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Geometrie finite. —• Nonisomorphic Symmetric Block Designs 
Derived from Generalized Quadrangles. Nota di M. M argaret E ich , 
e S tanley  E. P ay n e , presentata (*\ dal Socio B. S eg re .

R iassunto. Si m ostra che disegni simmetrici derivati da quadrangoli generalizzati 
non isomorfi fra loro sono essi pure non isomorfi, almeno nel caso di quadrangoli aventi in 
comune certe proprietà astra tte  con quelli noti. Inoltre, con l’eccezione di una particolare 
classe di quadrangoli, ogni isomorfismo fra un siffatto disegno ed uno di tipo noto è indotto 
da un isomorfismo fra i relativi quadrangoli.

i. Introduction

Theorem  4.1 of Payne [7] says th a t in certain special cases sym m etric 
block designs derived from  nonisom orphic generalized quadrangles m ust 
themselves be nonism orphic. T he purpose of this note is to elaborate upon 
th a t them a, w ith our m ain result being th a t the result just stated is true for 
all known quadrangles.

We refer the reader to [4], [5], [6] and [7] for definitions and results 
pertaining to generalized quadrangles, but we now review in a unified fashion 
the derivation of block designs from quadrangles. L et A4 be a generalized 
quadrangle of order (s , t). Let A  be an incidence m atrix  of A4 whose columns 
are indexed by the points, of A4 and whose rows are indexed by the lines of 
A4. It follows from calculations in [4] th a t M =  A  A. is a m atrix  of size 
v =  C1 +  f  (1 +  st) satisfying M [M —  (s +  t) I] =  (1 +  t) J, where J is 
the m atrix  of I ’s. For an arb itra ry  constant c, let D =  M —  cl. Then D2— DT) 
is a linear com bination of I and J precisely when  ̂ == (s +  /). From  
now on let -c — (s. +  t)/2. Then

(1) D2 =; D 'D  =  c2 I  +  (i ■+/) J .

The diagonal of M is (1 t) I, hence D is a nonnegative integral m atrix  
provided s <Lt -f- 2 and s =  t  (mod 2). M oreover D is the incidence m atrix  
of a (y , k , X)-design precisely when s =  t or  ̂ =  2, in which cases
v ~  (1 +  s) (1 +  st), k =  1 + t  +  c2, and X =  1 +  t (c.f. [10]).

For ;each prim e power q  there are known (c.f. [5] and [7]) generalized 
quadrangles of order (s , t) where 

i ) s =  t =  q 
and ii) s =  ç +  1 , t  =  q —  1.

In Sectjon 2 a simple proof is given th a t any isom orphism  between 
(v , k , X)-des'igns derived from quadrangles of order (y +  1 , q —  1) (where

(*) Nella seduta del 13 maggio 1972.
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q is not necessarily a prim e power) m ust be induced by an isomorphism 
between the underlying quadrangles. In  addition, some general results are 
given which are applied in Section 3 to the known examples with s — t. 
H ere it is no longer true th a t any isomorphism of a derived design m ust be 
induced by one of the underlying quadrangle, but the exceptions noted 
in [7] rem ain the only known ones.

Finally, in Section 4 a brief review is given of some of the known quadran 
gles of order .s* w ith an indication of which ones are nonisomorphic.

2. G e n e r a l  R e s u l t s

Let P- be a generalized quadrangle of order (q +  1 , q —  1), and let 
B,- be the (v , k  , A)-design derived from P if i =  1 , 2 .  So the points and 
blocks of B- are indexed by the points of P t , w ith the block
indexed by x j } being incident with the point indexed by 0$■ if and only 
if x j ] x {k and x j } and x (̂  are collinear in P it i — 1 , 2.

T h eo rem  2.1. A n y  isomorphism t  from  Bi to B2 is induced by a unique 
isomorphism from  P± to P2 , at least i f   ̂ >  3.

Proof Let t  be an isom orphism  from Bi to B2. Then t  is a pair ( /  ,g), 
w h e re / is  a bijection from the points of Bi to the points of B2, g  is a bijection 
from the lines of Bi to the lines of B2 . Hence f  and g  are really bijections from 
the points of Pi to the p o in ts ,o f P 2 which satisfy

(2) ;r ' ry  if and only if ' f  (pc) ~ g ( y ) ,  where “ ^  ” m eans “ is collinear
with but not equal to ” in P± or P2, whichever is appropriate.

