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Equazioni differenziali ordinarie. — Convergence o f solutions o f 
perturbed non-linear differential equations. Nota di B. S. L a l l i  e 
R. S. R a m b a l ly ,  presentata dal Socio G. S a n s o n e .

R ia s s u n to . — Si studiano i sistemi ÿ  = f ( t ,  y) , ÿ  = f { f , y)  +  g { t , y)  e si trovano 
condizioni sufficienti per la  convergenza delle soluzioni di tali sistemi. I risultati ottenuti 
generalizzano quelli di un altro Autore.

I .  W e shall consider the following systems of differential equations:

where x  , y , f  and g  are ^-vectors. We assume th a t /  and g  are continuous 
from  R + X R” to R ” and th a t the Jacobian m atrix  f x is continuous on 
R+ X R". O ur m ain purpose is to generalize some of H allam ’s results [1] 
th rough the use of his own techniques.

W e denote by x (t , t0 , x0) the solution of (1) passing through (70 , x f  e 
e R + X R b  Recall th a t the variational system  of (1) associated with the 
solution x ( t , t0 , Xq) is the system

(3) % (1 i x  ( t , /q , xqP z .

W e usually denote by O ( t , t0 , x 0) the fundam ental m atrix  of (3) such th a t 
$  (tQ , t0 , x 0) =  I, the iden tity  m atrix . The non-ljnear variation of param e
ters formula, of which m uch use is m ade, can be w ritten as

(4) y  C 110 » To) =  x ( t , t0 , yf)

2. A vram escu [2] introduced the following definitions concerning the 
convergent behavior of system s of differential equations:

(9  E quation (1) is convergent if lim x  ( t , t0 , x0) =  X (t0 , x 0) is defined

for each (t0 , x0) e R + xR*.

(ii) Equation (1) is equi-convergent if it is convergent and for each 
s >  o ,, a >  o , t0 >  o, there exists a function T  =  T  (t0 , a , s) such th a t 
\\x ( I , / 0 , x 0) —  X (/„ , x 0)\\ <  s w henever t  >  tQ +  T  and \\x0 1| <  a. Note th a t

( 0

(2)

x ' — f  (ß 1 x)

y ' = f ( t , y )  + g ( t , y ) ,

(*) Nella seduta del 16 giugno 1972.
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the symbol II • [I denotes some convenient norm  on R,! and a corresponding 
m atrix  norm .

(iii) Equation (1) is equi-uniformly convergent if it is equi-convergent 
and the T  in the above definition is independent of tQ.

(iv) Equation (1) is called coales cent if it is convergent and if X (o , x 0) 
is a constant.

T he above definitions are also applicable on a subset D of R + X R ”. 
The following term inology will also be used in the sequel.

(v) E quation (1) is equi-uniformly convergent in variation  if for each 
s >  o and each a >  o there exist a scalar function T  =  T (a , s) and a m atrix  
function L  =  L  (t0 , x0), which is continuous on R+x R ” and bounded on 
R+ , such th a t

i 1 0  ( /  ,  / 0  ,  * 0)  —  L  O o  - xo)\\ <  2  

whenever t  >  t0 +  T , ||^01| <  a , t0 e R + .

T h eo rem  i. Suppose that equation (1) is convergent and equi-uniformly 
convergent in variation. For each a >  o, let coa ( t , \\y\\) be such that

( 5 )  I k  ( A  A l l  <  “ a  ( f , I I j I I )  whenever | | j ) / | | < a ,

where coa ( t , f) is a continuous, monotone, non-decreasing function in r  fo r  
each fixed  t  such that

00

(6) j  6>a -(/ , c) d t <  00 , o <  c <  a .

Then fo r  any in itia l position y 0 , there exists a J = J  (y 0) such that i f  /0 >  J 
the solution y  ( t , t0 , y 0) of (2) is convergent.

Proof. B rauer [3] has shown th a t if (1) is equi-uniform ly convergent 
in variation, then it is uniform ly stable in variation. Thus, for each a >  o 
there exists M =  M (a) such th a t ||^0|| <  a implies tha t

I I ® > * o ) I I  ^  M (a) »

Let y 0 be given and consider the solution Since (1) is con
vergent, theré exists a constant B such that

[I* (*', ô.> To)II ^  B for t > t Q .

