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Geometria differenziale. —■ Relative associate curvature o f a 
congruence and \-pseudogeodesics o f a Finsler subs pace. Nota di 
C h a n d r a  M a n i  P r a s a d , presentata ^  dal Socio E. B o m p i a n i .

RIASSUNTO. —  Il presente lavoro tratta della estensione della prima curvatura relativa 
e della pseudogeodesic a (Pan [2], [3]) di un sottospazio riemanniano rispetto a un sotto
spazio di Finsler.

i.  I n t r o d u c t io n

T he m etric function of a Finsler space Fn referred to local coordinates 
x f i — I , 2 ?z) is denoted by F (x ,x ') .  Let Fm w ith local coordinates
ua(cL =  1 ,2  , m) be a subspace of Fn . Let C : ua ua(s) be a curve of
Fm , .s* being its arc-length. A t every point of C, we have a line-element denoted 
by (ua , u fa). T he m etric tensors ga$ (u , u ’) and g ij( x , x ,s) of Fm and F n 
respectively are related by

(r-i) £aß(« , w) = g ÿ (x  ,

where
'XyZ

(1.2) Ba ~  > u ra =  duajds and x H =  d x fd s  .

T he n —  m  unit vectors n[0)(x) , (cr =  m  +  1 , • • - , n), norm al to Fm , 
are given by the solutions of the equations [1 ]

(L,3) *Ha) Ä  =  g {j (x , n(a)) n(a) B« =  o

( i-4 )  Sij(pc , n{d)) n[a)nJ(v) =  cos (n(o) ,

The covariant derivative of with respect to iF is given by

( T-T) laß =  2  B(v)aß^(v) +  Waß
v

where

^aß  U(y)i =z C , laß (̂v)? == ^(v)aß*

T he quantities ti(V)aß are called the second fundam ental tensors of the sub- 
space. T he co variant derivative of n\0) be given by

(l-6) K(o);ß =  Afo)eBs +  S  V(a)|3 (̂v)
V

wherfe Af0)p and v^ß are defined in [1 ].

(*)- Nella seduta del 13 maggio 1972.
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Let X* be a contra variant vector defining a congruence in which at 
a point of Fm be given by the equations

(1-7) r ( u )  =  f ( u )  Ba +  2  d (v) W(v), (v =  m +  1
V

The components of the derived vector are given by 

( 1-8 ) ■— =  W “ B‘ +  S  D (v).» ^
V

where

(1 .9) w a =  B (v)ßYM?v)/ V ß +  S  d (v)A?v)p « 'p
V V

and

(1.10) D (v) =  B(v)aP f  ù*  +  ^  +  S d (a) Ù* .

Consider n —  m  congruences of curves given by linearly independent unit 
vectors fX(a) (a =  m  +  1 , • • •, n) satisfying

(4 •  ̂0  (̂o) La T- C(av) n(v) .
v

Let the n —  m  vectors with m  linearly independent vectors of Fm form 
a set of n linearly independent vectors o f -F*. This is possible only when 
lQov)|=f=p. These congruences are called [/.-congruences.

2. R e l a t iv e  a s s o c ia t e  c u r v a t u r e  o f  a  c o n g r u e n c e

L et us define, a t each point of C, a set of n —  m  unit vectors 
N(0) (g =  m  +1 I , • • - , n) w ith the following properties:

(a) The vector N(0), for each <j, is a linear com bination of p,(0) and
d 'of/ds y

(b) evqry N(0) is orthogonal w ith respect to dx*[ds. W e have, therefore,

I N(o) =  a(p) -gj- +  (̂0) P*(o) ,

2̂* ^  I Sij{?c , x f) N(0) dxJjds.=  0 and

■( S ijix  , N (a)) N(0) N(0) =  I .

The relations in (2.1) give

(2.2)
(̂o) ~~ (̂o) [̂ (a) and

% ))1/2
<?(0) ~ 4 )>1/2

51. — RENDICONTI 1972, Voi. LII, fase. 5.
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where

r t * (o) = ^,■;(*>*')** vi)

( £(0) =  g a i*  , x ') N (0)N^

(repeated index c does not denote summation).
From  the equations (1.11), (2.1) and (2.2), we get

(2.4) N,

/« _  l(<>)
lL d«“ \ ,
!V> ds ) “ %>)

1/2

(a) :
('P(o) — f*(o))

1/2

As the vectors B^(a =  1 , 2 ,• • - , m) and t^v)(v =  m 1 , • • -, n) are linearly 
independent, 3(v) =(= o and | C(OV) | =j= o. I t m ay be shown th a t N(0) and B« 
are linearly independent. Also the vectors N(0) are linearly independent. 

E lim inating n[v) w ith the help of (1.8) and (2.4), we have

(2 -S)

where

i f t  =  w “ B« 4- S  D(V) I ±  N(0) (4w )~ 1/2 G w -  V-U)1/2

c (ov)

^  _ cofactor of C(ov) in |C(ov)|
(OV) “  ~ |C(ov)|

Sim plifying (2.5), we obtain

(2*6) =  v<3t Ba ±  S  2  D(v) C(ov) (9(0)  ^a))1/2 (fyo)) 1/2 N(o)
o v

where

(2.7) v“ =  W “ - S  S D ( v) ( ^ ) - ^ ) — i c ((-(av)

Defin itio n  (2.1). T he vector va given by the equation (2.7) is called 
the relative associate curvature vector of the congruence X* (with respect to the 
^-congruences) in the direction of the curve C. T he scalar vK defined by

(2.8) vK2 = ^ ( « , « ' ) / v»

is called the relative associate curvature of the congruence XL

De fin it io n  (2.2). T he vector W a is called the associate curvature vector 
of X* and W a =  o is called the X-geodesic [4].

