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Geometria differenziale. — On a Kählerian space with recurrent 
Bochner curvature tensor. Nota di Bai j N ath  Prasad , presentata (,) 
dal Socio E. Bompiani.

R iassu n to . -— U no spazio kähleriano è detto uno spazio RB^ se la curvatura  tensoriale 
di Bochner è ricorrente e se il vettore di ricorrenza è nullo. Lo spazio di K ahler è detto uno 
spazio PBn. Alcune proprietà dello spazio PB^ sono, state studiate in [5] e [6],

In  questa N ota sono studiate le proprietà di Einstein dello spazio RB« e dello spazio 
ricorrente di Ricci RB^ come pure l ’esistenza di campi vettoriali nello spazio R B « .

i. Introduction

An n (=  2 m) dim ensionai K ählerian space is a R iem annian space 
adm itting a structure tensor satisfying

( i- i )  a) =  — s ;,

b) V =  — ?,y (% =
c) Vy qd =  o

where Vy m eans the operator of co varian t differentiation.

(1.2) R ,y /=  3,
h I 

jk \
a .\ h \ _l \ h I I O _\h M 1 I

L et

Rjk — Rijk and R  — ^ jkg jk be the R iem annian curvature tensor, the Ricci 
tensor and scalar cu rvature respectively.

Recently, S. T achibana [1] has defined the Bochner curvature tensor 
(with respect to a real local coordinate system)

(1.3)

+  ?./ —  Syi ?* +  '?ik Sy 9,* S; +  2 S,y ?£ +  2 9,y Si) —

~  ~ K +  2 +  4) Ci’«  S? — i j k  8? +  9«  9y —  9y* 9? +  2 9 ,y 9*) ,

where Syi =  <py R «  •
T he present paper is concerned with a K ahler space whose Bochner 

curvature tensor K ÿ/  is recurren t i.e.

(1-4) V . K ^ / ^ K * /

for a non zero vector kt . W e shall call the K ahler space satisfying (1.4)
an RB„--space.

(*) Nella seduta del 16 giugno 1972.
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A K ählerian space is said to be a recurrent space if its curvature tensor 
R ijk satisfies

(I.S) V/ =  k* Ry./

for a non zero vector i* . From  ( i . i )  c} (1.3), (1.4) and (1.5) we have

T h e o re m  ( i . i ) .  Every recurrent space is an R B n-space.
In  order to avoid very com plicated calculations, we pu t

(1.6) a) n ,y = R,v
R

n +  4 \  tJ 2 (n - f  2) S  ij

b) m *  =  n v  = n -f- 4 \ ^
R

(1-7)

2 (n +  2) Yv/ *

v>ijk =  Sy —  n y* s j + ^  iiy — gjk il)  +  M ik <p* —

My  ̂9 / +  9 ^  My —  9y£ +  2 M 2y 9 /  +  2 9 ,y M /  .

T hus (1.3) can be w ritten as

(1.8) K * / = R , ^  +  D **\

M oreover n ,y , M # and D # / satisfy the following conditions

R
(1-9)

(1 .10)

( I .I ! )

n  g “1 u ai 2 ^  +  2y ,
My =  --- My;- ,

(fìiju =  V *  Sitò-

2. E i n s t e i n  R B - S p a c e

L et us suppose th a t R B^-space defined by (1.4) is an E instein space, then 
the  Ricci tensor satisfies

(2.1)

From  which we have

' RR • =  — Vy R =  Q .

(2.2) V/ R,y =  o V /S y - ^ o  and S,y = R

S ubstitu ting (2.1) and (2.2) in (1.4) we get

(2.3) V /R  ijk =  kt R ÿ / +
R

n (n -f  2)

From  (2.2) and the Bianchi identity

(2.4) V, R ÿ /  +  V, Ry// +  Vy Ria =  o ,

(ßj Sn ~S jk  9/  — 9jk 9 i 9k )
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we have

Va Rijk ==■ o .

T hus contracting w ith respect to h and /  in (2.3) we have

(2.5) À“R ma +  2) (kjg i i — &i gji +  ka<pa t f  —  Âa<pMt f  +  2 ka(?v<?i) =  0.

