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Equazioni differenziali. -— On the boundedness o f the motions o f 
a periodic process. Nota di N icolae  P a v e l , presentata dal Socio 
G. S a nsone .

RIASSUNTO. -—■ Riallacciandosi alla teoria delle equazioni differenziali non autonom e 
l’A utore discute alcuni concetti di lim itatezza del moto di un processo periodico in uno spazio 
di Banach.

i. Introduction

The basic theory  of the periodic processes on a Banach space is deve
loped by J. K. Hale, G. P. La Salle, J. E. Pillotti and M. Slemrod in [2], [6].

The concept of process on a Banach space defined by above authors 
includes ord inary  differential equations, functional differential equations of 
retarded type, some systems arising in the theory of elasticity, etc.

In this paper, the concepts of the boundedness of the motions of a 
process defined in [2], [6], in the same spirit of Levinson [8] and Yoshizawa 
[18] are defined.

In the case of a finite dim ensional space we prove th a t every dissipative 
periodic process is uniform ly bounded and uniform ly ultim ately bounded.

From  a result of [2], [6], it follows th a t every co-periodic process on E** 
has at least one co-periodic m otion (it is used [1]).

It seems th a t in the case of a general Banach space the above results 
are not true.

However,j in § 3 (using a result of [2], [6]) we prove th a t if the associated 
m apping T  of a periodic process on a Banach space is dissipative, then this 
process is uniform ly bounded and uniform ly ultim ately bounded.

These results extend some results of [11], [15], [18], to periodic processes 
on B anach spaces.

T aking into account the result of C. C. Conley and R. K. M iller in [3] 
and R em ark ,2.2 in [11], it follows th a t in the case of an almost periodic 
process on E n, ultim ate boundedness does not necessarily im ply uniform  
boundedness.

In  the case of a process defined by an ordinary  differential equation, 
more complete results and references can be found in the books of 
V. A. Pliss [15], R. Ressig, G. Sansone, R. .Conti [16] and T. Yoshi
zawa [18]. (*)

(*) N ella seduta del 13 gennaio 1973.
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2. D e f in it io n  and P relim in a ry

Let X be a Banach space, R the real num bers and R + == [o , +  00). 
Consider a m apping u \  R  X R + X X and define for <7 € R, t  e R + the 

operator U  (or, t )  : X -> X by

(2.1) U  (cr , t )  # — u (p , t , x) .

T he following definitions are given in [6], [2].

D e f in i t io n s  2.1. A process on X is a m apping u \ R x R +x X  —> X 
with the properties:

(2.2) u  is continuous

(2.3) U  (or , o) =  I, where I is the identity

(2.4) U  (cr +  , t) U(<j , s) =  U (<7 , +  t), for all cr e R, s e R +.

The positive m otion through (or , x) is the set. { u  (or , t  , x) , t  e R +}. 
A motion is said- to be periodic of period a >  o, if U  (cr , t  +  a) =  U  (a  , t). 
for all t  € R + .

A  process u  is said to be periodic of period co (or o-periodic) if
U  (g +  co , t) =  U  (cr, t) for all cr e R, t  g R + . If  U  (<j , t )  =  U (o*, t) for'
all d e R, t 6 R +, then u  is said to be autonom ous (or dynam ical system).

A  large num ber of examples of such processes on a Banach space X 
can be found in [6].

W e recall only the following example of processes.
Let E n be Euclidean e s p a c e  and /  : R x E %  E n a continuous function 

such th a t the initial value problem  (2.5) +  (i) has a unique solution 
9 ( t , to , xo) , t >  to , 9 (to , to , xo) — xo, where

(2.5) %■

(0 * (/o) = xo , to e R , xo £ En.

Define u : R X R+ X E n E n by u (cr , t  , x )  =  9 (<7 +  t  , <r , x ) .
It is easy to verify th a t u  is a process on E”.
For a co-periodic process u  on X let us consider for any fixed cr e R 

the continuous m apping T  : X X defined by

(2.6) T x  — u  (a , co , x)  =  U  (g , (ù) x.

