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Geometria. — 7 effect of conformal change over some entities
tn Finsler Space. Nota di H. D. Panpe e AwpaesH KuMar, pre-
sentata @ dal Socio E. Bomp1aNT.

R1ASSUNTO. — Due spazi di Finsler si dicono conformi se tali sono le metriche da
essi determinate. Si studiano le relazioni fra enti relativi a due di essi.

1. CONFORMAL FINSLER SPACE

Suppose that the two metric functions F (%, #) and F(x, #) defined
over the #—dimensional Finsler Space F, satisfy the following conditions:

a) The function F (x%, #') is positively homogeneous of degree one
in the #’s

ie. F(x,4#) = kF (x, ) where £>o0
6) The function F (¥, #) is positive if not all £ vanish simultaneously:
F (¢, #)>0  where X (#)=o0.
¢) The quadratic form

;L N R (x, /,L-,' L.
F2 75’ x] (x , x) sl 8/ e __.(7__._)_ 8z €]
24" 347

is assumed to be positive definite for all variables ¢’’s for any line element
(a, &5).

If the above metric functions F (x, #) and F(x,#) have two metrics
& (x, %) and g; (x, %), they are said to be conformal if

(1.1 4) G, D =4@, g, &,

where ¢ (x, #) is a factor of proportionality.
Equations (1.1 4) can also be written in the form [1] D,

(1.10) g,(x, %) =g (x, %)
where,
6= G(x)z—é-logu[.o,

(*) Nella seduta del 16 giugno 1972.
(1) The numbers in square brackets refer to References at the end of the paper.
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similarly we can get

§i(x, 8) =g (x, %),
and metric function F (x, £) defined by
(14 Fr,2) =@, 2" F(x, D,
can also be written by
(1.1d) F@, ) =¢F(x,)

where g7 are called the contravariant components in F,(x, #) and thus the
space I, is called conformal Finsler Space with the entities T, g7 etc.

The covariant derivative of vector X’ (x,#) with respect to x* in the
sense of Berwald is given by,

(1.1e) Xip (@, %) =3 X — (5 X) G + X/ G @,
where,

(1.1 f) Gij(x,## =G,  and,

(r1g) Gl (x, 2) # = o

where Gj; are the Berwald connection coefficients positively homogeneous
of degree zero in its directional arguments.
We have the following entities of conformal Finsler Space:

(1.1 /%) G, =G (x,%) —o,B" (x, 1),
(1.14) Gi(x,# =Gj(x, %) —0c,B" (x, %),
(1.1 &) Gir (v, %) = Gl (x, %) —0,,9,9, B” (x, %)
Wheije,
6, =0, , BI(x, i) Pl

The functions B’y(x , %) are homogeneous of degree two in #. We shall
also us¢ the contraction of the tensors Hj; and Hj, as follows:

(1.17) H,=Hj) and H,=H
where, [1]

(1.1 m) Hj (x, %) = 9,9,G'—%,3,G' + G}, 5,G" — G, 3, G

(2) 3; = 3fdx% and 3; = 334"
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and
Hyu (v, #) = 3, Hj; (v, %)
(1.1%)  Hig = 3, Gly— 3 Gl + Gy Gla — Gis Gy + Gl 3,G" — Gy 3, G7
THEOREM 1. Under the conformal transformation we have:
(.0 Hag + Huw + B = 2 [{(C, Giw) Gh + (3, G Gl +
+ (3 Gu) GE) + (3 GE) G + (3, G Gz’:]n’_‘_ (@ Gp) Ga)} +
+ G7' (3t Glam — Gt Gy + 2 Gz Gi1) + G (3u G — 2 G2 Gl —
— G7 (3y G,]m — GGl + 2 G Giy) — Gl (3Gl — 2 Gl Gi)} —
—{@y0;—0,G})) 3u BE + G BY + G BY,) +
+ (3; 0,— 0, G) (3 B —}— Gy B 4 G Bzm) -
+ (0 0;— 0, Gj») (3B + Gle BY + Gf BE,)} —
— o, {(C: Bita) Giy + (3 Bif) Gi + (3, BY}) G) +
+ (s BfY) Gi + (3, BY) Gl + (3 BY) Giy) +
+ (3% B{Y) G + (3, BR) Gh + (3 BY) Ghn)} +
+ Ghw (GuBY — Gl BY, + BY G, + BY Ghy) +
+ B By Glgm — G{7 Gl + 2 Gioga G1) + G7' (3 By — G Bmn +
+ Gl B + Boix G — B Gha) -+ BE, (3u Gl — 2 G Gl —
— G¥ (3 Bz}m — Git B + B Ghyy + Bty Gl — Bl i) —
Bfy (u G — 2 Gl GI) — Gl (30 BYY — Giy BE, +
+ BY Gl + B Gh) — BY 3y Glyn — Gy Glpe + 2 G Gii) } +
+ o0, {BZ, (Bif GJ}, + auBS — Bii Gfy + B Giy) +
+ B (ou lem G B + Bl Gi, + By Gl — B Gi) —
B (u Bl — Gy, BZ}Z + B Gi, + By Gip,) —
— B (uBH, — Gis BY,. + Bm[z Gl + B Gh, — B Gh)} +
-+ (Bm[é Bi) {o; (3, Os ™ On G&) + o, (10, — 0, G} +
+ (B BY) {o; (3 6, — 6, Gl) + 0, (3 6;,— 0, Gl)} +
+ (B B {o; (34 6, — 6, Gl) + 0, (3 0, — 5, G},
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and -

