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Analisi funzionale. — A  note on the m inim um  property o f R(A) fo r  
a monotone mapping in a real Hilbert space. N o ta (#) di A d r ia n  
C o rd u n ean u , presentata dal Socio G. S ansone.

RIASSUNTO. — Lo scopo di questa N ota è di dare una generalizzazione di un risultato 
di Pazy relativo alLasintotico com portam ento di una contrazione in uno spazio di H ilbert 
e di fare qualche osservazione circa il semigruppo di contrazione generato da una certa mono­
tona trasformazione.

i. Introduction

Let H be a real H ilbert space with the scalar product (*, • )  and the 
identity  operator I and let A  be a subset of H X H. For such a subset “ the 
dom ain of definition ” is given by D (A) =  {x  ; [x , y] e A  for some y e  H } 
and “ the r a n g e ” is given by R (A) =  { y  ; [x , y] e A for some r e H ) .  
A  subset A C H x H  m ay be considered as a m ultivalued m apping defined 
on D (A) C H w ith the values in R  (A) C H, defining K x  ~  { y  ;[x ,y] e A }  
for x  £ D (A). For a real X, we define XA =  {[x , Xy] ; [x , y] e A } , and for 
A  , B C H X H we define A  +  B. =  {[x , y  +  s] ; [x , y] e A  and [x , s] e B }.

W e say th a t A  is m onotone if for every \xt- , yl\ e A  , 1 = 1 , 2 ,  we have 
(jFi — y 2 > x i — x %) >  °* A  is said to be m axim al m onotone if it is m onotone 
and there is no m onotone set A such th a t A  C Ä.., A  =j= Ä.
' A  subset A C H x H  is said to be closed if [xn , y n] e A  , xn ->x  and 

y n ^  y  im ply th a t [x , y] e A.
Following A. Pazy [5], we say th a t a closed set K C H has the m inim um  

property if the element of m inim um  norm  in conv K belongs to K. (Here, 
conv K denotes the closure of the convex hull of K).

W e shall use the following well known:

LEMMA i [5]. Let  C C H  be a closed convex set and let v be the 
m inim al element of C. I f  un e C and \ un \ | v | , then un -> v.

A nother result em ployed in this paper is an extension o f a theorem  due 
to H. Brézis and A. Pazy [1], nam ely:

Lemma 2. Let A  C H X H ^ ^  closed monotone set. I f  

R (I +  XA) D conv D (A) fo r  every X >  o
then

a) D (A) is convex;
b) For every :r 6 D (A), A x  has an element of minimum norm denoted 

by A 0 x.
c) — A 0 is the generator of a semigroup of contractions on D (A).
d) A  has a unique extension to a maximal monotone set A satisfying 

D (A) =  D (A) and  Ä 0 == A 0.

(*) Pervenuta all’Accademia il 5 luglio 1972.
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We shall also use the following result due to M. G. C randall (un­
published; see H. Brézis [2]).

Lemma 3. Let A C H  X H be a maximal monotone set. Let be E H 
and f  (f) such that f  (t) -—f ^  E L 1 (o , T  00  ; H). Then fo r  every weak 
solution u of the equation du/dt  +  A u  3 f ,  we have lim u (t)[t =  —  v, where v

t —>00

is the m inim al element in  R (A  ) - / •

2. THEOREM i .  Let A  C H X H be a closed monotone set and 

R (I -f- XA) D conv D (A) fo r  every X >  o.

Then R  (A) has the m inim um  property.

Proof. By the Lem m a 2 quoted above, A  has a m axim al extension Ä 
satisfying D (Ä) =  D (A) and Ä0 =  A0; on the other hand it is well known

th a t R  (A) is a convex set. Thus R (Ä)- =  conv R (Ä) D conv R  (A) D R (A). 
Let be the m inim al element in R (A ); thus, there is xn E D (A ) and z/M e A x n, 
n =  I , 2 , 3 ,• • -, such th a t ->Z7. Because \vn \ >  | Â ° ^ |  =  \A°xn\ >  |z/| 
follows th a t \A ? x n \ ->\v\  and by  the Lem m a 1 we obtain A ° x n ~>v, i.e.
VE R (A). Obviously v is the m inim al element in conv R (A), thereby  the 
theorem  is proved.

As a corollary we obtain a theorem  of Pazy [5] about the asym ptotic 
behaviour of contractions. A  function T  defined on D (T )Ç H  w ith the values 
in H is called a contraction if | T x — ' T y \ < \ x — y \ ,  Vx , y  e D (T). The 
function A  =  I — T  defined on D (A) == D (T) is obviously m onotone and 
if D (A) is closed A  is also closed. All the conditions required in the 
Theorem  1 are satisfied if T  : C —> C is a contraction, where C is convex 
and  closed. On the other hand, { S (/)} , t >  o being the sem igroup of 
contractions, generated by — A, it is known ([1], Lem m a 3.2) the ine­
quality  IS (n) x  —  T nx  I <  i n  | A x  | , \tx € D (A) and n =  1 , 2 , 3 , • • •. Since 
S in) xjn -> — v when n -> 00, where v is the m inim al element in R ( I — T), 
we obtain th a t T nxjn -> —  v when n -> 00, V ^ e C  and so it was proved the 
following result established by A. Pazy  ([5], Theorem  2 and Lem m a 5):

C o ro lla ry  i .  Let C c  H be a closed convex set and let T  : C ->C  be a 
contraction,. Then T nx[n —  v when n 00, Vx eC, where v is the m inim al 
element in  R  ( I — T).

COROLLARY 2. Suppose that the conditions of Theorem 1 are satisfied and 
D (A) is bounded and weakly closed. Then o e R  (A).

