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Topologia algebrica. —  A  characteristic ring of a L ie algebra 
extension. N ota II di N i c o l a e  T e l e m a n , presentata (#) dal Corrisp. 
E . M a r t i n e l l i .

R iassunto. — In questo lavoro costruisco un « anello caratteristico » per estensioni 
corte di algebre di Lie. In  particolare mostro che ad ogni fibrato principale può associarsi 
una estensione di algebre di Lie in ta l guisa che si ritrova così sostanzialmente la costruzione 
geometrica dell’anello caratteristico del fibrato dovuta a  S. S. Chern e A. Weil.

M ostro inoltre, fra l’altro, che l’anello caratteristico qui considerato perm ette di intro­
durre un anello caratteristico per la coomologia di I. M. Gelfand e D. B. Fuks [4].

§ 6. A p p l ic a t i o n s

6.1. L et E M be a smooth vector bundle over the m anifold 
M (dim M =  n) w ith fiber- FN, F =  R or C. Let T  denote the tangent bundle 
of M.

Then Ë =  ISO (FN, E) M is the principal GL (N , F) bundle asso­
ciated w ith E.

There exists a natural right action of GL (N , F) over E induced by 
the composition

ISO (Fn , E) • ISO (Fn , Fn) ISO (Fn , E).

Let =  (Ua)a e be an open covering on M and g$a : U a n  Uß GL (N , F) 
a system of transition functions for the vector bundle E, and hence, at the 
sam e time, for the principal bundle E.

Let Y be a tangent field over E, invariant by the right. For any a e A > 
let be Ya =  Y |^ _ 1 T he field Ya can be uniquely described by the

formula:

Ya O  , g) =  (X  (x) , Aa (x) -g) for 

C30) ( * , ^ ) e U a x G L ( N , F ) ,

X a =  Ya , A a : U a ~^gl (N , F) =  T /G L  (N , F) .

Hence, locally, any  right invarian t tangent field Y over Ea =  j T 1 (Ua) 
can be defined by a pair (X a , A a), where Xa is a tangent field over U a and 
Aa :U ;a ~^gl (N , F).

(*) Nella seduta dell’8 aprile 1972.
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A  direct calculus proves th a t over p  1 (Ua PiUß) the connection between 
the two descriptions' (Xa , A*) , (Xß , A ß )-of the same invariant field Y is:

(31) Xa ^ X ß

A * =  % ßoe) ^ßa1 +  % ß,a ^ ß a  *

If  Y1 , Y2 are two right invarian t fields over Ë and if (X 2 , A«), i  =  1 , 2, 
are their local descriptions, then

(32) [(X1 , A 1«) , (X2 , A2)] =  ([X 1 , X2] , X 1 A2 —  X2 A 1,  -  [A 1« , A2 ]).

PROPOSITION 13. I f  E  is a principal bundle defined by the transition 
functions g$a : U a Op -> GL (N , F), then the set P  of all right invariant tangent 
fields over E is in 1—1 correspondence with the sections in the real vector bundle 
E  with fibre in any point j e M  : T^M  ® g l (n , F) and transition functions (31). 

P  is a real Lie-algebra whose local structure is described by (32 ).

We observe th a t the projections

(33) (X« , Aa) Xa

are com patible with the transition functions (31) and hence these define an 
epim orphism  of vector bundles tc : Ë  -> T. The relations (32) show th a t

(34) *  : C°° (M , É) =  P -> C°° (M , T)

is a Lie algebra hom om orphism.
From  (31), (33) we deduce th a t the vector bundle ker tu is Horn (E  , E) 

and hence we have the exact sequence of vector bundles (see [ 1 ])

(34) O -> Horn (E  , E) — È - > T  -> o .

The upon considerations show th a t at the same tim e we have the exact 
sequence of Lie algebras

(35) (E) ~  O -> C°° (M , Horn (E  , E)) -> P C°° (M , T) -> o .

W e refer now to the conditions (1)—(4) § 2. W e consider two situations: 

(3b) R -  R , =  C°° (M , R) and (S) = ' & (E)

(37) R =  R  , ’ ^  =  R - and (ê) =  ê (E ).

