ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

GHEORGHE CONSTANTIN

Operators of ces—p type

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 52 (1972), n.6, p. 875-878.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1972_8_52_6_875_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1972_8_52_6_875_0
http://www.bdim.eu/

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e
Naturali. Rendiconti, Accademia Nazionale dei Lincei, 1972.



[533] GHEORGHE CONSTANTIN, Operators of ces—p type 873

Analisi funzionale. — Operators of ces—p type. Nota di GHEORGHE
ConsTaNTIN, presentata @ dal Socio G. SANSONE.

RIASSUNTO. — Si studia una nuova classe di operatori appartenenti alla classe degli
operatori di Pietsch e connessi con gli operatori di Cesdro.

1. Let X and Y be normed linear spaces and
o,(T) =inf { T —A|:Ae&k, (X,Y)}

where &,(X,Y)={A,A: X >V, dmRA)<z}, RA) ={yeY:
xreX, Ax=y9}. ,

A. Pietsch [3] has introduced the notion of operator of /* type as an ope-
rator T € 2 (X ,Y) for which

é} [, ()] < oo

For the Cesaro operator Co defined on a sequence space by (Cyx), =
n
= ;:I_—I E 1, it is proved in [1] that Coe (/7% and is a hyponormal
T £ '
operator.
In this Note we introduce a new class of operators using the Cesiro
sequence spaces ces—p and we give some properties for this class of operators

suggested by [3] and [1].

2. In “ Nieuw Arch. Wiskunde ”, 17 (1), 1971, p 70, are defined the
Cesaro sequence spaces ces—p as the spaces of all numerical sequences

x = (Xy,%1, Xy, ++) with finite norms
00‘ I ‘}i‘ 2 |1p
leﬁ:%(%—i—l kzzf)lxkl ‘ ) ISP<OO
I n1
#lo=sup | i Sl |-

We give ;
DEFINITION 2.1. Let X and Y be normed linear spaces. An operator
T €S (X,Y) ds called of ces—p type if {0, (1)} is an element of ces—p space.

PROPOSITION 2.1. TZhe set of operators of ces—p type is a linear space.

Progf. Let S and T be operators of ces—p type. Since {o,(T) }zo:o‘is a
decreasing sequence for every operator T € £ (X ,Y) and for all nonnegative

(*) Nella seduta del 16 giugno 1972.
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integers 7, s we have a,,,(S +T) <o, (T) + «,(S), which gives

oo

[7/2]
2.( [ﬂ—[—l 24 “u(q"‘T\] =<

[ee]

Z[HI }.;ak<S+T>

n=0

o0

[2/2] {

it 2 ]|

3

because for 2,4 >o0 is satisfied the inequality
@) (@48 <, +6) , t,=max",1).

Therefore S+ T is of ces—p type and it is easy to see that AT is of ces—p type
for all scalars 2.

The connection between the class of operators of ces—p type and /” type
is given by

PROPOSITION 2.2. Every operator T of ces—p type is an operator of I” tvpe.

The proof follows from the relation

26{+ Q“AT)J > 3|t e@p 3 [,

n=(

COROLLARY. The class of operators of ces—1 type contains only the ope-
rator T = o.
In a similar way as in [3] we define an application B,: ces—p —> R by

B,(T) = }i[+ LamJ

which, possesses the following properties:
D By(T) =o0;
2) B,(T) =o0 implies T = o;
3) By (XT) =|r|B,(T) for all scalars A;
4) there exists a number o, > 1 such that

By (S +T) <0, [B,(S) + B, (T)]

for all operators S, T of ces—p type.
These properties show that 8, (T) is a quasi-norm. which defines on the
space of operators of ces—p type a metrisable topology.

1//'

PROPOSITION 2.3. Let {T.},
ces—p type such that there exists T € 2 (X ,Y) with lim T,x = Tx for all

x €X. Then T is an operator of ces—p type and Bﬁ—’: lim T, =T.

7 —> 00

a fundamental sequence of operaiors of
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Proof. Since o3(S) = || S|| < B, (S) for every operator S of ces—p type
we have that {T }* is a fundamental sequence in (X ,Y). From the fact

that 1im T,x = Tx for all x € X, we conclude that 1T, 1:11

in £(X,Y).
It is known that for all S, T€ £(X,Y) and s€N we have | «,(S)—o,(T)| <
< ||S—T] [3] and therefore

converges to T

o (T—T,) — o, (T,, —T,)| <|T—T,,|

|
|

which gives

lim o (Tm - Tn) = & (T - Tn) .

m —> 00

But for each € > o there exists a positive integer #,(c) such that

12 )1/15

_Bz,(Tm—~T,,)=éilﬁé%(Tm—Tn)J‘ <e, n,m>mn()

r=

and for s -> co we obtain

o0

B/’(T*’Tn) = 32 7 .

, 7 > 1y(e) .

2 ékl/ﬁ
{

n)

It follows that T—T,, is of ces—p type and therefore T is an operator of ces—p
type and
B;— lim T, =T
7n —> 00
PROPOSITION 2.4. If X is a normed space and Y a Banach space then

the space of operators of ces—p type is complete.
Let Te&k,. Then

OO

n=0

) - 00 n 12
. al I_ Ql N\
} -I-Hz,l {”4 T g 0“k<T/J

and since

% (T) +- 4o (T) |

we have that this series converges at the same time with L Therefore

n=0 (7 +I)p
every operator of finite rank is an operator of ces—p type for all p > 1.

PROPOSITION 2.5. Let X ,Y,Z be normed linear spaces. If T €2 (X ,Y)
and S:Y —Z is of ces—p type then ST is of ces—p type and

B, ST < HITIB,(S).
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Also if T:X - Y is of ces—p type and S €2 (Y}, Z) then ST is of
ces—p type and

B, (ST) < [[S[IB,(T).
We recall [5] that a set @ C 2 (X,Y) is a B-normed ideal if
1) & is a linear subspace of € (X,Y);

2) on & is defined a quasi-norm §;

3) if Ted(X,Y) and Se€Q(Y,Z) then STe(X,Z) and
8(ST) < [[SIE(T);

3") if Teg(X,Y) and Seda(Y,Z).then STed (X,Z) and
B(ST) < [ T|B(S).

A B-normed ideal is called complete if is complete relatively to the quasi-
norm 3.

From the Propositions 2.1, 2.4 and 2.5 we obtain

PROPOSITION 2.6.  7he set of operators of ces—p type is a completely
B~normed ideal.

The following proposition gives a method for obtaining examples of
operators of ces—p type.

PROPOSITION 2.7. Let m be the space of bounded sequences and ¢ the space
of convergent sequences. An operator T €L (m ,m) of the form

T{x;} = {a,x}, {a;}ec

is an operator of ces—p type if and only if

o0

| Blal

0

»\p

B (1) =

< 00,
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