Furtherm ore, substituting (2.3) in (2.4) and then tran svecting w ith respect 
to 1z , we have

(2.6) k°ka R j  +  k‘ ka (tjgik - g jk t  +  9«  9j  -  9* 9Î +  2 9»y 9Î) +

+  jè(-|yè R,«* +  ~~'(n 2y (fi gj-y kk ^j Jr k  9#  9 / — k  9 « 9 /  +  2 ^ 9 //9 Ì)j" f-

+  ^ | i aRa«A+  S;—  khg ii- \ - k \ li 'st) —  ̂ 9 .-A9/ +  2 ^ 9« 9t |  =  ° »

which in view of (2.5) gives

(2.7) kaka | R v / +  - (8j-gt-i—  gjk Si +  9 a  9j  —  9yk9 i +  2 9,y9*)j == o .

Since ^  is a non null vector, we have the following

THEOREM (2.1). I f  an R B n-space is an Einstein one, then the space is 
of constant holomorphic sectional curvature ( Vano [4] page 76).

Yano [4] has proved th a t

Lemma (2.1). A  Kähler space of constant holomorphic sectional curvature 
is an Einstein space’.

Using the above Lemma and the Theorem (2.1) we have

Theorem (2.2)., A  necessary and sufficient condition that an VIE>n~space 
be an Einstein space is that the space be of constant holomorphic sectional 
curvature.

W e have the following Lem m as from [2], [3].

Lemma (2.2). The curvature tensor ’R Âij-k satisfies the identity

(2 • 8) V/ Vm R hijk V m V ffilhijk +  ^h ^ i  Rjkim — V* Vh R.jkim +

+ Y/ Yfc ̂ Imhi    Y& Yj RItnhi =  O .

Lemma (2.3). I f  aa$ , ba are quantities satisfying 

(2*9) âß ß̂a > âß T  ß̂y T- ŷoc ß̂ O

fo r  a , ß , y =  I , 2 N either all the a ^  are zero or all the ba are zero.
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W ith the help of the above Lem m as we shall prove

THEOREM (2.3). I f  an R B „-space is an Einstein space, then either the 
recurrence vector is gradient, or the space is of constant holomorphic sectional 
curvature.

Proof. D ifferentiating (2.3) covariantly  and using (1.1)^, (2.1), (2.2) 
and (2.3) we get

(2* IO) ^m ^ I  ^ijkh ~  (y  m ki +  kj km) H ijkh

where
R

^■tjkh R-ijkk T  ~n {ShjSik gjkShi 9 ik 9jh r 9jk 9 ih 2 9 2y 9^).

From  (2.10) and the identity  (2.8) we g e t 

(2-I T) klm H ijkh +  H kMm +  kkh H lmij =  o ,

where
kim = V/ km — Vm kt .

The equation (2.11) is of the form (2.9) since Y\ijkh == HkkiJ. Thus from 
Lem m a (2.3) we have the Theorem  (2.3).

Now, we assume th a t an Einstein RB^-space is recurrent, then we have 
V /R ^  =  ki R ^  for a non zero vector k*., from which we have V7 R,-,- =t tj
“  ki Substituting (2.2) in this equation, we find R z> =  o, which is equi- 
valent in an Einstein space to R =  o. Conversely, if an Einstein RB„-space 
satisfies R =  o, then substituting by (2.3) we get V, R,y/ =  k l R ÿ/ .  Thus 
we have

THEOREM (2.4). A necessary and sufficient condition fo r  an Einstein  
R B n-space be recurrent is that the scalar curvature be equal to zero.

3. R icci recurrent space

Theorem (3.1). In  an ' ~K$>n-space i f  V l M iJ =  k * M f o r  a non zero 
vector ki and  a non zero tensor M,y then the tensor D,y/  is not equal to zero.

Proof. Suppose on the  contrary  that D,y/  =  o. Since the space is an 
RB„-space we have from  (1.8)

A, R*/.

C ontracting the above equation with respect to h and i  and using the fact 
th a t K af  =  o (Tachibana [1]) we have

(3-0 ViRJk =  o.

Since the tensor M,y is recurrent, the equations (1.6) b, (1.9) and (1.6) a give

(3.2) v, n,y = k* nu , vz n = i f  n , v,r = 0 r and V/R* = k* R,y .



[9i] Baij N ath Prasad, On a Kählerian space with recurrent, etc. 91

From  (3.2) and (3.1) we get k* Kjk =  o, Since k* =j== °  we have =  o, 
R =  o and hence from (1.6) a and (1.6) b we have —  o , M,y =  o which 
contradict our condition th a t ,Mty is a non zero tensor. Hence the tensor 
"D-ijk o.

