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Geometria differenziale. — Bianchi and Veblen identities Sor
the special pseudo—projective curvature temsor fields. Nota © di
H. D. Panpe e A. Kumar presentata dal Socio E. Bompiant.

RIASSUNTO. — In uno spazio di Finsler si considerano trasformazioni della funzione
integranda dette pseudo-proiettive speciali e si ritrovano gli analoghi degli invarianti di
Bianchi e Veblen per i tensori di curvatura trasformati.

1. INTRODUCTION

Let us consider an #—dimensional Finsler space F, [1] @, in which the
Berwald connection coefficient G (x , %) is defined by Gi = akG where
G’ (x, %) is positively homogeneous of degree two in its d1rect1onal arguments.
The geodesic deviation tensor field H; is given by

(1.1) Hi(x, %) =28G —29,8G + +2GLG —5G'3,G.

The curvature tensors and their contractions are

(1.2) Hj = 228;9,G + 2 Gl 5 G,

(1.3) Hjs = 2 34 Gjys + 2 Gy Gy + 2 Glip 9, G

(1.4) @) Hy;= Hj, 6) 2Hpyy = Hy,
¢) H;=Hj, d) H=Hj(n—1).

These curvature tensors satisfy the following identities:
(1.5) @) Hp = —Hju, ) H;i*=o,
¢) Hp# =H,, d) H;# +(n—1)H =o.

The projective deviation tensor field W; is obtained from the deviation
tensor field H; and is given by

(1:6) Wi (x, %) = Hi — Hd — (& Hi — & H) #//(n + 1).

The projective curvature tensor is defined by W, —? 39 W}, and

W},,@ = —3~— 9[1, Wi] .

(*) Pervenuta all’Accademia il 4 ottobre 1972.
(1) Numbers in brackets refer to the references at the end of the paper.
The notations 3; and 3; denotes the operators 9/ox* and 3/347 respectively.
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Noting that W is homogeneous of degree two in its directional argument,
we have the following simple identities:

(1.7) Wi 2 = Wi

(1.8) Wied = Wi, , Wi =W
(1.9) Wit =0 , 3Wiix'=—Wj
(1.10) 5Wi=o0 , Wi= Wi = W/ =o.

2. SPECIAL PSEUDO-PROJECTIVE TENSOR FIELD

The projective transformation is defined by
(2.1) G'(x,#) =G (x,%) —P(x, 2+

Where P (x,#) is an arbitrary scalar function, positively homogeneous
of the first degree in the #°." This change may be regarded as representing
a mapping of the two path spaces characterised by the functions G' and G*
respectively on to each other. Let us consider the special projective change [1]
characterised by (2.1) for which the function P (x, £) is to satisfy the following
relations:

(2.2) P= (n_|_ o G = or 99,P =

I 7

Gy G

Sinha [2] has defined the pseudo projective tensor field W]* ‘. by taking
two scalar functions @ and 4 dependent on (x, £#) and homogeneous of degree
zero in the #. Here we consider a tensor field as the linear combination of
the deviation tensor field H and projective deviation tensor field W; with
the help of function P (x, #) which characterises the special projective change
of (2.1). We call this tensor field as the special pseudo—projective tensor field
and it is defined by

(2.3) T;(x , #) = PW} + HH..

From this tensor field we obtain the expressions for the special pseudo
pI‘O]eCthe curvature tensor fields Tj; and Th;(x , #) defined by Ty (x , #) =

=3 3[;, TJ] and T”,J (x,%) =29 T;,,: we have

(2.4) Ty = PWj; + HHj, + % {3 PW}; + 8, HH}; }
and
(2.5) T = PWiy, + HHjy, + 3, PWj; + & HHj, +

+ % [O5 PWy + 8 Poyy Wiy + 37 HHJ, + 8y, H) Hjj)
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using the homogeneity properties of the functions P, H; and W} we can
show that T; are also positively homogeneous of degree two in its directional
argument. We prove the following theorems.

THEOREM 2.1. TZhe Bianchi identities for the special pseudo projective
curvature tensor field Ty and Ti,; are given by

(2.6)

and
(2.7)

where

(2.8)

TZj(é) + T_;:k(/t) -+ Ti/z(j) = (Py W;;j + Pw sz:é + Py W) +
+ P (Wi + Wiy + Whin) + (He Hiy + Hey Hj + Hey Hi) +
+H (sz(k) -+ H}'k(ﬁ) + th(f)) +

+ % { o Poayy Wiy + 3 Prayy Wiy + 3 Py Wip) +

+ (3 PW)i + 8, PWiyy —+ 3 PWiy) -+
+ (8u Hiewy Hyy + 8 Hoy Hiy + 8 Hygpy Hip) +
+ (qu HHjywy + &, HHyy + 3 HH ()}

T + Ty + Tiny = (Pay Wiy + Posy Wi + Py Wias) +

+ P (Wi + Wiagy + Winey) + (Hey Hisy -+ Hey Hy + Heyy Higg) +
+ H (Hoiw + Hyeoy -+ Hiniy) + Gr Py Wiy +8 Py Wi 48 Py Was) +
+ & PWiy + & PWigy + & PWhiy) +

