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G eom etria. —  The effect o f conformal change over some entities 
m  F insler Space. N ota di H. D. P a n d e  e A w d h e s h  K u m a r , pre­
sentata (*} dal Socio E . B o m p i a n i .

Riassunto. — Due spazi di Finsler si dicono conformi se tali sono le metriche da 
essi determinate. Si studiano le relazioni fra enti relativi a due di essi.

i .  C o n f o r m a l  F in s l e r  S p a c e

Suppose that the two metric functions F (xfx*)  and F (x \ x f  defined 
over the ^-dimensional Finsler Space Fn satisfy the following conditions:

a) The function F (x \ x 1') is positively homogeneous of degree one 
in the x {is

i.e. F (x , kx l) =  kF (x , id) where k >  o

b) The function F (x , x) is positive if not all F  vanish simultaneously:

F (x \ x 1') >  o where Tl (x *)2 =j== o .
i

c) The quadratic form

F2 /  y  (X , £) z C  : L L A lA  e* g/

is assumed to be positive definite for all variables s*’s for any line element 
(x% x l).

If the above metric functions F (x , x), and F (x , x) have two metrics 
Sijipc.x) and JL. (x , x), they are said to be conformal if

( i - 1 a) g.. (x , x) =  (x x) g.. (x , £)

where  ̂ (x , x) is a factor of proportionality.
Equations (T.i a) can also be written in the form [1] (1),

(i-i 6) ly  (x > (* . •*)

where,

a =  a (x )  = T - lo g U

(*) Nella seduta del 16 giugno 1972.
(1) The numbers in square brackets refer to References at the end of the paper.
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similarly we can get

gij (x , ±) =  e~ ^ g ij (x , x ) , 

and metric function F ( x , x) defined by 

( i • I c) F (x , x) =  ■ (x , x)1/2 F (x , i ) ,

can also be written by

( i . I d) F (x , x) =  <?a F (x , x)

where g* are called the contra variant components in Fn( x ,x )  and thus the 
space Fn is called conformal Finsler Space with the entities F , etc.

The co variant derivative of vector X 2 (x , x) with respect to xk in the 
sense of Berwald is given by,

(!•■«) x  ;*) ( x , £ )  =  dk x !' ~ (ày XÓ G i  +  x 7 g ;, (2),

where,

(i • I / )  G%■ (x , £) x 1 =  G\ and,

(i • I g) G\jk (x , x) xk =  o

where Gy* are the Berwald connection coefficients positively homogeneous 
of degree zero in its directional arguments.

We have the following entities of conformal Finsler Space:

( i- i  h) G’ ( x , x) — G' (x , £) —  Gm Bim (x ,£ ) ,

( L I 0  G }(x , x) =  G }(x , x ) —  Gm dj B‘” (x , X) ,

( l .I  £) Gjk (x , X) =  Gjk (x , £) G m 3y B (x , X)

where,

am = ^ m a > BV (x , X) =  A  F2g ’3 — £  x 3.

The functions Bv (x , x) are homogeneous of degree two in x .  We shall 
also usé the contraction of the tensors H ‘k and FŸh]k as follows:

H, =  Y\!]h and H,y =  Whl]h

where, [i ]

( i . im )  Hj* (* ,* )= =  3,  3y G! — 37 3,  G‘ +  GL 3,  Gr —  C g dk G r

(2) dt =  djdxi and d; =  d/dxh
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and

H-hjk (x , x) =  dk H/?; (x , X)

(I • I *) =■ a* G\j — a, Gii +  Gly Gii — G'hk Giy +  Gin dj Gr ~  GÛy 3* Gr.

THEOREM i.. Under the conformal transformation we have-.