W e claim th a t f  =  g  and f  preserves collinearity, i . é . / determ ines a unique 
isom orphism  from  P i to P 2. So first suppose th a t f  does not preserve colli
nearity. Then there m ust be distinct collinear points ^  and y  of P\ such tha t 

f  (x) and / ( y )  are not collinear in P 2. Let z 1 , • • - , zq be the rem aining points 
on the line of P i through x  and y. Then g  (zi) , • • m ust be precisely
the points of P 2 collinear w ith both f  (x) and / ( y ) .  Since x  ~ y ,  clearly 
g ( f )  ^ / ( y ) .  So g  (x) lies on a line through / ( y ) ,  say the one through g  (zf .  
But f  (pi) ~ g  (x) and f  (zt) ~ g  (zf ,  for i = 2 , - - - , q .  Hence f ( y ) , g ( x ) ,  
g ( z  1) r j  (? 2) ,• • ‘ , f  (zf) m ust be the distinct points of a line L. For 2 <  i, 
j  ^ q ,  w ith i f=j ,  it m ust be th a t g  (zt)  ~ f  Çzf ,  g  (zt)  ~ f ( y ) ,  so th a t g  (zf  
is on L  (since q >  3). But then f i x )  ^ g  (zi) for 1 < i  < q  implies f  (x) 
is on L, so f i x )  ^ / ( y ) ,  a contradiction. Hence f  m ust preserve collinearity. 
W ith no triangles in P 2 it follows easily from (2) th a t f  =  g.

For the rem ainder of this section let P4 denote a generalized quadrangle 
of ordjer If  ^  and y  are distinct points of P 4, there are 1 +  j* points z0 , • • •, zs 
collinear w ith both of them . T he trace of and y  is defined by tr { x  , y  } == 
=  { Zq , z 1 , • • •, zs }. As in [7] we say th a t the pair (x , y) is regular provided 
each point collinear w ith at least two of the points in tr { x  , y  } is actually
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collinear w ith all of them . A nd a point x  is regular provided (x , y) is regular 
for all points y  x. The following theorem, which essentially is a corollary 
of the proof of Lem m a 2.2 of [7], is Theorem  3.8 of [8],

Theorem 2.2. Suppose that x  is a regular point of P 4. I f  every point 
collinear with x  is regular, then every point of P4 is regular. The dual fo r  lines 
is also valid.

Each of the known quadrangles of even order (or its dual) has a special 
point x œ which is regular, and such th a t each of the lines L 0 L , through 
^00 is also regular. (Conversely, the existence of such a point in a quadrangle 
of order s implies s is even, but the proof we have does not readily  fit into 
the  context of this note). Furtherm ore, the collineation group G of P4 is 
transitive on the points different from x œ lying on L t-, for each i  =  o , j  , s; 
and G is transitive on the points not collinear with x œ . Such a point x ^  of P4 
will be called a pivotal point of P4.

Theorem 2.3. Let P4 have a pivotal point x ^  . Then either all points and 
lines of P4 are regular and P4 is of Type I  in the notation of [5], and s is a 
power of 2; or the points not collinear with x ^  are irregular,. and  G must f ix  x  .

Proof. F irst suppose some point not collinear w ith x ^  is regular. Then 
since collineations preserve regularity, all points not collinear w ith x ^  are 
regular. U sing Lem m a 2.1 of [7] it is easy to show th a t all points of iY a r e  
regular. So by Benson [1] (also see Singleton [11 ]) P4 is of T ype I w ith a 
power of 2 (since some line of P4 is regular).

Hence we m ay suppose each point not collinear with Xqq is irregular. 
If  G moves x ^  to some point y  ={== x 00, then y  m ust be pivotal, hence regular 
and on some line through Xoo, say L - . Then since each line through y  is regular, 
the transitiv ity  of G on the points of L ; implies th a t all lines m eeting m ust 
be regular. By Theorem  2.2 all lines of P4 are regular, and the dual of P4 
m ust be of T ype I. Then if ^ were odd, all points would be irregular by 
Benson (c.f. [1] and [2]), contradicting the regularity  of x œ . If  were a power 
of 2, again by [1] all points would be regular, a contradiction. Hence G m ust
f i x  X qq .

