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Geometria differenziale. — Bianchi and Veblen identities fo r  
the special pseudo-projective curvature tensor fields. Nota r) di 
H. D. P a n d e  e A. K umar presentata dal Socio E . B o m pia n i.

Riassunto. — In  uno spazio di Finsler si considerano trasform azioni della funzione 
in tegranda dette pseudo-proiettive speciali e si ritrovano gli analoghi degli invarianti di 
Bianchi e Veblen per i tensori di curvatura  trasform ati.

i. Introduction

Let us consider an ^-dimensional Finsler space Fn [1] (1), in which the 
Berwald connection coefficient G)k (x , x) is defined by G \ where
G‘ ( x  , X )  is positively homogeneous of degree two in its directional arguments. 
The geodesic deviation tensor field Hy is given by

(1.1) PE (x , d) =  2 G - 3j 3jG  i  ~h 2 Gm Gl — 3/ G' 3̂  Gl.

The curvature tensors and their contractions are 

( l-2) H//, =  2 dß 3yj G‘ Jr 2 G fi 3yj Gr,

( X-3) Hhjk =  2 dßGjß +  2 Grhy G ‘k]r +  2 G fik f] Gr,

(I-4) d) H,y =  H iß, b) 2 H [jk] =  H \kj y

c) H y = H j/( d) H =  H5/ ( » — I).

These curvature tensors satisfy the following identities:

(1.5) a) H}m =  ■— H}m , b) H\%k =  o,

c) Hji x J =  H k, d) dr H Jxy +  ( n — 1) H =  o.

The projective deviation tensor field Wj is obtained from the deviation 
tensor field Hj and is given by

( I .'6) WÌ (x , f i  =  Hi — H Si — (pi H i — 3, H) f i j n  +  1 ).

The projective curvature tensor is defined by W fi  =  — 3, 3[/: Wij and 

W i5 =  | 3[,W i] .

(*) Pervenuta all’Accademia il 4 ottobre 1972.
(1) N um bers in brackets refer to the references at the end of the paper. 
The notations d1 and d; denotes the operators 9/Shr* and djdx1 respectively.



[277] H. D. Pande e A. Kumar, B ianchi and Veblen identities, ecc. 385

Noting that Wj is homogeneous of degree two in its directional argument, 
we have the following simple identities:

(1.7) =

(1.8) W L / = W L , W lu # * *  =  W i

(1.9) W l /  =  o , \ W i x k =  — W h

(1.10) à; W| =  O , W 4;=  W i = W j  =  0.

2. Special Pseudo- projective tensor field

The projective transformation is defined by 

(2.1) G* (4: , .£) =  G* (ir , X )  — P (x , ir) Æ*.

Where P (a; , x) is an arbitrary scalar function, positively homogeneous 
of the first dègree in the x \  This change may be regarded as representing 
a mapping of the two path spaces characterised by the functions G* and G* 
respectively on to each other. Let us consider the special projective change [1] 
characterised by (2.1) for which the function P (x , x) is to satisfy the following 
relations:

(2.2) p =
(n  +  I )

Grrs£ or dk dA P I
O +  O Grrkh •

Sinha [2] has defined the pseudo projective tensor field W*‘, by taking 
two scalar functions a and b dependent on (x , x) and homogeneous of degree 
zero in the x \  Here we consider a tensor field as the linear combination of 
the deviation tensor field H} and projective deviation tensor field W} with 
the help of function P (x , x) which characterises the special projective change 
of (2.1). We call this tensor field as the special pseudo-projective tensor field 
and it is defined by

(2.3) t } ( x , x ) =  p w ; +  h h ; .

From this tensor field we obtain the expressions for the special pseudo 
projective curvature tensor fields T hj and T\hj(x , x) defined by Vhj(x , x) = . 
=  —\ h T}] and T*mj(x  , x) =  3/T^-: we have

(2.4) =  PW% +  HHly +  -  {3t, PW^ +  3C, HH}]}

T thj— PW ihj +  H H \hj  +  3/ PWly +  3/ H H \j +

+  - j  $ 1* PWjj +  d[k Pâ(/) Wj] +  d\h HH}] +  d[h H3(/) H}]]

and

(2.5)
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using the homogeneity properties of the functions P , Hy and Wj we can 
show that T} are also positively homogeneous of degree two in its directional 
argument. We prove the following theorems.