(I • I) m Hl) +  Wim  +  Wlm =  2 [{((a, GL) G”] +  (a, GL) G”, +

+  (fi Gn[f G k]) +  f fk  G[.) G/j „ -f- (a, G”*) G;]n +  (3,- Gy) GL)} +

+  G,- (3[/ Gk]m G[/ G^otä -f- 2 Gm[̂  G/]Ä) +  GL (f[i G” — 2 GL G}j) ■—• 

G* (3[/ G,]», G[/ G,]OTM T“ 2 Gmy Gif) Gmi (â /Ĝ j —- 2 GL G/j)} —

— {(a/ °i —  G7) (3(i +  G t  B,f +  G” B t )  4 -

+  (3,- a, -  <7„ Gß) (3[/ Bg +  G L  B f  +  G^ B t)  +

+  (fk <*j —  G&> (%■ B/f +  G L  B/7 +  G[J B t)}  —

ay (((3> Bt )  G/j +  (3* B,}/) G,] -f- (3/ B D  GJ) 4-

H~ ((L B[}) G/]„ +  (3/ Bji) G,]n +  (3,- By) GL) +

+  ((3, By) G{]n .+ (3, B[I) G t  +  (3- B[7) GL)} +

+  GL (3[/ B7{ -  Gy B% +  BJ? GL +  By” Gj]n) +

+  B, J (3[/ G L  G”/ Grk\m„ 4 - 2 Gnm[k GL) +  G f (dy B t  — Gy B +

+  GL  B t  4- BZ[k G{]n ~  B% GJ]m) +  B& (3t/ G,“ — 2 G™y Gnn) -  

- g :  (dyBim~ G ny B imn +  B4 -GL +  BZy Gi]„ — BL G”]m) —

B?i (3[/ GJJ -  2 G L G/j) -  GL (3[/ B ,t -  G”/ +

+  B”i GL +  Bfr GL) - B r ( 3t/ G t - G f / G t  +  2 G ^G L )}  +

+  0/ <*s { Bjm (B|y G?)„ -f- dy B™{ — BL G/j 4- Bny G D  +

+  B r  (3[/ B t  -  G”y B t „  +  B t  GL +  BZy Gj]n — B% G/]m) —

-  BL (3[/ BL -  G”y B7{„ +  By GL +  Bny GL) -

Bi (3[/ B t  G[/ B t»  +  BL/ GL +  BZy G/j„ •— B}},- G L )} +

+  ( B t  BL) {aj (3/ or, -  G si)- +  or, (3/ ory -  aK Gy/)} +

+  ( B t  BL) (<7y (3,- a, — (S„ G”•) +  a, (3,- ory — an Gy,-)} +

+  (B»[r B/7 ) {<4- (3̂  ff, — <r„ G t  +  (7, (3̂  ery — a,, GJi)}],
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and