Theorem (2.1). The relative associate curvature vector of a congruence 
X* (in the direction of a curve C) is equal to the vector W a i f  the derived vector 
8V 18s o f the congruence V is tangential to the subspace.

Proof : T he proof of the Theorem  follows from the equations (1.8) and (2.7).
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T h e o r e m  (2.2). The necessary and sufficient condition that the derived 
vector 8k* 18s of V be equal to its relative associate curvature vector va B*a (both 
the vectors being considered along the curve C) is that the first curvature vector 
of V (with respect to Fn) does not lie in a  space spanned by the normals.

Proof. If  is not norm al to the subspace, D (v) = .0  and from (2.6),
we get

(2.9) 8f i l8s =  f B Ì .

Conversely, let (2.9) hold. Since N(o) are linearly independent, we get from 
(2.6),

(2.10) 2  £ (OV) D (v) (4'(o>r1/2 (<P(o) —  s 4 * ) 1 / 2  =  0 fo r  (7 =  m  +  I , • • •, n.
V

From  (2.2), we have

so th a t the equation (2.10) reduces to

(2 .11) 2  C(oV) D(V) =  o , for v =  m  +  1 , • • •, n
V

and since C(OV) =f= o, we get

D(V) =  o , for v =  m  -)- 1 , • • •, n.

This completes the proof.
From  the Theorem s (2.1) and (2.2), we have

COROLLARY (2.1). A necessary and sufficient condition that the three vectors 
8)C18s , W a B« and  va B* be equal is that the vector 871/8s does not lie in a space 
spanned by the normals.

In  particular, if the congruence V is tangential to the subspace, d(v) =  o, 
but ta =J= o anql then X =  B« ta. T he equations (2.6) and (2.7) now respectively 
take the form

(2 *12) ±  2  2  C (OV) B ^ ß y / - ^ -  ($ (0)) 1/2 ( 9 (o) —  F%))112 N (0)
O V ^

and

(2 .13) V- = Sf/Ss + 2 S  B(„ (t f  ^  jSMMi, -  C,„ , (& -  4£)|.

If  we write

I f  I l s  =  d f / d s  +  Tß“/  —  ,(2.14)



7o 6 Lincei -  Rend. Sc. fis. mat. e nat. -  Vol. L II -  maggio 1972 [44-8]

the equations (2.13) can be written as

(2 .15) v01 =  d f / d s  +  Rpy t  u'y

where

Rßy — Tßy +  S  S  B(v)ßy j^ (ö v )M “o) — ' C(ov) (/(% —  tyo) " ^ r ) | *

T he quantities Rßr are called the relative connection param eters of the sub
space [5].

M oreover, in this particular case, the Theorem s (2.1) and (2.2) run as 
follows:

THEOREM (2.1 a). A sufficient condition that the relative associate curvature 
vector va of the vector-field V (tangential to ¥  fi) along C be equal to its associate 
curvature vector 8tafis  is that the vector-field ta is conjugate with respect to C.

T heorem  (2.2 a). A necessary and sufficient condition that the derived 
vector 8\ j 8s of the tangential vector-field V be equal to the relative associate 
curvature vector va (both the vectors are considered along the same curve C) 
is that the vector-field ta is conjugate with respect to C.

3. X—P s e u d o g e o d e s i c s

A curve of the subspace is said to be a X-psuedogeodesic (with respect 
to (jL-congruences) if a t each of its points the relative associate curvature of 
the congruence X* vanishes identically.

For such a X-pseudogeodesic, we have va =  0. Its equation, therefore, 
is given by

(3 -1) w “ - 2 ; £ d (̂

THEOREM (3-1). A pseudogeodesic relative to the (x—congruences is a 
\-geodesic i f  the first curvature vector of V (with respect to Fj) does not lie in a 
variety spanned by the normals.

Proof. From  the equation (3.1), the definition (2.2) and the condition 
D(V) =  0, the proof of the Theorem  follows.

If, in particular, X*’ =  x ri, the equation (3.1) then takes the form

(3 -2) P *  +  2  2  B (v)ßY j*(ov) M “0) —  C (ov) ^ /(o) —  F(o) ~ j~ ) j =  o

whi<j:h is the equation of the pseudogeodesic of the subspace. In  a hyper
surface, the equation (3*2) reduces to the equation of a union curve (relative 
to [x—congruence) [5]. Hence the pseudogeodesics of the hyper surf ace are the 
union curves.
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W hen V =  x", the X-pseudogeodesics are the pseudogeodesics which, 
in view of the equation (2.15), are given by the equations

(3-3) /  +  Rßy
d u§ 
~ds~

d ii< 
ds — O .

As the geodesics of the subspace w ith the equations

/  +
■ p * a  d iß

~d7~
d uY 
ds =  O

are the auto-parallel curves, the pseudogeodesics are considered as the auto
relative parallel curves of the subspace. But it m ay be rem arked th a t the 
X-pseudogeodesics are not auto-relative parallel curves of the Finsler sub
space.

The A uthor is grateful to Prof. K. B. Lai for his help in the preparation 
of this paper.
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