Theorem 2.1. The Bianchi identities fo r  the special pseudo projective 
curvature tensor fie ld  T \j and are given by

(2.6) TiJ(k) +  t ;â(A) +  r M(j) =  (Pa  w % +  pw w;^ +  P(y) wL) +

+  P ( W ^  +  W)k{h) +  Wu(jj) +  (H( )̂ YŸhj +  H (//) H)k +  H (y} YVkh) +

+  H (H\j(ky +  Hjk(h) +  H^(») +

+  y  {(?[h P<(*)> Wy] +  dy Wl] +  d[k P<(/)) Wij) +

+  (?[h PWyj(̂ ) +  dy  P W ^) +  dy PW^y) +

+  (dy H<(*)) H}j +  dy  H((Ä)) HI] +  \k  H((y}) Hi]) +

+  (3t, HH []W +  d y U H i m  +  ^  H H i]W)} .

and

(2.7) T )hj(k) +  T \jk{h) +  T \kh(j) =  (P( )̂ W lihj +  P(/y W \jk +  P y) W )kh) +

+  p (W}*yW +  +  WL(y>) +  (Hw Hhy +  H (,} H fi  +  H w H ^ )  +

+  H (H/^y^) +  H /y^) +  H )kh(j)) +  0 / P (k) W\j +  3/ P (A) w ;, +  3/ P (y) Wkh) +  

+  (5/ pwfo*) +  3/ p w ^ } +  â; pw L (y)) +

+  0 / H(£) H/y +  3/ H(̂ ) +  3/ H(y) H^) +

+  (3/ H H y (̂  +  3/ +  â/ H H ^ y )  +  Q k y

where

(2.8) qV - =  I  {(4 * P<(i)> wjj +  fiy  p(W) w l, +  ò\k p((y)> w |,)  +

+  (4 * +  4 / +  4 * +

+  (%5 Pm)  %> W}, +  dy  P<w> a(/) W|, +  \ k P((/)) %> W|,) +

+  (j[h P3(/) Wyj(i) +  3[y P3(/) W i^  .+ dy P3(/> Wl](y>) +

+  0 /[A Hy,) Hyj +  3/[y H(̂ ) Hlj +  d\y H(y) Hi]) +

+  (j\h H Hy](y) +  3/j-y HH^j(/y -J“ 3/^ H H ^y) +

+  (?[h H((̂ )) 3(/> Hy] +  3ty H(W) 3(/) Ĥ j +  dy H((y)) 3(/) Hi]) +

+  (?[h H3(/) H}](k) +  3ty H3(/) H\]{h) +  % H3(/) H//](y))} .

(*) W here the index k  in the notation { ) is free from the sym m etric and skew -sym m etric, 
parts.
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Proof. Differentiating covariantly equations (2.4) and (2.5) with respect
to x k in the sense of Berwald we obtain,

(2.9) r hm =  pw w i- +  +  h w Ht- +  h h U  +

+  y  {(%a P<(*)> Wyj +  d[h PWj](q +  dß H(W) Hj] +  ä[Ä HHj](i))}
and

(2.10) T«y(q =  P(/S) W«y +  PW//y'(̂  +  H(/,) Hjy +  HH;^) 4- 

+  3/ Ptó) Wjy +  3/ PW;y(f) +  3/ H(̂  Hjy +  3/ HHy(}, +

+  — {$i\h P((q> Wyj +  3?[/S PW jKq +  \h  P(W) \l)  Wy] +  dß P3(I) W/]ß) +  

+  <%ih Hj] +  djß HHy](q +  3ß H((i)) %) Hjj +  dß Hfy) H j]W }.

By taking the cyclic permutation of the indices h , j  and k in TjyW and T)hj(k)
and adding all the terms, we obtain the result.

