a theorem  of Furi and Vignoli [4]. Let kn be a sequence of num bers such 
th a t o <  kn <  I , and kn -> 1. Let {xkn} be a sequence of points such th a t

K g X kn +  K h x in ^  x kn ; x kn in C.

Since X is a reflexive B anach space and { x in} is bounded, therefore the 
sequence has a w eakly convergent subsequence {x kn } converging to x
jn C. T hen the fact th a t x i# — g * ^  —  h x ^  =  (kn. —  i ) \g x kn; —  h x g )  and 
h xK converges strongly to h x  im ply th a t x k — g xk converges strongly ’to hx.

I nl n-

(1) If  x i  converges weakly to x  in C and (1 — g) x; converges strongly to y ,  then 
( l — g ) x = y .
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By assum ption 1 -— g  is demi-closed, therefore

(ï —  g ) x  =  h x ,
i.e. x  — g x  k x  =  f x .

Thus the proof.

COROLLARIES -  i .  In  case X  is a uniform ly convex Banach space and  g  is 
a non-expansive mapping, then we get the above quoted result due to Reiner- 
m ann  [7].

A  uniform ly convex Banach space is reflexive and a non-expansive 
m apping is clearly ,i-se t contraction. (1 — g) is demi-closed by R em ark (ii).

-  2. The fo llow ing  known result, due to Zabreiko, Kachurovsky and  
Krasnoselsky [8\, can be obtained as a corollary to Theorem 1. L et C be a 
closed, bounded, convex subset o f a H ilbert space H. L et / :  C -> C  be a non­
linear operator such that f  — g  f i  h; where g  is non-expansive m apping and  h 
is strongly continuous. Then f  has at least one f ix e d  po in t in  C.

Proof. Clearly, a H ilbert space is uniform ly convex and g  is non ex­
pansive. By R em ark (ii) (1 — g) is demi-closed and therefore all conditions 
of Theorem  1 are satisfied and f  has at least one fixed point in C.
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