Theorem (3.2). I f  an R B n—space of non vanishing Bochner curvature 
tensor satisfies the condition

(3-3) V/ M;j =  k* M,y

fo r  a non zero vector k* and a non zero tensor M,y, then a necessary and sufficient 
condition that k t be a gradient is that k* be a gradient.

Proof. Let us assum e th a t (1.4) and (3.3) hold, then we have

(34) v , n *  =  n,y

and hence from (1.7)

(3-5) V/Dijk =  k*T>ijk .

By virtue of (1.4), (1.8) and (3.5) we have 

(3.6) V/ R*y/ =  k l Ki/k   k f Dty/ .

D ifferentiating (3.6) covariantly  and m aking use of (1.4) and (3.5) we
obtain

^I ^ijkh — (filant ^ijkh --------  +  Vwi / )  'Dijkh *

Substituting this equation in the identity  (2.8) we get 

(3-7) klm ijkh +  kij Kkhlm k-kh Imij (film D ijkh kijlOkhlm ^kh D lmij) O ,

where

klm ^I k m ^m kl and klm V/ km \ 7m kl .

W e now assume th a t kl is gradient, then klm-= o. Consequently from
(3-7) we ha Ne

klm D ijkh +  kij Dkhim +  kkh D imij  — o ,

which is of the form (2.9) because of (1.11). Since M,y is a non zero tensor 
by theorem  (3.1) D ijkh is a non zero tensor. Therefore it follows from Lem m a 
(2.3) tha t kim =  o. Hence ki is a gradient vector.

Conversely we assum e th a t /£* is a gradient vector, then from (3.7) we 
have

klm kk-ijkh f f  kij Kkhlm kfcjt K /w,y =  O .

Since the space is of non vanishing Bochner curvature tensor we find from 
Lem m a (2.3) th a t is gradient.
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O bserving the proof of Theorem  (3.2) we state

THEOREM (3.3). Let anYPQn-space satisfy the relation V/ M,y =  h f  M,y 
fo r  a non zero vector k f  and a non zero tensor My  and kt be a gradient, then hf 
is also gradient.

Now we shall prove the following Theorem .

T h eo rem  (3.4). I f  an R Bn-space which is not fla t satisfies R ÿ — o then 
the space is recurrent and the recurrence vector is null.

Proof. I f  an  RB^-space satisfies R,y ==.o, then (1.4) can be .written as

(3-8) V/ R ÿ /  =  ki R»y/.

T hus the space is recurrent.
From  the Bianchi identity  and R,y =  o, we get Va R,y/ =  o. Thus 

contracting (3.8) w ith respect to h and /  we get

(3-9) ka R ÿ /  =  o .

On the other hand  from  the Bianchi identity  and (3.8) we have 

(3-IQ) k; R,y/. +  k{ Ry// +  kj R lik =  O .

T ransvecting this equation w ith /  and using (3.9) we find ka ka R,y/ ' =  o . 
Since the space is not flat, the recurrence vector is null.

4. Parallel  vector fie l d s  in  R B „-spaces

Let us assum e th a t in RB„-space there exist a parallel vector field v' i.e.

(4-0 V/ö’ =  o

U sing the Ricci and  Bianchi identities we get

(4.2) va R ,4  =  o , =  o Va R ;J ‘ =  o , vaVa R,;/ =  o

and va V*R =  o .

L èt us define W =  ^hvh. D ifferentiating this co varianti y and using (4.1) 
and (1.1)^ we get

(4 -3) V/^** =  o . .

A gain using the Ricci and Bianchi identities we get

(4.4) U R ,y / = o  , va Rya =  o , va Va =  o ,

va Va R,y =  o and v* V„ R . =  o .
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Also we have

(4- 5) ^  Vfl S,y =  o and va Va S,y =  o .

T ransvecting (1.4) by vl and using (4.2), (4.4) and (4.5) we have v“ ka K z>/  =  o . 
T hus

Theorem (4.1) I f  an R Bn—space admits a parallel vector field  v \ then 
one of the following cases w ill occur.

(i) The space is of vanishing Bochner curvature tensor.
(ii) va is orthogonal to ka.

I am  very thankfu l to D r. U . P. S ingh for very kindly  going through this 
paper and m aking a num ber of very useful suggestions.
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