THEOREM 2.2. The Veblen identity fo r  the special pseudo-projective cur
vature tensor fie ld  T«y is given by,

(2.I i) T'/kjd) 4“ Tl’jUß) .3 P‘kjh(l) 4~ Tj^yj =

=  (P«-W/v +  pw w;« 4- P« wiy, +  pw w w ) +

+  P (W\kj(K) +  W)ik(h) 4- Wkjh(i) 4 - WjU/09) +

+  (Hw Hj,y 4- Hw Hj« +  H(l) HU +  Hw H ^) +

4" H (H/t/ß) 4- Hjikß) +  Hjŷ (/) 4~ HL/(yj) 4-

+  (fi P<q Wjy T  3y P(̂ ) W ‘ik 4- P(/) W% 4- <*k P(y> Wli) 4-

+  (3/ PW\jß) 4- 3y PW«(i, 4- dk PWy/y/) 4* % PWj/(yj) +

4- (3/,H(£) Hjy 4- 3y H« 4- H(/) Hj* 4- dh H(jf) Hj/) 4-

4- (à/ HH;«) 4- 3y HHVo +  ^  H H 4- % HHj/W) 4- R«*
where

(2.12) R/My — y  {(3?ti P<4)> Wj-j 4-3yp P<(̂ )) 4-3l[yP<(/)>Ŵ ] 4- 3lt̂  P((/)) Wjj) 4-

+  piß PWj]W +  djß PWj]W 4- $ty PW1](/) +  fhli PW/](y}) 4- 

+  Pia P<(9> %> Wj-j 4- % P(ß)) 3<y> Wj, 4- % P((/)) aw Wij 4- d[k P{U)) d{h) Wj]) 4 - 

4J (% P3(/) Wy]w 4- % P3(y> Wj]w 4- 3[y P3<q Wjj(/) +  % P%> W/]W) 4~

+  piß Hj] 4- 3yiv H(W) Hjj 4- H<(/)> Hj] 4- dl[k H(W) Hjj) 4-

4- P%h HHyKi) 4- 3yp HHj]W 4- ?I[y HHj]W 4- dlß H Hj](y}) 4- 

+  P ia H((̂ )) 3(i) Hj] 4 - 3]/ H((̂ ) 3y) H j] 4 - 3[y H((/)) \ k) Wj} 4- % H(W) 3̂ ) H jj) 4- 

+  Pia Hâ(/) Hj]W 4- % H3(y) Hj]W 4- du  H3W Hj]W 4- % H3 )̂ H j^ )} .
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Proof. It follows the pattern of the proof of Theorem 2.1.

THEOREM  2.3. We prove the following identities-.

(2.13) Tikhj +  Tujh =  P (Wikhj +  W,,,-,) +  (H,,,,- +  H,,,-,) +

+  (fi PW,,,- +  t>k P W +  ($/ HH,,,- +  a, HHjif +

+  -  {(PliA PW,], +  f iU PW«,) +  (% Pa(/) W,-„ +  % Pà(,> W«,) +

+  (pi[h HH,], +  si [y HH«,) +  (à(, Hà</) H,-j, -f- dy Hà(,} H«,)},

and ,

(2.14) Tikhj 4~ T'jhki — P (Wikhj 4~ Wjhki) H (Hikhj 4~ Hjkki) 4 ~
+  (a, PW„, +  à,- PW«/) +  (à, HH«, +  a,- HH,«) +

+  y  {($r* PW,-], +  3,V PW/],) +  (% Pâ(/) W,], -f- ât, Pa(y) W/],) +

+  (3/[, HH,-], 3y[, HH/],) +  àt, Hâ(/) H,-], -f- d[k HHW H/],)}.

Proof. With the help of equation (2.5) we get
def. •

(2.15) T ikhj =  Sìk T ihj — PW/^y 4- HH ikhj 4- 3/ PW/^y 4- 3/ HH^y 4"

+  y  PW,-], +  3[, P%) W,-j, +  a|, HH,-], +  3[, Ha(/> H,-],}.

Using equation (2.15) we easily obtain the identities (2.13) and (2.14).
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