If  x  and y  are collinear points of P4 (including x  =  y), we write x  ~ .y , 
otherwise x S y  y . A  point x ^  of P4 is called a center of irregularity provided 
the following is true: If y  and z are distinct collinear points w ith y  ^00 and 
2 X œ then there is some point w such th a t w ~ z  and ( y , w)  is an irregular 
pair.

The following Lem m a is a key step in the proof of our m ain Theorem .

Lemma 2.4. Suppose P4 has a center of irregularity. Let Q be a permu
tation of the points of P4 satisfying the following'.

(i) y  r^yQ fo r  all points y  of P4;
(ii) y  r^jw i f  and only i f  y® ^  w^ , fo r  all points y  , w of P 4)

(iii) I f  (y  ,w ) is any irregular pair of points, then w rfi y^  .
Then Q is the identity permutation.
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Proof-. Suppose x«, is a center of irregularity, and let y  be a point such 
th a t -y Xep and 5/ = /  , so y Q =j=y. By (i) y ^ y ^ 1. I f  yQ“1 ^  x«, , there 
m ust be some point w  such th a t w <~~j and (y  , w ) is irregular. But this
is impossible by  (iii). Hence if y  =f=yQ~ , y  x«,, then Indeed,

"1 " _^
y  - m ust be the unique point on the line 'L  through y  and y Q which is colli
near w ith Xqq . Now if y Q =j=TQ ( then by (i) and (ii) y Q m ust lie on L. 
Hence y Q x«,, so (y Q)Q =  y  m ust be collinear w ith x« ,. This is clearly 
impossible. Hence if - y ^ x « , ,  then y Q =  y Q , i.e. Q2 fixes each point not 
collinear w ith x ^ . T hen from (ii) applied to x œ and each point not collinear 
w ith x œ , it follows th a t Q2 fixes x<*,. Then (ii) implies th a t Q2 =  I, i.e. Q is a 
collineation of order 2.

W e now claim Q fixes ^oo. For suppose x2> =  z =j= x œ . Then z~Xoo.  Let 
Loo be the line th rough z and ^oo. Since Q2 = 1 , zQ =  and Q m ust fix L « ,. 
Also z m ust be a center of irregularity. It now follows for z just as it did for 
Xoq th a t if y  is a point such th a t y ^ f=-y  and y  z, then y® is the unique 
point on the line L through y  and y Q which is collinear with z. Hence any 
point not collinear w ith either z  or Xqo m ust be fixed by  Q. Since each line 
not m eeting L ^  contains at least two points not collinear w ith x ^  or z  (the 
unique quadrangle of order 2 has all its points and lines regular), it is clear 
th a t every line of P 4 not meeting L ^  m ust be fixed by Q. It follows readily 
th a t Q — I, which contradicts the assum ption th a t x ^ - ^  x ^ .

Finally, since Q fixes x ^ , it m ust m ap each point not collinear w ith x  
to another such point. This is clearly impossible unless Q =  I.

COROLLARY 2 .5 . I f  is a generalized quadrangle of order s in which 
each pair of noncollinear points is irregular, then any permutation Q of the 
points of P 4 satisfying (i), (ii), and  (iii) of Lemma 2.4 must be the identity 
permutation.

Proof. Each point of P 4 is a center of irregularity.

For i  =  I , 2 let P { be a generalized quadrangle of order s; let A- be an 
incidence m atrix  of P { w ith points labeling columns and lines labeling rows; 
and let Bz- =  A!iA i —  si so th a t B,- is an incidence m atrix  of the (y , k , X)- 
design (also denoted B,) derived from P-.

THEOREM 2 .6 . I f  P% has a center of irregularity, then any isomorphism 
from  Bi to B2 is induced by an isomorphism from  P\ to P2.

Proof. Suppose th a t P% has a center of irregularity  and th a t B4 and B2 
are isomorphic. Hence there are perm utation m atrices P and Q such tha t 
PBiQ p= B2. By reordering the points of Pi so th a t its new incidence m atrix  
is P A 1 P 1, we m ay suppose Bi =  B2Q for some perm utation Q. If  Q — I, 
we are done.