(1.2)

Hiy— Hig + Huw 2 = 2 [{((u Gly) G + 2 (34 G”) Glp) —
—2 (3 B™) (31 6, — 0, Gli) + 2 G (3 Gy — G, Gl +
+2GjpGh) + 2 G (3 G’ —Gh G + G5, G") —

—2 (B Gju + G’ B) Oy 5,, — 0, )} +

+ 2 (Bj B™) {o, (3 6,,— 6, Giw) + o, (3 6, — 6, GIL)} —

— (Gl (0 G} + 2 Gl G} — 2 Gl G + Gf 3y G — 2 Gl Gl —
— @u o, — 0, Gop) (Bi' G; + Gg}_B;m>} +

+ (B Bly) {5,, (% 6,— 5, Gl) + 0, (3 6,, — 0, G} -

+ {4 Gl G7, + (0, G)) (u Bi" + Gju B + G, Bijp} —

— #* {24 Gl) Gy -+ (2 G1) Gh) — (34 B (3 6, — 0, Gl +
+ ((u Ga) G — G (y G1yy) + Gie Gl Gi — Gl 3y G +
+ Gju Gha G) + (3, 5)) (Gu BY + Gju Bir' -+ Gf: B +

+ o, (3¢ Bif) Gii + GJu: Gy BY") — G B Gi + BY Cysy Giry) —
— BYY Ghn Gi + G (o Bi) — Gt Bifh G + B (o G —
— BJ Gy Gi — (3, B2 Gy + (3 BiY) Gl + (3, BR) Glh) —
— o, 0, (Bl 3y Bi) — B Bi, G + B (3 Bifj) —

— BY{; Bi}, G3) — (B Bi) (0,0 (346) -+ 0, (3, ;) } —

— 0, {(%u By) Gy + 2 (3 B™) Gy, + 2 (u B™) Gy, +

+ @u B Gy + (u BR) G + Gju (2 39 B —G7, B +

+ 2 B" G}, + 2 B” G}, — Bi" G, — Bij G) +

+ 2 B™ (3 Gy — G?} Gam) + 2 G Giy,) +

+ 2 G” (3 Bi — Gl Bifh, + BJik G + B Gl — Bii Giy) +
+2 Bifi (0 G’ — Gy G] + G, G") — G (qu BY' — B Gy +

+ Gl BY + BY Gh) — Bl 40 G} + 2 Gh G} — 2 Gy G) -+
+ G{: (B} G, + BF; G — Gl B — B Gl — 3 BI™ —
— G, BY" + Giy; B™) + B} (3u G — 2 G Gi)} —
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— 0,5, {B}" 3y B — Biix G + Bji Gij, + Bf; Giy,) +

+ Bf (4 B}" 4 G}, B)" + GJ, B — Gy, B —

— By} G, — Bij; G + B, G) —

— B (23 B" — Gh B’ 4 2Gf, B” +2 G}, B” — B G + B G) —
— 2 B” (3 Bf) — Gfy Bif}, + Glu BY; -+ Bfi Gf, — Bfi Gh)} —

— (B BE) (50, G + 0,0, G}

Proof. As we know that Hj is a tensor and is also known as * deviation
tensor "’ being defined by [1]

(1.3) Hi(x, %) = Kiu(x, )+ 2" = Rlu(x, 2) 2 &

With the help of equations (1.3),

(1.9 A K =9,9,G'—28,9,G'—Gf;5,G’ + G{,3,G
and

(1.5) Riu = Kju + Cl K 27

we have

(1.6) Hi(x,#) =25G —9,5,G # +2Gi,G —3G'5, G’

where G’ (x, #) are positively homogeneous of degree 2 in #'.
def. 1 |
3
(1.8)  so that Hj(x,#) =25G —23,G +GidG —GL 3G