(1 .2 ) Hkg) - 4  Hki(ï) % =  2 [{((% G(K)) G*j +  2 (3[i G") G/j„) —

2 (d[k B ) (3/j Gm — Gn G/]«) 4  2 G'7 (3[/ GIjy ■— G”/ GI]y„ —

+  2  G\k G i) +  2 g ;£4 (3/j Gy — G”] Gi +  Gi]n Gn) —

-  2 (ßjm g ;[4 +  Gy B;r,) (3/j -  a, G:im)} 4

+  2 (Bj[i B7 ) {cs (3/] crOT <tb G/]„) 4  am (3/j — g„ G i)}  —

" {Gf* (7] Gy 4  2 G/]„ Gy ~ 2 G/jy GI) +  Gy (3[/ GÌ] --- 2 G i  G/j) ---

-  ( i  ^  ^  Gnm[l) (B ir g ; +  Gì] b ;ot)} +

+  (By” B[ì) { Gm (3/] CTr---<7W G ”]S) +  (7̂ (3/] G „ ---  Gn G/]„)} 4

+  {(3[/ Gì]) g : +  (a, GJ) (% B ir +  g;v B lr +  Gi  Bi]7)} ■_

-  *h {(CSA G([/) Gì] 4  (dk G[y) G/j„) — (fh B[T) (3/J <7m — <j„ Gni]m) 4

+  ((3[/ Gij„) Gk G[i (3 )̂ G/jy) 4  Gj[k G/]jn Gì ---Gy]/ (d(k) Gì]) 4

+  G;v  Gi  Gi) +  (3,  Gj) (% Bir +  Git, Bir +  G(i Bir-) +

+  ((3]* Bir) Gi 4  c;v  (3W B in  — GjV B& GI +  Bf? (3(/;> Gf,y) -

-  B ir (Gi]yB GI +  Gf) (3W B in -  G{k Bi]% Gì +  (3W Gì]) -

-  B;r G i  GI -  (3, B in  GI] +  (3,4 BID G i +  (3, B[T) Gi )  -

-  (B n (3W Bin -  B ir B ir g i +  b#  B in -

-  B i B in  GI) -  (BOiT BÌD (am (3, g,) +  4  (3, ory))} -

-  {(3f/ b  m  gì] +  2 (3[, B”n  g ì  +  2 ^  b ^  g ì  +

+  (3]/ B in  G! 4  (3[/ BID GD +  G i (2  3/j By" -  GI] B Ì  +

+  2 B’"" G i 4  2 B* G i — BID Gì — Bi! G7) 4  

+  2 B '"  (3[/ Gl]y G\i Gljy*) 4  2 G n GI]„) 4-

I 0  f  1 - 4  T ) rm r^n xyrm  , -y^nm ^  r  , t q  rn s-^m -p »  rm  r^ n \  i-f- ,2 Kj {dy &ky  — Kj {1 ï$Âyn +  tìj[k (jr/]w +  Lri]n --- &n[k Cx/jy) +

+  2  B n  (3fl Gy -  GI] Gi +  G i G”) — g ; (3[/ B ir -  B,^ Gnn +

+  G,n Bif +  B ir g ì )  ~  b it  (3/j g ; +  2 g ì  g ; -  2 g ì  g ì) +
I r J  f-rynm r^ r  , j^ rn  ^  r  -r-ynm -r^rm ^T  ^[k (,-D/jy Kjn -f- J3/jy hrn   ijr/^ By -— B/]^ (jry  9/j By  :

-  G i B7 +  G i  B in  +  B r  (% Gi] -  2 G i  Gj)} -
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Gm as { By (d[i B{] —  Bî[k G/] +  B\l Gj]n 4- B(! G/j„) +

+  BÛ (3/j B r  +  G;]â B r  +  G In B J  —  Gnly B7  —

Bwm p r  -nn! , T)m r^n\l]j -̂Jn -D/jy —p ±J/]W VjryJ

-  B £  (2  3fl B7> -  G*] B f  +  2 G/!, B~ +  2 G,V B * -  B?/ Gy +  B # Gsn) -
~  ' - n / j  / o  T )rm  r ^ n  T ) rm  i  P  r  -rynm  ,  T-yrn s-^m -r}rm  \ 1

—  2  ß  p  [ /  & k y  —  L r [ /  i 3 ^ y w  4 -  G n [ i  ï $ ky  +  B j[ k  G i ]n —  B n[k G / ] / )  }  —

~  { (B7[7 Bi]) (Gm Gn G* +  as ün G })}].

Proof. As we know that H i is a tensor and is also known as “ deviation 
tensor” being defined by [1]

(1.3) H i (x , •£) =  T&ikk (x , .£) ■£* X =  Rj/lk (x , x) x  x h.

With the help of equations (1.3),

(1.4) ** Kjihk =  a, 34 G‘ -  3* a, G‘ -  G it % c j  +  Gii 3* Gl

and

(i-s ) 4- c ; w k ^ ^

we have

(1.6) =  2 34 G' — 3* 3̂ G‘V  +  2G Ì,G / — 3/ .G,'3i G/

where G* (x , .£) are positively homogeneous of degree 2 in x \

(1.7) We know, H;a =  -  (3y HJ -  3* Hj)

(1.8) so that Hj4 (x  , i )  =  3* 3y G‘‘ — .3,  3* G‘ +  G \r 3y Gr —  G]y 3,  Gr.

