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Analisi fanzionale. — Unimodular numerical contractions in
Hilbert space. Nota di loana IsTrRATESCU, presentata ® dal Socio
G. SANSONE.

RIASSUNTO. — L’Autore introduce una classe di operatori chiamati, « contrazioni
numeriche unimodulari» e ne studia varie proprieta.

1. Let T be a unitary operator on a Hilbert space H. Then in particular:
(1) T is a numerical contraction, i.e., w (T) < 1;
(i) the spectrum of T is a subset of the unit circle, i.e., o (T) C
Cle,|z| <1}

Call an arbitrary operator T a unimodular numerical contraction (u.n.c.)
if it satisfies conditions (i) and (ii) above. Then similar to problems consi-
dered by B. Russo for unimodular contractions come to mind. The present
paper has the aim to give some results in this direction.

2. In this section we give some easy results on unimodular numerical
contractions concerning the eigenvalues.

THEOREM 2.1. If T is a wnimodular numerical contraction, then the
Jollowing assertions hold :

(i) the eigenvectors of T corvesponding to distinct eigenvalues are
orthogonal,

(i) & the eigemvectors of T span H, then T is unitary.

Proof. For every £€a(T) let E¢ (T) = {x, Tx =&x} and thus if T
is a unimodular numerical contraction then

E€o(T)Nn oW (T)
and by a Theorem 2 in [4], £ is a normal eigenvalue, i.e.,
E¢ (T) = Eq (T,

From this (i) follows immediately.
The assertion (ii) follows from (i) as in the case of unimodular con-
tractions.

For the following result we need the notion of a maximal single-valued
extension of R(z,x)=(T—2"x, #€p(T) = Cyr and the following

(*) Nella seduta dell’r1 novembre 1972.
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DEFINITION 2.1. If T is a unimodular numerical contraction such that
there does not exist an invariant subspace of T on which T is normal we call T
completely unimodular numerical contraction.

THEOREM 2.2. Every completely unimodular numerical contraction has
the property of maximal single-valued extension.

Proof. If no, we find a number £ € 6 (T) and a non zero element x € H
such that Tx = £x and thus

Eg (T) == {o}

and T/E¢(T) is normal; a contradiction.

3. In this section we give some results concerning sufficient conditions
implying normality of numerical unimodular contractions and strong asymp-
totic behavior.

THEOREM 3.1. If T is a (un.c.) and for some integer, T" is normal then
T s wunitary.

Proof. Let w (T) be the numerical radius of T. Since T” = N is normal,
T"T =TT"

and so that we can apply the result in [5] about multiplicative character of
numerical radius for operators,

w(T™"MN=w (T T) <w (T "w () <1

which gives that T~"*" is normal and also T""' is normal. Continuing in
this way we obtain that T is normal (unitary).

Now we give a result on invariant subspaces suggested by the proof of
above theoremi.

The following result was stated by L. de Branges («Math. Rev.», 26,
1759 (1963)) and proved by K. Kitano.

Theorem [6]. If T*T —1 is an operator of the class C, for some p >1
then T has a proper invariant subspace.

Our result is

THEOREM 3.2. If for some integers’ m ,m , p, the essentially invertible
operator T has the property

1) T T —1
2) T T —1

are compact operators, then T has a proper invariant subspace (m == n).
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Proof.  Recall that essentially invertible means invertibility modulo
compact operators, i.e., in the Calkin algebra.
Since T is invertible, from 2) it follows that
Ti?—i=o0
and by a result of Gindler and Taylor [3] T is unitary so that T is by
Theorem 3.1 unitary. If 7 > 7 we have that

T”7" — I = compact

and the theorem is proved.
In the next theorem we give a structure theorem for polynomially
compact (u.n.c.) operator.

THEOREM 3.3.  If for some polynomial p(\) = (A—2%r) -+ (A —27)
2 (T) is the zero operator and if T is (u.n.c.), then T is unitary.

Proof. For every A, let
M, ={x,Tx =72}

are reducing and orthogonal (also different from {o}). If m=oM,

then T| is unitary and o(T)=o(T|)Uc(T| ). If T|, is different
from {o} then we obtain easily a contradiction.

We conjecture that the theorem is true under more general conditions,
ie., if for some polynomial p (), p(T) is compact or p (T) has the real
part' compact (or the imaginary part compact). However we are unable to
prove this.

Using a result of F. Gilfeather [2] for a contraction operator on a Hilbert
space H, we obtain a similar result for a (u.n.c.) operator T, which gives a
necessary and sufficient spectral condition to be strong asymptotically con-
vergent, that is, {T"} converges in the strong operator topology.

THEOREM 3.4. Let T be a (u.n.c.) operator for which o(T) is countable.
Then T is strong asymp{otica]ljl convergent if and only if ¢,(T)C{1}.

Proof. 1t is known that a (u.n.c.) operator on H is similar to a contrac-
tion [8] (i.e., there exists a bounded linear operator S with a bounded inverse
in.H and an operator T1 with || T;|| < 1 such that T=S"'Ty S). Then we
have that T” = S7'T}S.

~ From the similarity property, T; has the same spectrum and the same
point spectrum and therefore T} satisfies the hypothesis of Proposition 2 [2].
It follows that T, is strong asymptotically convergent and then T is strong
asymptotically convergent.

As a corollary we obtain that: if T is a polynomially compact (un.c.)
operator on H then T is strong asymptotically convergent if and only if

o, (T) C{1}.
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