So suppose Q =4= b  S in ce .Bi =  B2Q is sym m etric and contains I, Q is 
a perm utation of the points of B2, i.e. of the points of P2, satisfying condi-
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tions (i) and (iij of Lem m a 2.4. Just as in the proof of Theorem  4.1 of [7], 
the fact th a t P\ has no triangles translates directly into condition (iii) of 
Lem m a 2.4. Hence by Lem m a 2.4, Q =  I.

3. Applications to the known quadrangles of order y

In spite of the effort m ade in [8] to provide a m ethod for constructing 
new quadrangles of order s, the only ones known to us are those listed in [5] 
as T ype I, II, or II I , or the d u a lo f  one Type II I . In  [1] Benson showed 
th a t a block design derived from  a quadrangle of T ype I com pletely deter
m ines the quadrangle, but some collineations of the design are not induced 
by collineations of the quadrangle. M oreover, if is an odd prim e power, 
the dual of a Type I quadrangle (i.e. one of Type II) has all its points irregular. 
Hence Theorem  2.6 applies in this case. The rem aining quadrangles are those 
of T ype II I  which are not of T ype I, and their duals.

Since we need to com pute in a detailed way w ith these quadrangles, we 
review their construction in some detail, using the slightly revised coordina- 
tization which appears in [8].

A  complete oval of PG (2 , 2e) is a set of 2 A  2e points no three of which 
are collinear. Let O be a complete oval of PG (2 , 2e), and let N be any  point 
of O. Then the set On =  0 \ { N }  is an ovoid with nucleus N: through each 
point of On are y secants and a unique tangent, with all tangents m eeting at N. 
By choosing coordinates suitably we m ay assume w ithout loss of generality  
th a t a given On consists of the points w ith nonhomogeneous coordinates as 
follows:

(3> Ûn =  {(1 , c , ca) \ c e GF(2‘) } u  {o , o , 1)} ,

w ith nucleus N =  (o , 1 , o), where oc is a perm utation of the elements of 
F =  GF(V) such th a t oa — o , i a =  1, and

ca
0

c0

for distinct c0 , c{ , c2 € F. As noted in [8], interchanging the point
X =  (1 , c , cß) of On w ith N yields an ovoid Ox which m ay be associated 
w ith the perm utation

(4)
* La 4- (c +  -r-T]

ca ~f (C +  l ) a

Interchanging X =  (o , o , 1) w ith N yields an ovoid which m ay be associated 
with a"“1.

W ith each perm utation a of the type described above (i.e. w ith each 
ovoid On) there is associated a generalized quadrangle jP (a) (to w hich we 
refer as a Tits quadrangle; c.f. [3], p. 304) described as follows. P(a) has
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points (x , y  , z) , (x , y) , (#), and (00 ) for #  , 3/ , z E F, and lines \u , v , w], 
[u, v ] , [u], and [00 ] for u , v , w  e F. Incidence (which differs only slightly 
from th a t in [5] and agrees with tha t in [8]) is defined as follows: (00 ) is 
on [00] and on [u] ; (x) is on [00] and on [x , y] ; (u , v) is on [u] and on 
\u , v , w]; (x , y  , z) is on [x , y] and on [u , z  +  uax  ,y-\- ux\\ this is for all 
x  ,y  , z , u ,v  yw £ F. Fig. 1 is helpful in picturing these incidences.

lu .v .w l

The quadrangle P  (a) is o f T ype I precisely when a =  2, i.e. a : x ' —> x2. 
So the purpose of this section is to prove the following:

T h eo rem  3.1. L et a be a permutation o f Y  as described above but w ith  
avH  and let P  (oc) be the associated Tits quadrangle. Then (00) is a center
o f irregularity fo r  P (  a), and  [00] is a center o f irregularity fo r  the du a l o f P  (a).