Under the conformal transformation defined in equations ( i . i  A), ( i . i  Ì) 
and ( i . i  k) we have,

( 1-9) HI (* ,  *) =  [2 (3,  Gr -  (3,  Brm) O  -  (3,  GJ -  (3,  B D  O  Xh +

+  2 {G7  Gj  -  (G%- W m. +  Gy BIT) +  (BIT B7> aM <0 } -

-  {G; g ì  -  (g ;  B f  +  g ì  b d  +  (b;'" b7  o > ] ,

and

(I.I?) H i . (* , *) =  [(3,  g ;  ■ - 3, g ;  +  G L G? —  G L  GT) —

_  /G) TDK/ a  - n * 7  I _ j_  (~ *m T t r j  j ± m j  p  m T>rJ \  |
G ÿ  \~ k  *-*i *-*k " I  G k m ± Jj  4 "  *~>km G m i  iJ k  G &  J^m i) i~
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Differentiating covariantly with respect to x l equations (1.9) and (1.1.0) 
in the sense of Berwald we get respectively equations (1.11) and (1.12).

(I • I O H«*) =  [2 {(a,3/G’’ -  (a,G f G’l + (a,G”) Grnl) -  (dk Brm) ( a , -  G); GL/) -

-  (a, a, Brm -  (dk B D  Gl +  (dk Bnm) Git +  (a, B f  GL)} -

-  f  { (a, a, GÎ -  (a* GL) Gl + (dh Gl) g l  -  (3, g :) G L) -

-  (fh B D  (3/ -  <,„ Gh) -  Gm(dA S/ B T  -  (dA BT) Gl +

+  (3* B D  GL +  (dh B?) GL -  (a, B D  GL)} +

+  2 [G-* (di GL — GL» Gl - f f  GL GL — GL GL — GL G”ì) - f f  

+  GL (3/Gy -  GiGl +  G" GL) -  (GL B3’" +  G3 BD  (a,o„ -  Gn GL;) -

-  <rw {GL (a ,Bym -  B f  Gl +  Bnm Gìt +  BJn GL) +

+  By” (a/ GL -  GL, Gl +  GL GL -  GL GL -  GL Gf) +

I C 'J  - p rm  T ) rm  r ^ n 1 Tynm  , x yrn  r > m  r , m  .
1 C9/ ■ kj '--  +  £>kj Cjni +  -D̂y Cjni  B„y (jr*/  Gy/) +

+  B f  (di Gy — Gy Gl + G” GL)} +

+  <*« { B f  (3/ By' — B3S Gl +  B"' GL +  By" GL) +

+  By' (di BT” -  BTG1  +  BL" GL +  BL GL -  B f  GL -  B f  Gji) +

+  (B T  BJ‘) {a s ( d i  g „, —  a n GL/) +  a m ( d {  g s —  a„ GL)}] —

-  [Gi (di g ; -  GL Gl +  G” GL -  Gl Gjì) +

+  G) (di G{ — GL GL +  G’i GL -  GÌ GL) -

-  (3/ GL/) (g ; B T  +  G} B D  —

-  óm {G; (3/ B f  — B T  Gl +  B T  Gii +  B f GL — B f  GL) +

+  B f  (3/ g ; -  GL Gl +  g ; g l- -  g ; g;o +

+  Gi (3/ BD -  B ;r Gl +  BD GL +  B f GL -  B T  G}) +

+  BD (3/ Gi — GL Gl +  g ì GL — Gy GL)} +

+  Bf  (3/ BL -  BL Gl +  BL GL +  B f  GL -  B f  GL) +

+  B f (a, BT  — B f: Gl +  B f' GL +  B f GL — B T  GJ,) +

+  (B f  B f) {<7m (3/ <7, — Gm GL) +  G s (di Gm — G„ GL/)}]]