T is called in [6] “ the associated m apping of u
It follows th a t T n =  U  (cr, ncù), where T n is the ^-th  iterate of T.

D e f in i t i o n  2.2. a) T  is said to be smooth if there is a non negative 
integer no such th a t for each bounded set B in X there is a com pact set B '
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in X such th a t T nx  £ B for n  — o , 1 , • • •, N (N >  no) implies T nx  £ B for 
n  =  no, no +  1 , • • - , N.

b) T  is said to be dissipative if it is smooth and if there is a bounded 
set B C X with the property  th a t given ^ e X  there is a positive integer N (x) 
such th a t T nx  £ B for N(V) <  n  <  N(T) f  no (see [2], [6]).

In  [2] and [6] are established the following results.

T heorem  2.1. I f  T  is dissipative , then there is a compact K in  X w ith  
the property that given a compact H in  X there is a positive integer N (H ) 
and an open neighbourhood Oh of H such that T w(Oh) C K fo r  a ll n >  N(H).

COROLLARY 2.1. I f  T  is dissipative and  maps bounded sets into bounded 
sets, then TJ has a f ix e d  po in t fo r  each integer j  >  nQ .

R em ark 2.1. Theorem  2.1 generalizes Theorem s 2.1 and 2.2 of [15]. 
Corollary 2.1 generalizes some results of [19], [4] and Theorem  2.4 of [ 11 ]. 
(For the ord inary  differential systems (2.5), n0 =  1).

O f course, the integers X(x)  and N (H ) defined above, depend on cr 
fixed in R  (cr appearing in (2.6)).

Now, in a sim ilar w ay as in [8], [18] we define the following concepts 
of boundedness of a process u  on a Banach space X.

D e f in i t io n  2.3. u  is called equibounded (e-U) if for any com pact set H 
in X and er £ R, there is a com pact H '(H  , er) in X such th a t u (g  , t  , x)  £ H ' 
for all t  £ R + and x  £ H.

DEFINITION 2.4. u  is said to be uniform ly bounded (u-b) if for any 
com pact H in X, there is a com pact H ' (H) in X such th a t u  (<j‘, t , x) £ IT  
for all <7 £ R ,■t  £ R + and ' x  £ H . (i.e. H r appearing in Definition 2.3 m ay 
be chosen independent of a).

D e f in i t io n  2.5. u  is called preultim ately bounded (p-u-b)  or predis
sipati ve if there is a bounded set B in X with the property  th a t for each 
0 £ R,  X £ X  there is t 0 (<j , x) >  o, such th a t u (p , t 0 , x) £ B.

D e f in i t io n  2.6. u  is called ultim ately bounded (u-b;  d)  or dissipative 
if there is a bounded set B C X with the property  th a t for each o £ R and 
x  £ X,  there is t 0 («t , x)  >  0 such th a t u  (cr , t  , x) £ B for all t  >  t 0 .

D e f in i t io n  2.7. u  is used to be equiultim ately bounded (e-u-b)  if there 
is a bounded set Bo in X with the property  th a t given a com pact H in X' 
and er € R, there is t 0 (H , er) >  0, such th a t u (g , t  , x) £ B0 , for all t  >  t 0, 
^  £ H .

D e f in i t i o n  2.8. u  is said to be uniform ly ultim ately bounded (u-u-b)  
if t 0 appearing in Definition 2.7 m ay be chosen independent of cr'.

R em ark 2.2. I t is known th a t in the case of the system  (2.5) these 
concepts are different [18].

In  the case of the initial value problem  (2.5) +  (i), the au thor proved 
the following results [ n ] ,  [14].
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THEOREM 2.2. A n y  ultim ately bounded periodic system is uniform ly  
bounded , [10].

T heorem  2.3. A n y  ultim ately bounded periodic system is uniform ly  
ultim ately bounded.

THEOREM 2.4. A n y  (u- b ; d) co-periodic system has at least a <s>-periodic 
solution.