Proof. W e first note th a t our representation of P  (a) is derived from 
th a t in [5] by m aking the following two changes: the line \u , v , w \  and the 
point (pc , y)  of [5] are now labeled \u , w  , v\ and (_ya 1, x), respectively, 
and incidence is translated  directly to the new notation. For P  (a) we m ust 
show the following: If  X and Y are distinct collinear points such th a t neither 
one is collinear w ith (00), then there exists a point W  collinear w ith Y such 
th a t (X , W) is irregular. Since the group of collineations of P  (a) fixing 
(00) is transitive on the points not collinear w ith (00) (c.f. [6], Lem m a 2), 
we mjay assum e th a t X =  (o , o , o). For each u  6 F, the line [ « , 0 , 0 ]  
passes through ( 0 , 0 , 0 )  and contains the points ( x , ux  , uax), x t F ,  and 
(u , 0). T he other line th rough ( 0 , 0 , 0 )  is [o , o], containing points ( 0 , 0 ,  z), 
z e F, and (o). Hence it is clear th a t the collineations given in Lem m a 3 of [6]
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are transitive on those points not collinear w ith (pò) and different from (o , o , o) 
which lie on a given line through ( 0 , 0 , 0 ) .  Let c e  F be such th a t ca 4= c2. 
From  Lem m a 2.4 of [7] we know th a t Z =  (1 , c , c) is such th a t (X , Z) is 
irregular. Furtherm ore, Z is collinear w ith some point on each of the lines 
through ( 0 , 0 ,  o). Except for the line [c06“1, 0 , 0 ]  containing (ra_1, o), 
this point is not collinear with (00). It follows th a t for each point Y ^  (00) 
lying on a line through ( 0 , 0 , 0 )  but different from [r““1 , o , o], there is 
some collineation tu of the type given in Lem m a 3 of [6] for which Zn~ Y  
and (X , Zn) is irregular. For the line [cc r l , 0 , 0 ] ,  we know by Lem m a 2.4

of' [7] th a t Z ' -  ( ( ~ f ) “ \  f“ + c )  is such th a t (X , Z ') is irregular,

and Z 'H -1 C“”1 , o). Hence (00) is a center of irregularity  for P  (a).
For the dual of P  (a) we first observe tha t there m ust be at least three

elements c e  F for which ca--j=c2. T he assum ption th a t a 4= 2 implies th a t
£ > 3 ,  and clearly there are at least two distinct elements c1 , c.2 w ith c2i 4= •
Suppose th a t these are the only such elements, so th a t c{ =  c\ and c% =  c2,

ca - f -  ca f  f
and ua == u2 for u= f c1, c2 . Then —- y —  4^ ~ ~  implies u 4= —-  . So u —

c± ~r u c1 cx c±
is a th ird  element of F with tD 4= u2, contradicting our assumption. Hence
there are at least three elements of the desired type.

In order to complete the proof of the Theorem  we need to establish the
following lemma', which has some independent interest.

Lemma 3.2. In  P  (a), a 4= 2 ? ^wo nonconcurrent lines form  a regular 
pair i f  and only i f  some line through (00) is in their trace.

Proof. I t is easy  to check the fact (first noted in [8]) th a t each line through 
(00) is regular. So by the dual of Lem m a 2.1 of [7] the “ if ” part of the present 
Lem m a is true. Now suppose th a t Li and L2 are nonconcurrent lines with 
no line through (00) in their trace. Using the collineations given in Lem m as 2
and 3 of [6], we m ay assume th a t L i and L2 fall into one of the following cases:

Case I. Li =  [u , o , o] , L2 == \y , 1 , o], where u ' f -  v,
Case 2. L r =  [o , o] , L 2 =  [c , o , 1].

v , I

W e first consider case 1. 
u +  v  I and w ith u  , o ,

Then L3 =  jo , 
u +  v

U -f- V  I
is concurrent withua A  va J

both of which are in the trace

of L i and L2. W e claim  th a t there is some line L  =  \x , , z\ in the trace

of L i and L2 (with u 4= x  4 = v , — ?—  — ' y z — A +  1\ 1 I n j _J_ V
__ , fo r

ua x a y V - f -  x va +  x a I

w hich L and L3 are not concurrent. For if L  were also concurrent w ith L3, 
then z =  ^  va • Elim inating 2 and y  from these three equations yields
O =  p  4 ) -  4  4 a+  ^a) +  U* 4 a +  ^a) +  ^  +  ^ a). Hence it suffices to
show th a t there is some x  such th a t P (x) 4= o. To do this it seems necessary 
to consider the various cases arising according as u and v are independently 
equal to zero, carried by a to their squares, or not carried by a to their squares.
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In  all cases there is an x  such th a t P (#) =̂ = o, and we give the details for what 
is probably  the least triv ial case. Suppose both ua =j= u2 and va f - v 2. Then 
if either P (o) o or P ( i )  =j= o, we are done. So assume P(o) =  P ( i )  =  o. 
Hence u2va =  v2ua and u2~f  v2 =  ua~f  va. We proved above th a t there m ust 
be some c e  F  such th a t u c =j= v and ca =|= c2. Let x  =  c. Then V (x) o. 
This completes Case 1.