5. — RENDICONTI 1972, Voi. LIII, fase. 1-2.
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and

c i .12) m (l) =  [{(9, 3, Gri - (3 ,g :„)g i  +  ( 3, g ”) g o  g d  —

— (3i 3/ Gl — (3,- GO) G/ +  (3,• GO G0 — (3, Gr„) Gli) +
I (~ 'm  / v >  f ^ r  f ^ r  p »  I S~̂ n p y  ^  r  ' r ^ r  \
I v *  km kmn Lx/ I Lr nl  L r^ ^ L r^ / ~ Vjr^

Gm (~'r /~'r f^n J s~̂n s~*r r^r \ \
k \ r  I ^ i m  t-T imn t-J/ | t-J m i Lr n l L rmn Lr n  Lr nj  ' J mi j  |

I r  C 'm C 'm f^n  I « n s-* m m /~\n \“T Lrkm I Lrz-  Kjin Lr/ ~f- Lr* Lrnï Lrw (jy/J —

— Grmi (3, GO — G’kn Gl -\- Gî G ni — GO GO) — (3/ c>- — a» G]i) ■

• (3, B f -  a, B7 +  GL B f  + G7 BL -  GL Bf  — GO BL) -

-  Gy {(3, 3, B?—  (3, BZ) Gl +  (3, B1) GO +  (3, B f)  Gó -  (3, B*) G”/) -  

-  (3, 3, B? -  (3, BO) Gl +  (3, BO) GO +  (3, BO) GÓ -  (3, BO) GO) +  

+  GL (3/ B f  —  B f  Gl +  BO GO +  BO” GÓ -  B f  Gli) +

+  B f  (3, GL — GL» Gl +  GL GO — GL GO — GL G Zi) +

+  GO (3, BL — BO»» Gl +  B’L  GO +  BL GÓ — BO» GO -  BL Gli) +

I T) rJ C 'm (~^n , (~^n r ^ n \
I & k m  { à i  t _ J /  —  K j in  L r /  - f i -  L r z  L r ni   - - - - - K jn K jr;i)  —

-  GO (3, BL -  BL» Gl +  BL GO +  BL GÓ -  BO G l, -  BL G?,) -

B r j  f ^ m  s~^m ■ s~*n s~^m ^  m f^ n  \
m i \ à l  Lrk  yJkn  L r/ -f- K jni ----Kjrn Lrk l)  -----

_ _ _ _  C J  TKm / T ) mJ r^ n  « -rynj r m  ,  - p mn r  j  ü ™j r n \yjmi [dl &k -----Ì5kn LrI -f- Bk \Jni +  r>k Lrnl --- &n Lrkl) --

B f  (3, G„i — Gmm G, -(- Gmi GO — GO GL — GL GO)} 4~

+  Oj as {B li  (3, B r  -  B ,r Gl +  B’" GO +  BO” GO — B,0'f G li) +

+  BO1 (3, B Ó -  BL» Gl +  BL GO +  BL GÓ -  BO», GO — BO» Gli) -

B r j  / » >  T ) m s  T )  m s r^ n  \ t >  n$ r ^ m  I 1 3 mn f ' s -rym s \
m i [ y i  & k  ----  E>kn Lr/ ~ \ - D k  Lrnl  “fr Lrn I -----  ì 5 n Lr^/J —

Bms ón TKrj c n I Txnj: r r I Txrn rJ  T>rJ r n "rV r n\ \  lk \ à  l  mi ^  min 'Jr/ “T- *-*mi ^ n l  ~T" ̂ m i  ^ n l  ^ n i ^ m l  *->mn ^~*il)S ’T"

+  {(BL B f1 -  B ti B H  { gj (3, a t -  ^  GO) +  ^  (3, a, -  G})}}.

With the help of equation (1.12) by cyclic interchange of indices i  , /  
and k we obtain the result (1.1).