(1.7) We know, Hj (3, Hy — 3, H))

Under the conformal transformation defined in equations (1.1 %), (1.1 %)
and (1.1 £) we have,

(1.9) H; Cxl, ) =1[2(3G — @B s,)— (3 Gi—(, Bi" o,) & +
+ 2 {Gy G’ —o,, (G B + G’ BY) + (By B” 5, 0)} —
—{G} Gi—o,, (G} Bi" + Gi B/") + (B;" B 5,,5,)}1,

and

(1.10)  Hi(x, ) = [0 Gi — 3; G} + Gim G — G GI) —
— 6, (% BY —9; BY -+ G, BYY + GI BZ, — G BYY — G} BY) +
+ 0, 6, (B B — B BI)].
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Differentiating covariantly with respect to #’ equations (1.9) and (I.10)
in the sense of Berwald we get respectively equations (1.11) and (1.12).

(1) Hi=[2{(%3G — (3,G) G/ +( Gﬂ) Gu) — (% B™) (3,6,,— 0, G) —
—0, (3,9,B” — (3, B G; + (3, B G, + (3, B™) G} —
— # {242 Gi — (3, G&) G} + (3, Gh) Glr— (3,G}) Gy —
— (3, B¥") (3,6,,— 6, Ght) — 0, (3,8, By — (3, Bi) Gf +
+ (3 BY") G + (3, BY") G — (3, B)") Gi)} +
+ 2 [G” (3, Gl — Gk G + G} Gi— G, Gir— G, G) +
+ Gy (3G’ — GGl +G" GJ)) — (G B +G' By (5,0,,— 6, Gl) —
— 0, {Gy (3, B —B/" G} + B G/, + B" G}}) +
+ B (3,Gly— G G7 + G} Gl — Gy Gl — G, G)) +
+ G’ (3 BY — B Gl + By Gl + BY Gl — B Gl — B GI) +
+ BY' (3,G' — G, Gl + G" G} +
+ 0, 0, {By (3, B” — B/ G/ + B" G, + B” G,)) +
+ B” (3, By — By G} + By G}, + By Gy — B Gy — B Gl) +
+ (BY B™) {0, (3,06,,— 5, Gw) + o, (3,0,— 0, G} —
—[Gi (&G} — G}, G + G} Gl,— G, G)) +
+ G} (3, Gt — G}, G7 + G G — GJ Gl) —
— (36, — 0, Gy) (G B + G B)") —
— 0, {G} (3 B)" — Bi' G} + BY" GI, + By Gl — BJ" Giy) +
+ By (3,G} — G G} + G} Gl,— G, G}) +
+ Gl (3 Bj” — B} G + B}" Gy, + B Gl; — B G) +
+ B (3,Gi — G4, G} + G G, — G} Gi)} +
+ 0, 0, {B;" (3, BY — BL G/ + B}’ GJs + B{' G, — Bl Gin) +
+ BY' (9 B — B G} + B} Gl + B} Gli— B[ G +
+ (B" BY) {6, (3,0, — 5, G})) + 6, (36, — 5, G1)}]]

5. — RENDICONTI 1972, Vol. LIII, fasc. 1-2.
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and
(112)  Hio = [{(%% G7 — (34 G3) G + (% G Gli— (2 G}) Gh) —

— (33, Gi— (3; Gin) G7 + (3, G} Gl — (3: G}) Ghy) +

+ G7 (3 Goow — Gl G + Glom Gy — G Gl — Gl Glot) —

— G7 (3, Gjm — G G7 + Gt Gl — G G — G Gl) +

+ Gim 0,GI — G5 G7 + G} Gl — G Gl —

G (3, G} — G7. G7 + Gi Gy — G Gl) — (36, — o, G-

- (% BY — &, BY + Gin B + G Bf,, — G}, BY — G} BJ) —

— 0, {(% 9, BY — (3, BY) G7 + (3, BY) GJs -+ (3, BY) Gl — (3, BY) Gl) —
— (33, BY — (3; B{) G7 + (3 BY) Gly + (3 BY) Giy — (3, B Gly) +
+ Gim (3, BYY — BY G} + BY G + B! G, — B G}) +

+ B (3, G — G G + G Gly — Gl Gl — G, GL) +

+ G (3, Béw — B% G7 + BY, Gir + Bl Gi— B, G — BE, Gl +

BZ, (3,GI' — G}, G} + Gi G — G Gf) —

— G} (3, Bjj; — B, G} + B Goy + Bl Gl — B Gl —- BY, Gl —
— B (3,GF — GG} +Gi Gl —Gr Gy —