R em ark 2.3. T aking  into account Theorem  2.3 and Theorem  2.1 of 
Pliss [15], it follows th a t in the case of a periodic system  (2.5), the concepts 
of (p-u-b) ,  (u , b ; d),  (e-u-b)  and (u-u-b)  are equivalent.

Obviously C orollary 2.1 generalizes Theorem  2.4.

3. Boundedness of t h e  per io d ic  processes on X

The aim  of this section is to show some consequences of Theorem  2.1. 
N am ely we shall prove the following theorems.

T heorem  3.1. I f  the associated m apping  T  of a periodic process u is 
dissipative , then u is un iform ly bounded.

THEOREM 3.2. I f  the associated m apping  T  of a periodic process u is 
dissipative , then u is uniform ly ultimately bounded.

R em ark 3.1. Theorem s 3.1 and 3,2 generalize Theorem s 2.2 and 2.3 
respectively.

Before proving the Theorem s 3.1 and 3.2 we shall need two lemmas. 
Let u  be a co-periodic process on X.

L emma 3.1. In  the case o f the periodic process u , the concepts o f (e-b) 
and  (U'b) are equivalent.

I f  roof. It is sufficient to prove tha t if u  is (e-b) then u  is (U'b). Let H 
be a com pact set in X.

Since u  is co-periodic we m ay consider only the case g  e [o , co].
Let <j fixed in [o , co). From  (2.4) we derive

(3*l) U (<7 , t   G , x)  =  U (CO f t    CO , U (<G , CO —  <7 , x)) ,

for all t T> co and i e X .

Set H — {u ( t , t , x )  , t E [o , co] , t e [o , co] , r i H } .

It follows u (g , co —  g , x)  e H, for all x  e H .
But there is H '(H ) such th a t u  (co , t , y)  c H ' for all t  >  o, y e  H and 

therefore (from (3.1)) we have

(3.2) u (g , t — g , x) e H ' for all /  >  co , x  e H  .

For g <  t  <  co we have u ( g , t  -— g , x) e H for all t  e H.
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Since H C H ',  we obtain 

(3.3) u (cr , t —  cr , x)  e PL for all cr e [o , co] , t >  cr, i e H  .

Since H ' depends only on H, the lem m a is proved.

Lemma 3.2. In  conditions o f Lem m a 1 , concepts o f (e-u-b) and (u-u-b)  
are equivalent.

Proof. Let ^  be (e-u-b)  and let H be a compact set in X.

Let H (H) — { u ( t , t  , x) , t  e [o , co] , t  e [o , co] , x  e H}. W ith cr e [o , co], 
we have u (a , co —  cr , #) 6 H , for all x  6 H. By hypothesis there is t 0(H) > 0  
such tha t

(34) u  (co , t  , y)  6 B0 for all T >  TO (H) , y e H

U sing (3. 1) and (3.4) we derive

(3-5) u  (cr , t —  cr, x)  e B0 for all  ̂ >  <0 +  T0 , x  e H

and therefore

(3-6) u  (cr , t  , x)  e Bo for all T >  M +  T„ .

Since t 0 is independent of cr , u  is (u-u-b)  and lemma is proved.

Proof o f Theorem 3.2. Suppose H is an arb itra ry  com pact set in X and 
let cr 6 [o , co). By Theorem  2.1 there is a positive integer N (H , cr) such 
th a t r  (H) C K for all n  >  N (H , Ó);

For t >  coN there is an integer p  >  N (H , cr) and € [o , co] such tha t 
t =  pcù - f  Tj . Therefore

(3.7) u (cr , t , x) =  u (a  , t x , u (a , più , x)).

But u  (cr, più , x) =  T t  'x e K for all x  6 H .

Let K =  { u ( t , t , y)  , t  e [o , co] , t  € [o , ìù] , y  e K } .