Again with the help of equations (1.11) and (1.12) we obtain the 
result (1.2).
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Theorem 2. Under the conformal transformation we have:

(2- 0  (dk Qk h  Qh) =  ffl _  [(3[a G-V +  GL[* GS —  G f G^aa] —

• Giß G ,]m) —  cry (3  ̂B/]/ +  G'L[a 'B^f -f- B'4[  ̂G S —

-  B f  GLm  -  B% G\im -  GL B ^ , — O f BZ[M])  +

+  Gj Gs ( ß U  - B f  B ^ i  -  BT[l b £ , ) ] ,

(2.2) Q ^ )  Q^(^) '   j) [{(L  [̂Ä Ĝ J ; (di G Ilf) G/t] +  (9/ Gf) Gl]/) ---

■ ((d[A G a) Gk] +  (d[k Gì) Gl]/ -— (d[k G/) Gl]) ,-f-

+  G[k (fh] GL — Gl] GL/ +  Gl]/ GL — Gl]/ GL 

+  GL C^.QS — 2 Gl, GS/) — GS Griim

• Gl]m G//) +

G[h G(m)k\i +  2-.Glm[k Gl]/) ■

— G!^ (3̂ ] G f  — Gl] G™ +  GT]i Gli — Gl]/ G f)} — { (9[ä cy — o/ Gj[Ä) } • 

• { (a .B | — a,] B f +  B f  GL +  GS BL - G f *  B f  — Gr B ^ )}  -

o>• {(3/ BS — (3/ BL) Gl] -f (3/ Bf) Gl]/ +  (di B[l) GS/) —

-  ((%a B L ) Gl] +  (3[, B f )  Gl]/ +  ft* B f )  G L  +  (%, BL) Gl]/) +  

+  GL B f  -  BL Gl] +  Bfk GS/ +  B f  G f) +

+  B f  (aÄ] GL — Gl] GL/ +  Gl]/ G/m Gl]/ GL — g !]w G//) +

+  G^ (dk] BL — Gl] B L/+  Gl]/ BL +G1]/ B f  — Gl]/ BL — Bf/Gl]w) +  

+  BL (% GS —- 2 GL Gl])

Gm̂  (d,] Bff Gh] Bff -j- GS/ B f -f- Gl]/ B f  — G f  B f  ) -—

B f  (a[Ä Gl]w —  Gl[h G\m)k]i f -  2 G f* Gl]/) —

G/ (d[, Bl\m — G[h B(L)A]/ +  B ^  Gij/ +  B'i^ GV BL Gl]m) —.

\ T ) ÿ  o  » ?  s s l  ss  m x s s m  ^ 1  s s l  ,
^ » » [ A  ( 9 * ]  U r /  U r ^ ]  G / /  - f -  G ^ ] / G r / - - - - - - - - - - - -   G / , ] /  G /  ) )  T

+  aj  a s { Tm (d{k B̂ ] — B%i Gl] +  Qs"\i +  B™1 Gì]/) +

+  BrT<a*] BL —Gì] BL A G U  B i  +  G iv B i  —  Gìj,- B t  — GÌ]* Bf) —

_ _ _  P ^ 7  rytn s s s l  - Q  ms I ss  m -r̂  ls  ^  s -r»  m l s ^ l  x i  m s\
^ m [k  ( d h] JDi -— K jh] t i n  H -  L r , ÿ  ± 5 /  —  G ^ ] /  J ö / - - - - - - - G h]i  D i  )  —

B/ (3[ä B/]m G[ä BLa]/ +  Bf^ Gl]/ +  Gl]/ -— BL Gl]m)}  +

+  { B/m Bf/, —  B/ Bw[̂ } {<jy (aÄ] —  d/ Gl],) +'CTj (3a] cry — (7/ Gl]y)}].
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Proof. Let us suppose that [1]

(2.3) Qk =  P »  +  P & P ) -

where P (x , x) is positively homogeneous of first degree in its directional 
arguments and the projective transformation is defined by

(2.4) G* (x , £) =  G* (x , x) — P (x , x) £ .