For Case 2, the trace of L i and L2 is

j[o, 1] , [̂  , o , o] I u  I I« , ua +  ca
U —(— C

And the trace of [o , 1] and [z , o , o] is

\ r -, r i 1 If va ~\- ca^ 0 , 0 ]  , [ c , o ,  I],  -

c =|= u e F I •

, I c =j= v e F r
For each line in the trace of L i and L 2 to be concurrent w ith each line in the 
trace of [ 0 , 1 ]  and [c , o , o] it is easily seen to be necessary (and sufficient) 
th a f (ca +  va) +  ^2 (ua +  va) +  v2 (ua +  ca)  =  o for all u , v e F w ith u , c , v  
distinct. By Case 1 we are done. This completes the Proof of the Lem m a.

To complete the proof of Theorem  3.1, let L i and L 2 be concurrent lines 
neither one of which meets [00]. L e t#  be any point of L i not on L 2 and not 
collinear w ith (00). There is a unique line L3 through (00) which meets L 2. 
Then each line L4 through x  but different from L i and not m eeting L 3 is a 
line for which L4 meets L i and (L4 , L 2) is an irregular pair by Lem m a 3.2. 
Hence [00] is a center of irregularity  for the dual of P  (a).

It is now clear th a t Theorem  2.6 applies to all P ( a) and to their duals, 
provided a --=[= 2. It is also clear th a t (00) is a pivotal point of P(ol), so th a t 
the full collineation group G of P(cn) m ust fix (00), except when ' a =  2. 
However, in general [00] is not a pivotal line (i.e. a pivotal point of the dual 
of A (a)), and there are cases in which [00] is not fixed by G.

T his completes the proof of our m ain results. In  the next section we 
sumrpafize a few of the known results concerning the available a.

4 . T h e  c l a s s  o f  a s

Let S denote the set of perm utations a of F  =  G F (2e) satisfying 

oa = i O ,  i a =  I, and °  1 =j= 2 for distinct c0 , , c2 in  F. The

exact size of S for given e seems to be a very difficult problem. For each 
integer 1 , 1 <  i  <  2, the autom orphism  ß : x  x 2% is in S if and only if g.c.d 
(i , e) — I. In [9] it is proved th a t any additive m ap a in S m ust in fact be one 
of these autom orphism s. Using this result we can prove the following:

THEOREM 4.1.  I f  P  (a) has a regular point other than (0 0 ), then A  (a) 
is isomorphic to P  (ß) fo r  some automorphism ß e S.

Proof. Theorem  3.2 of [8] says tha t for a e S, (00) is the only regular 
point of [00] except when a is additive (and hence an autom orphism ), in
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which case each point of [00] is regular. If some point other than  (00) on [o] 
is regular, then in P f d )  all points of [oo]a* are regular. Here a* derives 
from a via (4) of [6], and P (a )  is isomorphic to P ( a*). Hence to prove the 
theorem  we m ay suppose th a t P  (a) has a regular point of the form (u , v) 
(in the new notation of course). Then by Lem m as 2 and 3 of [6] we m ay assume 
v =  o. In  particular, the pair f u  , o), ( 0 , 0 ,  1)) is regular. The trace 
of (u , o) and (o , o , 1) is

Ti — {(u , 1) , (o , o , o)} u  {{x , x , uax) \ o = f x  and x =  x  (xr1 +  ^ a)a~1} .

Sim ilarly, the trace of (u , 1) and (o , o , o) is

T2 = {(u , o) , (o , o , 1)} u  { ( y , ÿ  , Uay  + 1) \ y  f=o , ÿ =  y  (y~  1 +  ua)a"1} .