It follows (from (3.7))

(3*8) u  (cr, t , x)  e K for all t >  N (H , cr) , r e H

i.e. u  is (e'U'b)  and therefore (by Lem m a 3.2) u  is (u-u-b).
T he proof of Theorem  3.2 is im mediate.
Indeed, with the same notations as above, if

H (H , cr) =  {u ( t , t , x)  , /  e [o , co] , t e [o , coN (H ', a)] , ^  e H } , 

taking into account (3.8) we obtain

(3.9) ^  (cr, t  , x) e K U H (H , cr) for all t  e R , , x  e H

i.e. u  is (e-b) and therefore (by Lem m a 3.1) u  is (u-b).
Theorem  is thus proved.
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Rem ark 3.2. The Lem m as 3.1 and 3.2 generalize the Theorem s 9.2, 
din 9.3 of [19].

The Theorem  4.2 in [11] is equivalent to a result of [4] so th a t is 
not new.

One suspects th a t u  being (u - b \ d ) and periodic does not necessarily 
im ply th a t u  is (u-b)  and (u-u-b)  (i.e. it seems th a t Theorem s 2.2, 2.3 and 
2.4 are not true in the case of a general Banach space X).

4. P erio d ic  processes on E n 

In this section we shall prove the following results.
THEOREM 4.1. E very preultim ately bounded periodic process on E n is 

uniform ly bounded.

T heorem  4.2. E very preultim ately bounded periodic process on E n is 
uniform ly ultim ately bounded.

Rem ark 4.1. T he fact th a t any preultim ately bounded co-periodic process 
on E n has at least one co-periodic motion, follows from  Corollary 2.1 of [6] 
(or Corollary 2.2 of [2]) and Theorem  4.2.

R em ark 4.2. T aking into account Theorem  4.2 it follows th a t in the 
case of a periodic process on E n the concepts of (p-u-b) ,  ( u ' b \ d ' ) i (e-u-b)  
and (u - u - b ) are equivalent.

It follows th a t Theorem  4.2 generalizes Theorem  2.1 of Pliss [15] and 
Theorem  2.3.

Theorem  4.1 generalizes Theorem  2.2.

Proof o f Theorem 4.1. L et u  be a (p-u-b)  process on E n (co-periodic). 
Suppose th a t u  is not (u-b) on E n. Therefore, th a t is a com pact set Ho in E n 
w ith the property  th a t for each compact H in E** there exist <jh e R, t h e R + 
and \xK e H Q such th a t u  (crH , t h , x H) e H. Let us consider the sequence 
of the com pact sets H p C E n with the properties

(4-1) Ho U B C A C H i C  H2 • • • C H ^ C H ^ i C  • • •

(4.2) u f t , T , x) £ E[p for t e [o , co] , t  e [o , p\  , x  e A

wheçe A is an arb itra ry  bounded set containing the union H oU B  and B is 
the bounded set appearing in Definition 2.5.

D enoting

G U p  ~  GP  ’ T H ^  = =  > X H p  ”  X P  ’ P ~  1 > 2 > * * *

it follows

(4-3> U (pp , Tp , xf )  G Up  , Xp € Ho', T ^ > 0 ,  P =  1 , 2 , - *

Let us consider the continuous function g  : R + -> E n defined by  g( f )  =
=  Ä (Gp , t  , Xp).
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We have g  (o) e A, g  (xp) ë A. Set 0  ̂ =  sup {0 e [o , xp] , g(Q) e A}. 
It follows

(4 4 ) u (ap , 6p , xp) e A  , o <  Qp <  xp , p  =  x , 2 , • • •

(4 -5) u f s p , x , x f ) f K  for Qp < x < x t , p  =

There is a unique integer mp such that

(4-6 ) ap +  Qt  =  m p tù +  Qp , o  <  %p <  «  .

Let xp =  ap +  xp — mp co, p  =  1, 2 , • • •, therefore xp — Qp ■— 0p +  rp . 
In as much as u is w-periodic and using (2.4), we derive

(4.7) u ( ë p , t — dp , xp) =  u (ap , t  +  dp — dp , x p), f  >  dp , P = 1 ) 2 , - - -

where xp =  u (ap , Qp , xP) e A.
Because dp <  t  <  xp implies 0p <  t  +  0  ̂•— %p < x p , taking into account 

(4-3)> (4-5) and (4-7) we obtain

(4 -8) u (Pp >. xp — Qp , xp) e Hp Mi-(II

(4 -9) u (6/  , t  —  Qp , xp) ë  A  , for Qp <  t  <  xp , MII

_  Without loss of generality we may assume that the bounded sequences 
{0^} and {xp} are convergent.