Therefore Qk is also positively homogeneous of first degree in its directional 
arguments, with the help of equations (2,3), (2.4) and

(2 *S) (?k T)(A) (?k T(*)) ~  0

(2.6) Rik =  H ik —  H  (Pa) +  P (a* P)) +  H  (Pw +  p &  P)) —  

and by putting HJhk =  o, we have,

(2.7) H i, =  HQk + .* *  &  Q* -  3* Q*) •

If we contract equation (2.7) in the indices j  and k we have,

(2 .8) H l  =  H h =  - n Q A- ( 3AQr) * r

but, H ÿ =  H |v& .

Therefore from equation (2.8) we get,

(2-9) H ik =  — n h Q r * r +  Qk-

By eliminating the directional derivative of Qr between equations (2.8) 
and (2.9) we have, [1]

(2 -IO) Qt =  —  (w2L i} (»H , +  .

Under the conformal transformation defined in equations (1.1 A), (1.1 i) 
and (1.1 >è) we have from equations (1.1 m) and (1.1 n),

(2 .11) R, =  Hi- =  [(a/ Gî —  a, Gî) —  aj (a, B? —  a, Bf) +

I r 'm , r 'm\ _ j p w  T)«y t >mj  r'™ Tstj \ !I Lr^vjTj J 0\j  { f l jm  t5  ̂ | *->im v _ x 15 ,* Lr,\ £5m£j -j—

+  .«ry a , ( B t B r — B L .B D ], ' 3

(3) Here we have made use of à =  GL and d .B rm — Br.™.w /  ■ I k kt t j  j i
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and

(2.I2) Hkr =  [(3* Gir '--- dk Gir) ---   Gj (fi ^kr ---  $k B'îv) +
1 /p 2 /~* m ! z—» i p  m sr* m p i p  w p  2 \

“T (S*tmr T" ^im VJkr --- ^ i ^mkr ----Wr 'J'mkJ -

. ^  r r i T3 mJ I - R *nj Ç̂ i \ c m TXij \ r m R #Gj {frinir 1 &kr. itn “T- kr îm 1 t-T£ &imr

Gì  T ) mJ ___  Y \mj  r '  ì  _ __ T>ÎJ C 'm ' C 'm t> îj \  imkr P>2 - &ir ^mk ---  &mk ^ir --- Vjy E>mkr) “T

! ~  ' / ü ÿ  I TXms R #  R V  T lms U ms T lV  M
T  G j G $ \ Î5 i m r  -t>£ I & k r  *->im -t*mkr & Ì  & ir  J>mk) J  •

But we also know that

(2.13) Gir (pc , X) X =  G \(x  , X)

(2.14) Glhr (pc , X) X =. o

(2 .15) Glh =  G\k

and B** (x , x) are positively homogeneous of second degree in its directional 
arguments.

With the help of equations (2.10), (2.11), (2.12), (2.13) and (2.14) we have, 

(2.16) Q& =  — f f z r j )  [(fì Gl ■— Gj- +  Gjm GT —  Glmk G f) —

___ __  r v ___ T ) ÿ  i m i  r i r m txv  n * r w/  r ' m R * y  \  1Gj [fi *->k -*-h I ifjim *-*k I Ĵk £->im 'Jink tj/ VJTj ÌDmh- —f-

! _  _  /T ) i j  R ms T>U D ^ \ 1[ Gj Gs (̂ lJim *->k mk *$i )J •

Differentiating partially equation (2.16) with respect to x h we get,

(2 .17) (dk Qt) = ---- I fff  'i) K3*' G[/< +  G'imh GT +
I C' * p' W2 (~*i f-'tn m s-'i \“T Lr**--- Cr* ------------ lx# ---

