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Geometria. —. Special quasi—umbilical hypersurfaces and locus 
of spheres. Nota (,) di B ang-Y en Chen e K entaro  Yano, presentata 
dal Socio B. S egre.

RIASSUNTO. — F ra  le ipersuperficie di uno spazio euclideo (wffii)-dimènsionale {n >  3) 
si introducono quelle che — in base a certe proprietà locali -  sono da dirsi quasi-om belicali, 
totalm ente ombelicali, o quasi-om belicali speciali, e si dim ostra che le ultim e risultano 
luoghi di oo1 ( n — i)~sfere. Si dànno poi condizioni necessarie e sufficienti affinchè un luogo 
siffatto risulti uno spazio piatto  dal punto di vista conforme.

In  this paper, we shall introduce and study  what we call special quasi- 
um bilical hypersurfaces. In § 1, we give some formulas and definitions which 
we use later. In  § 2, we shall prove th a t every special quasi-um bilical 
hypersurface V n of a euclidean space E*+1 is a locus of ( n —r i)-spheres. 
In  § 3, we shall prove th a t a locus of (n —  i)~spheres in E^+i is a conform ally 
flat space if and only if the unit norm al vector field of the hypersurface Vw 
in E*+i, restricted to the (n,—  i)-spheres, is parallel with respect to the norm al 
bundle of the (n *— i)-sp h e re  in È w+i.

§ I. Preliminaries

W e consider a hypersurface of an (n +  i)~dimensional euclidean 
space EÄ+i.a n d  represent it by

( 0  x  =  X ( V ,  t

where X is the position vector from  the origin of Ew+1 to a point of Vw and 
is a local coordinate system  of V „ . H ere and in the sequel, the indices 

h , i  yj  , k , • • • run  over the range { 1 , 2 , • • •, n}, n  >  3.
W e pu t

(2) X,- =  af-X , % = ? /? ,

then X,- are n linearly  independent vectors tangent to V n and the components 
of the fundam ental m etric tensor of V n w ith respect to  {'£? } are given by 
gji =  X yX ,-, where the dot denotes the inner product in E«+1.

L et C be a un it norm al vector field of V n in .E„+i,  and let Vy denote the 
operator of co varian t differentiation along V n w ith respect to the L evi-C ivita

(*} Pervenuta a ll’A ccademia il 14 settem bre 1972.
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connection. T hen the equations of Gauss and W eingarten are respectively 
written as

(3) vyx , =  A,,c

and

(4) V 'C -  h j  X ,..

where hß are the second fundam ental tensor and h f  =  hj t g H, g H being con
tra  varian t com ponents of the first fundam ental tensor. I f  there exist, on the 
hypersurface V n , two functions a and ß and a un it vector field u{ such th a t

(5) hi'i =  rJ-g,i +  ßus ui .

then V n is said to be quasi—umbilical in Ew+1. In  particular, if ß — o identi
cally, then V n is said to be totally umbilical in En+i • If  doc =f- o everywhere, 
then V n is called a special quasi-umbilical hyper su r f ace of Ew+1.

T he equations of Gauss and Codazzi for N n are given respectively by

(6) K J  ^ h £ h ß ~ h ?  j ki 

and

(7) > k^ji ■ • Vy hki =  O

where K # / is the R iem ann-Christoffel curvature tensor of V M. D enoting by 
K ß — and K =  g Jt K ß  the Ricci tensor field and the scalar curvature
respectively, we define a tensor field LyV of type ( 0 , 2 )  by

(8) Lß  =
K..

—= +  4 _ o *
Kgji

—  I  )  { n -

(9)

T he conform al curvature tensor Ckj-th is then given by 

c j  =  Kk/  +  Si Lß —  #  L* +  ~Lk gji — L,V„.,

where are the K ronecker deltas and L /  =  L ^ ^ .  A  R iem annian m anifold 
V n is called a conform ally flat space if Ckji ~  o for ?z> 3. It is well-known 
th a t if V* is conform ally flat, then we have

(10) Y /U i — o .

§ 2. Special quasi-umbilical hypersurfaces

T he m ain purpose of this section is to prove the following 
Theorem i . A  special quasi-umbilical hyper su r f ace N n (n >  3) of a eucli

dean space Kn+i is a locus o f ( n —- 1)—spheres where an (n —  1)—sphere means 
a hyp er sphere or a hyper plane o f a euclidean n—space.
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Proof. Suppose th a t N n is a special quasi-um bilical hypersurface of Ew+1, 
then there exist, on V „, two functions a and ß and a unit vector field Uj such 
th a t

(11) hij =  CLgji +  $UjU;

and

(12) da =j= o everyw here.

From  (6) and (11), we obtain

(13) K,v =  [(n — 1) a2 +  aß] gj{ +  (» —  2) aßtty«,- , 

and

(14) K =  n (n  —  1) a2 +  2 (n — 1) aß-.

Therefore, we have from (8)
2

(15) 'Fj,y ~ aß«y 2// .

From  (6), (9) and (15), we can easily see by a straightforw ard com pu
tation th a t the conform al curvature tensor C # / vanishes identically. Hence 
the hypersurface V* is conform ally flat, in particu lar (10) holds.