Let 0o and xo be their limit, respectively.
Since u is supposed to be (p - u - b ), there is t 0 >  o such that

(4.10) u (0O , t 0 4 () 6 B C A .

Let T[ =  t 0 +  0o and let p Q be a positive integer such that xl <  nn. 
We have

(4 -11) u (0O , —  0O , r #) e B

(4 -12) u ( t , x , x ) e H Po for #e [ o , G>] ,  r e f o , . ^ ] ,  x  e A.

Obviously, we may always assume that B is open, therefore there is p x >  p  
sufficiently large such that

(4 -13) « (6* . —  6j», , xPl) e B , 0A <  iq .

Now, it is  easy to see that t 1 is incomparable with t a  (which is a con
tradiction).

Indeed if we assume "ta  we have <  Tj <  t A , so that from (4.9) 
we derive

(4-14) U (0A .Tj —  0A , xPl) I A  .

But (4.14) contradicts (4.13) (since B C A ) .
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_  F inally  t a  <  xl implies o <  t a  —  0A <  t ,  so th a t (from 4.12) 
u  (0A ,VA — 0A , xPl) e HA) which contradicts (4.8).

The theorem  is thus proved.

Proof o f Theorem 4.2. Let u  be a co-periodic process on EL Suppose 
th a t u  is (p'U'b) .

W e m ay always assume th a t B, in Definition 2.5, is open. Let H be an 
arb itra ry  com pact set in 'EL In the first instance we consider a =  co.

For y e  H, there is ty >  o such th a t

(4.15) h O , , V ( B .

Since u  is continuous and B is open, there is a neighbourhood V y of y  
such th a t

(4.16) u  (co , ty , x)  £ B for all x  e V y .

But {VyJy e h covers H and therefore we can select a finite covering 
V,1 , • • •, V y of H (where y t , • • •, y p £ H) such that

(4.17) u (co , t- , x) e B for all x  e V  y . , i  — 1 , 2 , • • •, p  ,

where ti =  ty ..
By Theorem  4.1 there is a com pact set ïT (B ) in E n such th a t 

(4-J8) u . (or , T , y)  e H ' for all or £ R , T e R . , y  e B .

T aking  into account (2.3) we derive

(4.19) u  (co , t  —  CO , x)  — U (to +  L , t.--- £>-----) u (co , t{ , x ) ) ,  / >  CO +  .

Set T (H ) =  m ax {/i , • • •, tp}. I f  x 0 e H, there is z e {1 , 2 , • • •, p)  such th a t
X q E V y .  .

Using (4.17), (4.18) and (4.19) we obtain

(4.20) u  (co , t  — co , ;r0) E H ' for t  >  co +  T(H ), i.e.

(4.21) u (co , t  , E) £ H r fo ra li  t  >  T(H ) , i e H .

If  Q <  <7 <  co, we have as usual

(4.22) u  (cr ,T -— (7, x)  =  zz (co , t  ~  (Ù , u (a , co — <7 , #)) , /  >  co , ^  £ EL

There is a com pact H (H) in E ” such that

(4.23) u  (a , co— cr,vr) £ H for all ;r £ H .

U sing the above result (i.e. (4.21)), there is a positive num ber T  (H) 
such th a t

(4-24)
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From  (4.22), (4.23) and (4.24) it follows 

(4.25) u (a , t  —  a , x )  e H ' f o r a l i  t  >  co +  T (H ) , x e U

therefore

(4*26) u  (or, t  , x)  e H ' for all t  >  co +  T (H ) , x  e H ,

i.e. the process u  is (u-u-'b) w ith B0 =  H '(B ) and t 0(H) == <0 +  T (H (H )) .  
The theorem  is proved.
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