6.2. W e analyse the case (36).
Let T be a linear connection for E. Let D r denote the curvature tensor 

for the connection IV
It is known [5] th a t the connection T defines a parallel transport for the 

principal bundle Ë. I t is easy to see th a t the last parallel transport is the
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parallel transport associated to a connection f  for the principal bundle É . 
But P  is not other than  a C°°(M , R )-splitting  in (35). In  other words, V defines 
a connection F for (35).

P r o p o s it i o n  14.
Op =  Op .

Proof. Im m ediate from the definitions.

P r o p o s i t i o n  15. I f  the manifold M  is connected, the algebra of constant 
invariant form s on H  =  C °°(M  , H o rn  (E  , E ))  coincides with the algebra of 
invariant form s in the sense of S .S . Chern and A . Weil (see [2], § 2).

Proof. It is sufficient to prove the last assertion for any  U a , a e A . 
Let 9 be a constant invarian t form  over H a =  C°°(Ua , Horn (E |u  , E |u ) ) .  
For any  X , e± , • • •, es e C°°(Ua , Horn (E |Ua , E |U(x)), we have by definition 
of 9 and (32):

0 =  [ X ^ , ] , • • • , A ),
i = 1

hence 9 is, in any  point x  £ U a , the restriction at tha t point, of an invariant 
form  in the sense of S .S . Chern and A. Weil.

W e know Ea ^ E | Ua is trivial; hence Horn (Ea , Ea) is trivial too. If  
we consider now X =  (X , Q) over U a (in the local description) we obtain:

s

X (? (* ! ,• •  - , O )  =  2  <pO 1 ,.•••, X*,.,- • - , es) ,
i — 1

hence 9 is a constant form.

T h e o r e m  15. The characteristic ring of the vector bundle E  and the 
characteristic ring of the associate extension (35) coincide.

Proof. T he bide cohomological rings have the same construction, with 
same elements.

6.3. W e consider the second case, (37). T he space H ■== C°°(M , Horn 
(E ,,E ))  adm its a natu ra l Frechet topology.

W e consider only the continuous (with respect .the Frechet topology) 
“ constant invarian t ” forms over H. If  V is a C °°(M , R )-sp litting  for ê (E), 
then V is also a R -sp litting  for ê (E). If 9 is a continuous constant invariant 
form over H, then 9 (Dv , • • - , Ov) is a closed form in the complex of I.M . 
Gelfand and D.B. Fuks [4]. Hence we obtain the

T h e o r e m  16. I f  E is a real or complex vector bundle over M , and i f  we 
consider only the continuous constant invariant form s in the sense exposed upon, 
then we obtain fo r  the conditions (37) a system of characteristic classes fo r  E 
in the cohomological algebra of I. M. Gelfand and D. B. Fuks [4].

6.4. L et E , F  be two smooth R  or C vector bundle (of the same dim en­
sion N) over M. Let (£ßa), resp. (h$f) be a system  of transition functions 
for E, resp. F. T he bundle ISO (E , F) has as fibre the group GL (N , R)
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or GL (N , C), but it does not adm it, in general, a structure of principal 
bundle. W e can consider over ISO (E , F) a particular class of tangent fields: 
fields which, locally, are a sum  of a left-invariant tangent field and a right- 
invarian t tangent field. W e denote by (L —  R) (E , F) the space of these 
fields. This space is closed by respect of the bracket and hence is a Lie algebra.

If  we proceed as in 6.1., we obtain a vector bundle over M whose fiber 
is R n ® (gl (N , F) ® g l  (N , F)/Z), F =  R  or C, and Z is the centre of g l  (N , F). 
T he transition functions of this vector bundle are:

(39) (X , B #  C) I -  (X , ((X^ - 1  +  (AdfpJ B) #

# ( - ( XW  +  (A d y C )
where denotes ®/Z.

W e can associate a Lie algebra extension as in 6.1. and hence a cha­
racteristic ring (in the de R ham  or G elfand-Fuks cohomology).

W e rem ark th a t the characteristic ring in the de R ham  cohomology 
(in the complex case) is generally sm aller than  the characteristic ring gene­
rated  by the characteristic rings of E, resp. F.
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