From  (11) and (15), we have

( ! b)  ' &hji +  L =  — gß  •

By taking covariant derivative of (16) and applying (7) and (10), we 
obtain

(17) — ay hki =  a (a * £ v — ay £*,•) ,

where a* =  V ^ a .
Substitu ting (11) into (17), we find

(18) ß (cK.kUj — (X.j Uk) =  o .

P u t U  =  ß =|= °  at /  }. Then by (12), we obtain from (18),

(19) ' f a 

on U , where /  is a function on U. Consequently we find th a t

(20) hji =  ocgji +  yaya,-

on , where y is a function on Vr  
Substitu ting  (20) into (7), we find

(21) ak g .{ —  aj g ki y t ay a,- —  yy a* a,- +  yay (V* a,-) —  ya* (Vy a,-) =  o
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where =*■ V^y, from which, by tran svecting we obtain -

(22) •(«*<)£>,• +  (y,od —  1)09 a,- —- (aX)Y,-a,- +  yay(a 'V ,a )

~  Y(a*«0Vya,- =  °  .

Equation (22) shows th a t y Vy a,- is of the form

(23) T V / oc,- =  A7,-,- \ - q j  y-- ■ q ,'J .j  +  — ----- —  a • a , - ,
OC/ O C

q j  being a i-fo rm  on V „ .

Now, since a, --- V, a and z ^ z f ^ o .  a =  constant defines a fam ily of 
hypersurfaces in V „ . W e represent one of them  V„_! by

and put

B$ — c>b\ ’ 3/  — d/drf,'

N"4 = a A/ya/ a<, zT = ztg th, 

gcb=gß  B /  B /
and

V , B / =  -KrfN V

V.Bj'4 denoting the van der W aerden-B ortolotti co varian t derivative of B /' 
along VM_! and the second fundam ental tensor of VK__j. H ere and in the 
sequel, the  indices a , b , c ,■ ■ • run over the range {1 , 2 ,• • - , n  —  1}.
From

a,-13/  =  o ,

we have, by covariant differentiation along V n- i ,

gcb =  Y I a* of.' K ,.6 , 

by virtue of (23), which shows th a t y never vanishes and

(24) ■ • K b ^ -  1 -• g cb ■
17“, a

Thus we have, by (3), (20) and (24),

V£ X , =  V, (B /  X,.) =  K cb N ‘ X,. +  B /  b ;  (Vy X,)

-  «gaC +  — ^ = r  ga D,
I y (/ a

where D =  N ’X,-. This shows th a t VK_j is to tally  um bilical in E„+i and hence 
V„ is a locus of (n —  i)-spheres. This completes the proof of the theorem .
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§ 3. Conformally flat space

In  this section, we shall study  the problem  converse to th a t of § 2.
L et V„ (n >  3) be a locus of (n —  i)—spheres V«_i in a euclidean (yz-f-i)-space 
En+i and V n- i  be given by

L et C denote the un it norm al vector field of V n in En+1 and also denote 
by C the restriction of C on V *_i. L et denote the unit norm al vector field 
of V n- i  in V n and put

B /  =  dit? , St =  9/9 ,1*,

and

x ,  =  B /X (.

k „ > t ,  v cc  =  ~ k / b ah ,

where K /  = - Y^chg a. T hen we have

th a t is,

V ,x ,  =  V, ( B / x , )  =  k ' 4NvX,. +  B /B /C V y X ,0 ,

(25) V, X* -  H .,C  +  K rfD ,

where D =  N* X,- and

(26)

from  which

H r f = B / B  i h # ,

(27) B /h ;  =  h / b ;  +  H f N' ,

H /  and H c being given respectively by

n ;  =  Hci/ a and H„ =  hyi B/N*,

that is

V, c  =  B/VyC -  B/ ( r - h / X f ) ,

(28) VcC =  — H / X a — H,D

by virtue of (27), and

th a t is

V ,D  =  V ,(N ’ x,.) =  -  K ;  B j X i  +  B /N ’(Vy X,) ,

(29) V ,D  =  — K ,‘ X a +  H , C .
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(25) are equations of Gauss and (28) and (29) are equations of W eingarten 
for V„_x in E„+1.

Since VB_x is a sphere, we have

(30) H(i =  Kgcb.

Thus, from (26) and (30), we have

(31) hji =  \gß  +  (iij N,- +  <1, Nj) +  vNy N,-,

where

(32) \Lj =  h# N ’

and v is a function.
Now V„ is conform ally flat if and only if hß  is of the form [1]

(33) hß =  a-gji -\-$U jU i.

From  (31) and (33), we see th a t V„ is conform ally flat if  and only if (j,y 
is proportional to Ny . T hus from (32) we see th a t V„ is conform ally flat if 
and only if

H , =  hß B / N ' =.. o . ' '

Thus we have, from (28),

Theorem 2. A  locus o f (n —  i)-spheres in  Kn+i is a conformally f la t  space 
i f  and  only i f  the u n it norm al vector fie ld  o f the hyp er su r f ace Y n in  Ew+1, 
restricted to the (n —  1 )-spheres is parallel w ith respect to the norm al bundle 
o f the (n —  i)—sphere in  E^+1.
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