___  _  r #  __ ~ r #  i f ' i  TxmJ  i j y mJ r ' i  \ R V  iGj \yi *->kh Oik I 'Jimh k I *-*kh 'Jim 1 'Jkh *-*im “I

I r ' m T>ÌJ C ' i  T>mJ  T )mJ C 'i  C 'm T3 ?y T>ì j  \  IT" ^  J>imh    \Jmkh &Ì   t5ih yjmk   Cjih Dmk   'J* ^mkh) "T

I  ̂  ̂ /!)*>' T)rns I TDV T>™s T}*ns Tlms R V \\
T  G j Gs [ f j i n h  r>k  I -*^2*»2 *Jkh J-*mkh * J i *Jih ^ m k J J

and also differentiating covariantly equation (2.16) with respect to xh in the 
.sense of Berwald we get,

(2.18) Qk{h) = -----jffzirï) [{(̂ * Gl —  (fi Gli) GÌ +  (fi Gì) G\h —  (fi GJ) GÌf) —

— (fk h  GI — f k G ii) Gì +  (fk Gj) G\h — (fk G/) Gj;,) +

+  G f  (dh G\m —  G Ini Gì +  GL G)h —  G\m Già —  G ji Glmk) +

I p' i f ' m (~̂m r-̂ l i r l̂ s-*m /-̂ m \~r yjim fà  ^k --- 'Jkl 'Glh “T *<Jk VJ Ih---yjr l \Jkh) ~
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Gì (3, Gm, - G mki G a +  G’mk G{, — Gl, GÌ,, G'mi G ì,) —

-  G L  (a, G ? -  G f GÌ +  Gì GTh -  G 7 G«)} -  { ( 3 ,^  -  à, Gj,)}

• {d£ B Ï  — dt -Bf  +  GL B f  +  G f  BL — G L B f — G? B**)} —

Gj  { (ßt 3h B-j ■ (3« B//) G, -{" (3,- B/) G„ j- (3, Bf) G/, — (3,- Bf) Gì,) — 

-  (3, a, B f - -  (3, Bf) GÌ +  (a, Bf) G), +  (3, Bf)  G l —  (3,  Bf) Gf) 4- 

+  GL (3, B f  — B f  Gl +  Bf GJZ +  B f  Gf-, — B f  GÌ,) +

+  B f  (3, G,„ — GIW!/ GÌ 4~ GL G}, — Gìm Gif, — Gf  Gf,) 4- 

f  G-, (3, B,m B imi G h +  B f  G ih 4- Bim G /, ■— B f  G ì, — Bf Gf,) 4~
1 "rV m   (~*tn I r̂  m r̂ l \T  .^ttn W  W   yjkl yjh +  Cjih----Cj/ —

-  GL (a, B f  — B f  Gì +  Bf GTf, +  B f  Gf, -  B f  Gf) —

B f (3, GOT, — Gmki GÌ 4 -GÌ,, Gl, — G), GÌ,, — G f  Gì,) —

-  Gf (a, BL -  B luG Ì  +  b L  Gì, +  BiUGih — B f GL — b L g ì ,)  -  

B f, (3, G,-— G//-G, 4~ GÌ GTh — G f GÌ,)} 4~

+  .a, as { BL (3, B f  -  B f  Gì 4- Bf G« +  B f  G f -  B f  GÌ,) 4~ 

f  B, (3,  B£m B ì„i G, 4* B f  G a, 4~ Btm G /, — Bf, GÌ, — Bf Gf,) •—

-  B f, (a, B f  -  B f  Gì +  Bf GTh 4- B f  Gl, -  B f  GÌ,) -

B,- (3, Bf. — Bf,, Gì 4- Bf, G}, 4- B’f , G/, ■— B'jk G f, ■— B f  Gì,)} 4- 

+  { B f B f  -  B f, B f )  {a. (3, a, -  a, Gì,) +  a, (3, cry -  a, Gf,)}].

With the help of equations (2.17) and (2.15) we get the result (2.1), again 
with the help of equations (2.15) and (2.18) we get the result (2.2).
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