— G (3, BY — B G7 + BY G + B}" GJ,— BY Gi)) —

— BY (3, Glpi— Glpin GI + Gipi Gt — Gy Gy — Gy GI)} +-

+ 6,0, {B%, (3 B — BJ* G} + BY G + B Gi,— BJ" Gi) +

+ B (3, Béw — B%un G7 + BY, Gy + BE, Gy — B, Gi— BZ, Ghp) —
— BY; (9, B — B G} + By Gl + By Gy — Bl Gi) —
— BY" (3, B — B3 G? + B Gl + B Gl — B Gl — BL, G} +
+ {(B%. B/ — B}, B:*} {e; (3;6,—15,Gl) + 6,(3, 6, —5,Gp)}].

With the help of equation (1.12) by cyclic interchange of indices 7,/
and £ we obtain the result (1.1).

Again with the help of equations (1.11) and (1.12) we obtain the
result (1.2).
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THEOREM 2. Under the banformal transformation we have:

(2.1)

and

(2.2)

(33 Qu—5 Q) = —y L Gy + Gimn G2 — G7 Gy —
— G Gigw) — o, '(9[»} Bh]z' + Gl B + Bl Gl —

— B G — Bt} Gy — Gy B — G7' Bouwn) +

+ g; o, (BZu BZ;‘ — B?’“ ki — Bi Bim],

Qay — Qugy = — (”hiI) [{ (3 3y Gy — (3: Gig) Goy + (3s Gi) Giy) —

— ((u G Gi] + <a[st> Gy — (ou Gi) Gip) +

+ Gz (35 Glow — Gh] imt + Gy Gl — Gh]z Gim — Gim Gi) +

+ Gl (35 G — 2 Gf} Gi) — G7' (3 Gijm — G G tmyat + 2 Gz Glpp) —
— G (30 GI* — Gy Gl + G711 Gi— Gy, G7)} —{@uo;—0,Gp)} -

- {(2: By — 29 BY + BY Gl + G% BY, — Gl BYY — G BY,)} —
— o, {(3 % B — (3 B Gy + (& BY) Giy + (& B) Gh) —
— (9 B Ghy + (3 BY) Gi + (ou BIY) Gl + (o B{)) Giy) +

+ Gim (3t Bél — Bi Gl + BL Gy + B Gl) +

BiY (9 Gim — Gl Gl + G:;], Gim — Giys Gom— Gy Giy) +
+ Gfi (3 B — Gly Biu + Glyy BY, - Gy Bir — Giyy Bh — BY Gl +
B;?f,;, (O G:;j — 2 Gy Giy) —

— Gl (3 BY — G;,] BY + G, BY 4 Gy B — Gl BY) —
— B (3 Glym — Gis Glmare + 2 G Gigg) —
— G:‘n (O Bi’im - G{h Ban + BZ[& Gy + BZ[/& Gl — B, Gi]m) —
— Bl (04 GY — Giy G + G, Gl — Gl G} +
+ 6, 6, {BY, (3 By — B}’{z Gl -+ BEGRy + B Gl +
+ B’ (9 BY, — Gl Bl + Gy BY, + Gy Bisy — Giyy BY — Gl BY) —
— By (an B — Gly Bl + Gy BY — Giy B — Gy BP”) —
— B (3u Bijw — G Blysy + B4 Gay + Bioz Gy — Bifz Giam)} +

+ {B% By’ — B By} {o; (9n 6, — 0,Ghy) -+ o, (30 0, — 6, Giy)}].-
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Proof. Let us suppose that [1]
(2:3) Qi =Py + P (5 P)

where P (x, %) is positively homogeneous of first degree in its directional
arguments and the projective transformation is defined by

(2.4) G, =G, —P(x, s+

Therefore Q, is also positively homogeneous of first degree in its directional
arguments, with the help of equations (2.3), (2.4) and

(2.5) G, Ty — G Ty =0

(2.6) Hfe = His — 8 (Pey + P (5 P)) + 8 (Pyyy + P (3, P)) —
— #[(3, P), — (3, P);, ]

and by putting Hf; = o, we have,

-7 Hip = 8 Q, +.4" (3, Q — 3 Q-

If we contract equation (2.7) in the indices ;7 and £ we have,

(2.8) Hj = H,= —nQ;, —(5,Q) #
but, H, = H.

Therefore from equation (2.8) we get,

(2.9) Hy, = — 73, Q, # + Q.