Proof. Inasm uch as D (A) is bounded, it follows th a t | S ( * ) # |  <  Mx 
for t  >  o,  Vx E D (A), where {S (/)}, t  >  o is the semigroup of contractions 
on D (A) generated by  A. Thus S (f) x /t -> o when / -> o o  and consequently 
o e R (A) i.e. there is xn E D (A) and e A xn , » = 1 , 2 , 3 , - - . ,  such
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th a t y n -^o .  W e m ay assum e i , ^ ^ 6 D ( A ) ) the arrow denoting the 
weak convergence in H. Because (yn -— y  , xn — x ) > o ,  V [x , y] E A  and 
r i =  1 , 2 , 3 , - * - ,  it follows (y , \  — x) <  o , V [x , y\ E A.  T aking x0 the 
unique solution of the equation E, E (I -f- XA) x 0 , X >  o being fixed, and 
y 0 E A x 0 such th a t % =  x 0 Jr \y 0, we obtain (y0 , Ay0) <  o which implies 
y 0 =  o, i.e. o E R  (A).

COROLLARY 3 (B row der’s fixed point theorem). Let C C H be closed, 
convex and bounded. I f  T  : C  -> C  is a contraction, then T  has a fixed
point in C .

Proof. It suffices to take A =  I — T. By the Corollary 2, o E R (A) 
i.e. 3x0 E C such th a t x 0 =  T x 0.

3. In  this section we study  the behaviour of the semigroup {S(/)}, t >  o 
generated by the closed m onotone set A, possessing the property  required in 
the  Lem m a 2.

THEOREM 2. Suppose that the conditions of the Theorem 1 are satisfied. 
Then

a) o e R  (A) <==> j S (/) x  | is bounded fo r  t  >  o , V i e D  (A).
b) o e R  (A) — R (A) <==> | S (f) x  | is unbounded fo p  t  >  o, \lx  e D (A) 

and  lim \S (t) x \/ t  =  o , Wx e D (A).
t —> 00

c) o ^ R  (A) <=» lim \ S (t) x \/ t  =  <x > o , Vx e D (A). .
t -  > C Q

Proof. a) If  o e  A x 0 , S (fi) x 0 — x 0 for t  >  o. Let x-E D (A) ; then
] S (/) ^  j <  IS fi) x 01 +  IS fi) x  S (t} xo I <  Ixo I Ix  ~  xo I > V/ >  o. Con­
versely, let I S (t) j be bounded for t >  o , V i e D(A). t > o  m ay
be considered as a bounded contraction semigroup on the convex set D (A) 
and then follows from ([3], Corollary 5.1) tha t o e R  (A). (In  fact, o e R  (A0)).

b) T aking into account a) and the Lem m a 3, the P roof is immediate.
c) T aking into account a), b) and the Lem m a 3, the proof is very easy.

COROLLARY i . Let C C  H be a closed convex set and let T  : C - > C  be a 
contraction. Consider the equation

(E) dujdt  +  (I — T) u  =  o , u (o) =  x  e C .

Then
a) A ll  solution of equations (E) are bounded <£==> | T nx  | is bounded, 

Vx E C.
b) A ll  solutions of equation (E) are unbounded and  lim | u(t)\/t — o,

t—> 00
\fx E C <==> I T nx  I is unbounded and lim | T nx  \jn =  o, Vx e C.

n  —> 0 0

c) A ll  solutions of equation (E) satisfy the condition

lim I u (fi)\ jt =  a >  o lim | T nx  \jn =
/ —> 0 0  « - > O Q

a V x e C .
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Proof. I t is im m ediate if we take into account the Theorem  2 and a 
result of Pazy ([5], Corollary 6) concerning the behaviour of the sequence
\T nx\/n .

4. In  this section, we give a theorem  of asym ptotic stability  analogous 
to th a t of R. H. M artin  ([4], Theorem  1).

THEOREM 3. Assume that A  : D (A) -> H is a function such that'.
(i) The conditions of Theorem 1 are satisfied.

(ii) (Ax  —- A y  , x  —  y) >  p (f) \ x  — y  |2 j f  \x \ , |y  |, <  r, where p =  p (r) 
is a positive function defined on [o , -j~ od).

(iii) There is x c e D(A), with A x c — o.

Then fo r  every solution u ~  u( f )  of the equation du/dt f i  A u  =  o. 
u (o) =  x  E D(A), it follows lim u (fi) =  x c.

0 0

Proof. E very  solution u (t) =  S (f) x  of the above equation is bounded:
I S (t) x  [ <  I S '(fi) x c j +  j S (fi) x  —  S (fi) x c\ <  \xc\ +  \x  — x c I for t >  o . If  
we put p (fi) =  \ u(fi) —  zzi (/) ] for two different solutions of the given 
equation, and we denote by p'+(t) the right derivative of p  (t), it follows 
P'+ (?) =  —  ('Au (t) —  A ux (/) , u (t) —  ux (/))/( u (t) —  ux (t) |. <  —  p (r0) p  (t) , 
where r 0 is a positive num ber such th a t | u (fi) | , | % (fi) | <  r0 for t >  o. Thus 
we have p(fi) <  p  (o) exp (—  p (r0) t) for / >  o. T aking u± (/) =  S (f) x c ^  x e 
and r0 =  \xc\ +  \ x —-xc\, we finally obtain that

] u f i ) - — x c I <  I x  — x c I • exp (—- p ( | ^ | +  I x  — x c [ ) /) for t >  o .

Remark. The solutions u (t) =  S (/) x  of the equation du/dt  +  A u  — o, 
u  (o) =  x- considered in this paper are strong solutions, i.e. are continuous 
and alm ost everywhere derivable.
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