Hence (x , x , u ax ) m ust be collinear with ( y , ÿ  ,. uay  -f- 1) for all vr , y  e F.

(y ç  1 'i/ \ OC

— j  =  (# + T ) “1 +  tP. Hence 

x +  ÿ =  (# +  y) [(# +  y)“1 +  =  * +y ,
so tha t x  - > F i s  an additive m ap. U sing (4) we then have tha t

( o r l  . ^  ^  +  ^  +  =  ( x l \ x  +  /  u _ _  ) *
u  +  ( u a  +  i ) a \ I +  U ! \  I +  u  /

is an additive m ap in S. Hence (a“ 1) ^  m ust be some autom orphism  ß : x  x 2\  
g.c.d. (t , e) =  I .  A nd the complete oval associated with a is projectively 
equivalent to- th a t associated with ß. Also, P  (a) m ust be isomorphic to one 
of /> (ß), P ( ß : - i ) , P ( i — ß).- But ß 1 is an autom orphism . So the problem  
of which P  (oc) have regular points other than  (co) is reduced to determ ining 
w hat the regular points are of P(ß). and P  (1 — ß), respectively. But this 
was resolved by Corollary 3.3 of [8] which states: I f  oc e S is multiplicative,
2 = a, then P  (oc) has a line of regular points, either [00] or [o], according as
a a* =  - A ^  automorphism of F. I f  neither a nor jx* is an automor
phism, then (co) A unique regular point of P  if). Hence P (  1 — ß) will 
have a line of regular points only if 1 — ß or (1 — ß)* =   ̂P -1 is an au to
m orphism . T hen I —- ß is an autom orphism  precisely when ß =  1/2, in which 
case I — ß =  1/2. A nd is an autom orphism  precisely when ß =  2 ,

in which case (1 -— ß)* — 1/2. In  any ease, the proof of the Theorem  is 
complete.

For each autom orphism  ß there are three nonisomorphic quadrangles 
P  (ß) ^  P ' m  , P { $ y  -  P  ((ß“ 1)*), and P  (i —  p) ~  . By Theo-
rem  1.2 of [7] the dual of (1 — ß) (in case 1 — ß is not an autom orphism ) 
yields an additional distinct quadrangle. Hence there are at least 2*<p(é?) 

distinct quadrangles when 4 >  3. In  some cases there are more. Let us say 
th a t a m ultiplicative a in S is metamorphic if it is among (ß-1)*, ß"1 , ß , ß*, 
(ß*) 1 » ((ß*) 1)*j for some autom orphism  ß E S. We close with two examples 
of m ultiplicative oc which are not m etam orphic.
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E xam ple 1. Let a be the perm utation of F =  G F (25) defined by
a =  6 : x  -> x 6 . Then a e S, and oc* =  oc-1 =  26, 26* =  26“ 1 =  6. Hence 
P  (6) — P  (26), and 6 is not m etam orphic. We have checked tha t 6 and 
26 are the only nonm etam orphic m ultiplicative oc in S (as noted in [7]).

E xam ple 2. Let oc be the perm utation of F =  G F (27) defined by
oc — 20 : x~> x20. Then oc e S and a* =  a"“1 =  —  19, (— 19)*.= (— 19)“ 1 — 20.
H ere also it turns out th a t the only nonm etam orphic m ultiplicative a e S 
are 20 and — 19.

It is a curious fact tha t for e =  5 and e — 7 the only nonmetamorphic multiplicative 
a € S  are precisely those oc satisfying oc2 — a +  1 =  o (mod 2*— 1). However, we resist the 
tem ptation to make a conjecture on the basis of such minimal evidence.

The following contribution to the study of generalized quadrangles has just come to 
our attention: J. T h as , On 4-gonal configurations, « Geometriae D edicata », to appear. It seems 
unclear to us whether or not the constructions given in tha t paper will actually yield new 
quadrangles, but it certainly seems possible. Hence the phrase “ all known quadrangles ” 
used in the present work should be understood to mean just those included in the discussion 
given in this paper. Also, we would remind the reader of the following article which is of 
considerable interest especially in connection with the last section of the present work: 
B. Segre and U. B artocci, Ovali ed altre curve net p ia n i d i Galois di caratteristica due, 
«Acta A rith. », 18, 423-449 (1971).
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