By eliminating the directional derivative of Q, between equations (2.8)
and (2.9) we have, [1]

(2.10) Q= — Gayy ("Hi + Hy, ).

Under the conformal transformation defined in equations (1.1 %), (1.1 %)
and (1.1 £) we have from equations (1.1 ) and (1.1 ),

(2.11)  Hy=Hy = [, G:— 3, G}) — o; (3; B — 9, BY) +

+ (G GY — Gou G?) — o; (G, BY -G} B, — GL: BY — G’ BYp) +
+ o; 0, (BY, B — B, B/,

(3) Here we have made use of ét. G}, = G}, and 59,. BJ"" = BJ"’”
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and
(2.12)  H = [(3; Gi, — 3, G}) — o, (3 BY, — 9, BY) +
+ (Gimr G+ Gl GI — GY Gl — G Gip) —
—o; <G:1m, B} + B Gim + GI, Bl + G¥ B, —
— Giur BYY — BY Giy — B2, GZ —GI zr]rzér) +
+ o;0,(BE, B + BY BY, — Bi, B/ — B BLy)].

But we also know that

(2.13) Gl (v, %) # = Gi(x, %)
(2.14) Gim (x, %) F =0
(2.15) Gy = G |

and B*(x, #) are positively homogeneous of second degree in its directional
arguments.

With the help of equations (2.10), (2.11), (2.12), (2.13) and (2.14) we have,
(2:16)  Qu=— ¢y [0 G — 3Gl + Gl GF — Gl GI) —
—0; (3 Bf — 3, BY 4 (G}, BYY + G7 BY, — Giu BYY —G7 BEp +
+ éj o, (B, By — Bj: B)].
Differentiating partially equation (2.16) with respect to #* we get,
(2.17)  (3,Qp = 1) [(3: G — 3 Gl + Gl GE +
+ Gl Gl — G:nbh G — Gy, G',,,k) — ‘
— a; (3 Bifh — 3 B + Gl B + Bi Gl 4 GEi BJ, -
+ GZ Bl — Gos B — BY G, Gzlz BY:— G7 Biw) +
+ o; 0, (B Bi + Bi, Bii — Biu BY — Bi Bl

and also differentiating covariantly equation (2.16) with respect to #* in the
sense of Berwald we get,

(2.18)  Qupy = — [{(3: 0, G& — (3; Giu) G + (3; G&) G — (3:G1) Gi) —

1
(n—1)
— (39 G} — (3, Gi) G + (3 G¥) Gis — (3, GI) Gia) +
+ G7 (35 Gl — Gt Gi + Gl Gl — Gl Gl — G Gl +

+ Gim (3, GI — Gl G), + G1 Gl — G7 Gly) —
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— G (3, Ghp — G,,,H Gi + Goi Gl — G Gl — G4, GL) —
— G (3, GI'— G} Gj, + Gi Gl — G Gf-»} —{(0;—0,Gp)} -
- {3, B{ — 4, B + G}, Bl + GI'BY, — G\, BY —G” BiD} —
— a5 {(3: % BY — (3 BY) G + (& BY) Giy + (3 BY) G, — (5, BY) GL) —
— (3 3 BY — (3 BY) G} + (3, BY) Gii + (5, BY Gf, — (3, B DGl -+
+ Gin (3, BY — B G, + BY GJj + B Gf, — B}’ Gy +
B (3, G — Gzim, Gl + Gl Gl — G, Gy — GE GLy) +
+ GF (3 BY — BYy G -+ BY, Giy + BL, Gfy— B, Gl — BY Gly) +
B}, (3,G — Gl G) + Gi G, — GI' Gly) —
— G (3 BY — BY G}, + BY G}, + B Gj, — B}Y Gl) —
— B (5,Ghp — G:'W Gh + G Gy — G Gl — GLy Gl —
— GJ (3, By — BY Gl + BZ, G, + B.: G/, — BY, Giy — BZ, Gs) —
— Bo: (3, G — Gl Gl + GI Gl — GP Gy +
+ 6,0, {B:Z;, (34 B — B G}, + By G + B} Gy, — B Giy) +
B} (3 BY, — BY. G} + BY, Gy, + B, G/, — BY, G4 — By GL) —
— BY,: (3, B/ — Bl G, 4+ B* G, + B Gy — B Gi) —
— B (34 By — Biw Gl + B4y Gy + Bl Gf, — B4 GLy— BY, GL))
+ {B%, B — B B} {0; (8,0, — o, Gi» + 0, (a0, — 0, G}

With the help of equations (2.17) and (2.15) we get the result (2.1), again
with the help of equations (2.15) and (2.18) we get the result (2.2).
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