+ (& He Hjy + & Hpy Hj + & He,y Hi) +

+ (éz HHy + & HHjgy + & HHiy) + Qg

Qhy = 2
1] 3

+ @i PWi + 3 PWagy + 8 PWiyy) +

+ (30 Py 3y Wiy + 3 Py 8y Wiy + 8 Pon & Wip) +
+ o P&y Wiy + 3y Pasy Wiy + 3 Pogy Wig) +

+ (8its Hey H3 + 8, Hoy Hiy 4 8 Hyy Hip) +

+ (8 HHjy + 9, HHiygy + 8 HHiy) +

+ (s Hywy & Hiy + 8 Hny 3 Hiy 4 3 Hgy 3 Hip) +
+ (G Hay Hjyw + 3 Hayy Haygy + o Hap Hiy)} -

{ Bl Poaayy Wiy + it Pry Wiy + 3z Py Wi) +

(*) Where the index £ in the notation { ) is free from the symmetric and skew—symmetric,

parts.
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- Proof. Differentiating covariantly equations (2.4) and (2.5) with respect
to #* in the sense of Berwald we obtain,

(29)  Thw = P Wiy + PWie + He Hj; + HHYg +
+ % { (G Peayy Wi + 8 PWiy + 3 Hwy Hfy + 5 HHj) }
and
(2.10) T;hj‘(k) = Py Wf/;j =+ owhj(k) ‘I- H Hf};j + HH;hj(k) +
+ 9 Py W;;j + 3 PW;;j(k) -+ él Hg, H;;j + 9 HHZ/(/&) +
+ % {3l Py Wiy + 3 PWiiy + 80 Py 3 Wiy + 8 Py Wy +
+ 8 Hawy Hjy + 8 HHy + 3 Hygy & Hiy -+ 8 Hogy Hije )

By taking the cyclic permutation of the indices %, j‘ and £ in T;;j(k) and Tf;,j(,é)
and adding all the terms, we obtain the result.

THEOREM 2.2. The Veblen identity for the special pseudo-projective cur-
vature tensor field Ty, is given by,

<2~ I1) T;l}tj(k) + T;:lé(h) + Tij};(!) + T;;H(/) =
= (P(k) Wi + Py Wiz + Py Wiy -+ Py Wiz +
+ P Wi + Wag + Wiae + Wiac) +
+ (He Hj}zj +Hg Hi + Hy, Hy: + He Hix) +
+ H <H§hj(é) + Hingy + Hing + Hiugy) +
+ (3 Py Wi, + % Py Wiz + % Py, Wi + 9 P, Wi) +
+ (3 PWij + % PWi -+ % P“];:h(l) + 3 PWil(j)) +
+ (& Hep Hiy + & Ho,y Hix + 8 Hey Hj + 8 He,) Hiy) +
+ (& HHYyg + & HHigy -+ 8 HHg) + 8 HHiy) + Riw
where
(212)  Riy's % {3 Praay Wiy + e ooy Wiy + 8, Py Wi 8 Pigy W) +-
+ (s PWiiey + Gy PWagy + 3 PWiiey + Sl PWiy) +
+ (8 Py 3y Wiy 48 Py 3y Wi + 8 Pray 3y Wiy 8 iy 3 Wiy +
-+ (o Popy Wiy + 8 Pasy Wiy + 3 Pésy Wiy -+ 3 Py Wiygs) -+
+ (s Hoay Hiy + & Hgyy Hiy + 8 Hygyy Hiy + 3 Hygy Hi)
+ (é?fh HHye + &y HHig + 8 HHiy + 8 HHy,) +
+ (3 e &y FLy 8 Hiay &y Hiy 3¢, Hyay e Wiy 8 iy 3 HE) -+
+ (3 Hayy Hyyey + & Ha Higon + & Hapy Hiy + 3 Hopy Hi)3
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Proof. It follows the pattern of the proof of Theorem 2.1.
THEOREM 2.3. We prove the following identities:
(2.13)  Tusy + Tagn = P (Way + WW)’ + (Huy + Hagn) +
+ (% PWiy; + 3 PW,u) + (8, HH, + & HH;z) +
+ % { (S PWjse + 8i; PWiay) + (8 Péy Wyye -+ 8, Pagey Wip) +
+ (Giu HH, e + S, HHyy) + (3 Ho e + 3, How Ha)},
and,
(2.14) Ty + T = P (Way + Wine) + H (Huy + Hy)) +
+ (0 PWy, + % PWy.) + (81 HH,; + 9, HHy,) +
+ —;* { (SFa PWye + Se PWay) + (8 Py Wine + 3 Pdyy W) -+
+ (3 HHyy + 87 HHy) + 80 Hay Hyye + 8 HH, Hy)}.
Proof. With the help of eq‘uation (2.5) we get |
(2.15)  Tuy = g, Ty = PWyy + HHyy, + 8 PW,y + & HHy, +
+ % {81 PWyye + 8 Pay Wiy -+ S HELys + 3y, Hoyy Hype) .

Using equation (2.15) we easily obtain the identities (2.13) and (2.14).
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