Let J be large enough so tha t

00

(7) J  W2b(/,  2B)  <  M ^  (i-e. let a in hypothesis be 2 B).
J

W e claim  th a t for t  >  t0 >  J , \\y ( t , t0 , y 0)|| <  2B.



If  this is not so, then consider the first /-value , call it t±, such that 
Il V 'A > 0̂ > -To)II =  2 B. Then using (4), (5) and (7), we obtain the following 
inequalities.

j i

2 B  =  Il y  ( A  . h  . ^ o ) l l  <  I I *  ( A . h  , y 0 ) l l  +  J  II ®  ( h . s , y  ( s , t0 , j / 0 ) ) | |  •
A)

il

•Ilg  (s , y  (s. , t0 , JK0))|| ch <  B +  M (2 B) J <o2B (s , 2 B) ch <  2 B.

io

Hence our claim is justified. [Note tha t on [/0 , / J  , ||y  ( t , t0 , v 0)|| <  2 B so 
th a t ji O (/., , y  (s , /0 , Vo)) 11 ^  M (2 B) on this interval].

In  order to show the convergence of y  i t , t0 , y 0) we show

t
(8) lim < 1 , s , y ( s  , t0 , y 0)) g  (s , y  (s , t0 , y 0)) di'

i~> OO J
0̂
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=  J L 0  » .y 0 .  fo . yo)) g ( s , y  ( s , t 0 > y 0) ) ■

[Note th a t the last integral is well defined since L ( s , y  (y)) <  O [ t ys , y  ( s , /0 , y 0)) 
so th a t

OO

I L  (s , y  (s , t0 , y 0)) g  (s , y  (s , t0 , y 0)) di'
A,

OO

< j ® ( ( , s , y ( s , t 0 , y 0)) g ( s , y ( s , t 0 , y j ) . d s .
ÌQ

Thus this last integral is m ajorized by the integral

00

^ M (2 B) co2b (y , 2 B) ds ] .
0̂

Now let s >  0 be given. Let T 0 be large enough so th a t

( 9 )  J ^ B ( s , 2 B ) d s <
T0

Since (1) is equi-uniform ly convergent in variation, there exists T ± , T x >  T 0 
such tha t if t  >  T ±, then

II $  (* . J , y  (s , t Q , v0)) — L ( i ,y  (s , t0 , r0))|| <(10)
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where K  =  m ax \\g ( t , _y)j| over

IMI <  2 B , t 0 < t ^ T 0 .

Then for i > T 1 we have, using (9) and (io)

( l 0  J < b ( t , s , y ( s , t 0 , y 0 ) )  g ( s , ÿ ( s , t 0 , y 0)) ds
0̂

OO

— f  L ( s  , y ( s ,  t0 , jk0)) g  (s , y  (s , t0 , y 0)) ds

< j  II O { t , s , y  (s , t0 , y ^)  —  L  (s , y  {s , t0 , y 0))|| ||^  (s , y  {s , tQ , ^ 0))|| d j 
h

OO

+  j II O ( t , s , y  (s , t0 , _y0)) g  (s , y  {s , t 0 , y 0))|| d.r
T

OOf II L  (s , y  (s , tQ , y 0)) g  (s , y  (s , t0 , jr0))|| di'

OO

f f f f K  ^  Ĉ-o 0̂) +  2 f M (2 B) co2b (s , 2 B) ds

T0

<

<  — +  2‘ ( —' -  £ . 
3 \ 3 1

Thus

lim Q ( t , s , y ( s , t 0 , y 0)) g  (s , y  (s , t0 , y 0)) ds
t  —>- OO J

h
OO

=  I  L  (s >y (s , t 0 , y o ) ) s ( s ’ y  (s >*o > So) )ds ■
t0

L et \ y (t0 , y 0). and l x (t0 , _y0) be the limits lim y  ( t , t0 , y 0) and lim a- ( t , /„ , y 0)
; f- , / “ » O O  t  —»  OO

respectively. Now
t

y  0 > h  . To) =  x  { t .  *0 . To) +  J  ® (t  ,S , y ( s  , t 0 ,  y 0)) g ( s  , y  (s , t 0 , y 0)) d j .
h

Thus

\  0t> . To) =  K I/o > To) +  lim J $  ( t , s , y  (s, t0 , y 0)) g  (s , y  (s , t0 , y0)) dj.
t  —»- OO J
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U sing (8) we get
00

(12) ~ky (t0 , y 0) =  A* (t0 , y 0) +  j L ( s , y  ( s , t0 , y 0)) g  ( s , y  ( s , t0 , y 0)) dj.

Hence y  ( t , t0 , y 0) is convergent and the theorem  is proved.
W e now consider a fixed y 0 e R*. Let J0 (_y0) be the infimum of all those 

J ( y0) for which Theorem  i' is satisfied. Let D =  { ( t , y)  \ y  e R”, t  >  J0 (>„)}. 
In  the next two theorem s, we consider convergence on this set D.

T h eo rem  2. Assume that equation (1) is equi-convergent and equi- 
uniformly convergent in variation. Assume that (5) and  (6) hold. Then 
equation (2) is equi-convergent on D.

Proof. W e first note th a t all hypotheses of Theorem  1 are satisfied and 
so all equations in its proof are applicable here. In  particular, we shall m ake 
use of equation (12).

Since, equation (1) is equi-convergent, we have, for (t0 , y 0) e D with 
l b 0| | < « , .  B =  B (a) such th a t \\y ( t , t0 , _y0)|| <  B. U sing equations (4) 
and (12), we obtain

(13) y  f  > h) ) To) f  ( f  j To) =  -V ( t , /0 , To) — f  f o  , To)
*

+  j $  (f , s , T (s , t0 ? To)) g ( s  , y  (s , t 0 , To)) ds
0̂

OO

— f t  0  > T 0  > *0 , To)) g  (s , y  (s , h  , To)) ds ■
f i

E xactly  as was done in Theorem  i, we can find T x such th a t for t  !> rT1 we 
have

tj ® ( t , S , y . (s , t0 , y 0)) g ( s  , y  (s , t0 ,  y 0 ) )  ds
U

CO

—  I' l  (s ,  y  (s , t0 ,  y 0)) g ( s  , y ( s  , t0 , y 0)) ds 
i0

<  —2

for any  £ >  o. By the equi-convergence of equation (i)  we can also find T 2 
such th a t

II x  (t y ) y0) Xx (<£q , Vo) Il ^  ) t SL T2 .

Let t  >  m ax { T ± , T 3} . For any such t , (13) gives

!b  (^Uo>To) — ^(^o>To)ll  <  £•

This gives us the equi-convergence of equation (2) on D.
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By a very sim ilar argum ent we can obtain:
Theorem 3. Assume that equation (1) is equi-uniformly convergent and 

equi-uniformly convergent in variation. Assume that equations (5) and  (6) are 
satisfied. Then equation (2) is equi-uniformly convergent on D.

F inally  we give a condition for convergent solutions of (2) to be coale- 
scent.

Theorem 4. Assume that equation (1) is coales cent to xœ and that

11̂  ( t , y)\\ <  G)a ( t , ||y ||)  , any CL >  o ,  \\y\\ <  a

where o)a ( t , r) is a continuous, non-decreasing function in r  fo r  each fixed  t. 
Also suppose that fo r  each a >  o there exists a continuous function vja : R + x 
R+ -> R+ such that

\l® (I >lo > xo)i\ r  y]a ( t , tQ) fo r  t > t 0 > o ,  |A0|| <  a .
Suppose

lim I 7]a (t , s) (s , c) ds =  o , o <  r <  a .
0

Then all solutions of (2) coalesce to xœ .

Proof. Since equation (1) is coalescent, it is convergent. Let t0 , y  fi 
be a convergent solution of (2). Then

t

K  (to j To) — K  f 0 , y 0) +  Km J O (t , s  , y ( s ,  t0 , y  fi) g  (s , y  (s , t0 , y  fi) ds.
h

By convergence of y  ( t , t0 , y 0),. there exists a constant B >  o such th a t 
\\y ( t , t0 , y f i \  <  B , t  > t 0 . From  the hypotheses on O and g , we obtain

t

J  ® (t , s , y  (s , t0 > To)) g ( s , y ( s , t 0 , yf i )  d j

t

r,  >)B ( t , s) WB (s , B) d j .

Thus
0

t'y (fo A To) 1X (pQ I  y  0) •

Hence eqpation (2) is coalescent to xœ .
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