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Analisi m atem atica. —  On N örlund summability o f Jacobi Series. 
Nota di R. S. C hou d h ary , presentata <*> dal Socio G. S an son e.

RIASSUNTO. —  L’Autore prova un Teorema sulla sommabilità secondo Nörlund delle 
serie di Fourier-Jacobi corrispondente ad un Teorema di T. Singh per le serie trigonome
triche di Fourier.

1. Let Sak be a given infinite series with the sequence of partial sums 
(S„}v Let {p n} be a sequence of Constants, real or complex and let us write

+  A  +  • ; * +  Pn •

The sequence to sequence transformation; Viz.
v=w M—n

0 - 0  ^  =  f S ^ s ,  =  f S A S . . , ,  P „ 4 = o ,A n v=0 L n v=0

defines the sequence {t„} of Nörlund means of the sequence {S„}, generated 
by the sequence of constants {p„}. The series is said to be summable 
(N , p„) to the sum S if lira tn exists and equals S.

The conditions of regularity of the method of summability (N , p„) 
defined by (1.1) are

(i-2) lim —  =  o
»-»■oc r ”

M  lim S i A |  = 0 (P„).n-> oc £=0

^  {fin} is a real non negative sequence then the condition (1.3) is 
automatically satisfied and in that case (1.2) is the necessary and sufficient 
condition for the regularity of the method of summation.

Two important particular cases of (N , p n) summability are (i) Harmonic 
summability when p n =  —  ̂ and (it) Cesàro summability when

, / n 8 — I \ ^A  — ( §— ! ) » 8 >  o .

2. Let f  (pc) be a function defined in the closed interval [— 1 , -j— 1 ] 
such that the function

( ! — *)“ (! + x f f ( x ) E  L [— I , +  I]

(*) Nella seduta dell’n  marzo 1972.
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and a >  — ̂ 1 , ß > — 1. The Fourier Jacobi Series expansion corresponding 
to f  (oc) is given by

oc
/  (*) ~  2  a n .(*) ,

_ r {n + 1) r jn 4- a -f- ß -f 1) (2 n + « -f ß -f 1) 
r (n + a + I) r (n + ß -f 1) 2a+ß+1

1
• f ( I —  x)a (i +  x f / ( x )  dx
-1

and Pia,0)(V) are the Jacobi polynomials.
Dealing with (N , p n) summability of Jacobi Series Gupta (2) proved 

the following Theorem.
Write

F (?) =  [ /  (cos <p) —  A] (sin “+1 (cos f j  0+1 •

(2.1) 

where

(2.2) .

THEOREM. Let { p n} be a non negative non increasing sequence such that

(2-3) P*
^a+3/2 logi O P„

,a+l/2

a being fixed  positive Integer and

, n ^  na+1/2(2-4) 2    <  oc .
n r n

I f
t

(2.5) < K 0 - J | F ( ? ) | d « p = . o ^ ^ l )
0

then the series is summable (N , p n) at the point x  =  +  i to the sum A  provided 
—  1/2 <  à <  1/2 , ß > — 1/2 and the antipole condition

b

(2.6) j  (1 f i  ocfi/2~ 3/4 \ f  (x) I dx  <  oc ,
-1

b fixed , Äs* satisfied.

The object of this paper is to remove restriction (2.3) and replace the 
condition (2.5) by a more general condition.
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3. We prove the following Theorem:
Theorem. Let (N , p n) be a regular Nörlurid method defined by a real 

non negative monotonie non increasing sequence of coefficients { p n} such that 
->  oc as n oc then i f

(3-0

and

4' 00 =  o P /2a+1
p m as o

(3-2) s
na+1>2 

P n
<  OC ,

then the series (2.1) is summable (N , p n) at the point x  =  1 to the sum A  
provided —-1/2 <  oc <  1/2 , ß > — 1/2 and the antipole condition

b

(3-3) J C1 +  ^)p/2“ 3/4 \ f ( x ) \  dx  <  oc ,
-1

b fixed i is satisfied.

4. The following Lemmas are pertinent to the Proof of our Theorem.
Lemma i (Szegö [6], p. 167 ) f or  oc , ß arbitrary and real and C a fixed  positive 

constant

(4 -0 pla-w(coSe) = 0 a 1/2 O (n 1/2), for cjn <  0 <  n j2  , 
O (na) , for o <  0 <  cjn .

Lemma 2

(4-2)

where

(Szegö [6], p. 

P f p) (cos 0) =

196).

n~m

I f  a >  — I, p >

u  (0) cos (N0 +  y)

— I, cjn <  0 <  7T — cjn 

■ O(i) '
n sin 0

u (0) =  —— (sin — 
■ Vtt V 2

^ « f cosi r e- B , ■ + T T

LEMMA 3 (M cFadden [5])- I f  { p f s  & non negative and non increasing 
sequence then

n Pn <  ?  »

Lemma 4 (Gupta [2]). Let
> a -fß + l k==n

N- (9) =  g  A  P ^ 1>W (cos 9)

where
_  2 - a - ß - l  r (»  +  a +  ß +  2 ) ^  2- a - ß - l  

* _  r  (a +  I) r {n  +  ß +  I) — r ( a + i )  ̂

(4.3) For 0 ^ 9  <  I (n t | N„ (9) | =  O (^2ot+2).
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Lemma 5 (Gupta [2]). For \ In <  9 <  tv — i jn 

(4.4) I N» (9) 1 = ^ - 0  [«»+1/2 P ( i/ç ^ fs in  (cos f  f +1/2

+ 0 a 1/2 II * 9 \a+5/2 ( 9 \ß+3/2^a- 1 1 *  I ^ s m  |cO S  — j

Lemma 6 (Gupta [2]). The antipole condition Viz. the condition
b

(4.5)
J ( '

+  *)W8- 3/4 1 f  (x) j dx <  oc ,

implies that
— 1

(4.6) f(cosi r i/2| / ( c o s 6 ) - A 1 d0 <  oc

which further implies that
1 Inr

(4-7 ) 73-1/2

0
1 /  (•— cos t) — A 1 dt =  0 (1).

5. The n-th partial sum of the series (2.1) at the end point x  — 1 is given 
by (Obrechkoff, [1], p. 99)

TC

(5-1) SB (1) =  2“+P J ( s in - |- j  (cos—-j2P/(c o s  9) S„ (i , cos 9) sin 9 d<p 
0

where S„ (1 , cos 9) denote the n-th partial sum of the series 

(5.2) V  PLtt,-g)(QPLa’P)(cos9)
u £ u

and 

(5-3) gu
2, + g t . ir (K + q + i )  r ( « 4- ß +  a)

(2 u - f  a +  ß +: 1) r  (u + 1 )  r  (u a +  ß +  i)

As shown by (Rau [4])

SK (I , cos 9) =  X„ P f +1,0) (cos 9) ,

where A„ is as defined in Lemma 4.
Consequently

(54 ) S« (1) —-A =  2.-+P+1 A„ ( (s in 4 )2“+1( c o s ^ r +1 X

X [ /  (cos 9) — A] p£t+1,e) (cos 9) d9

=  2- + 3+1 A .J F (9) P f +1'w(cos 9) d9 .
0
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or

The Nörlund mean ( N ,/„ )  of the series (2.1) at the point x = i  is 
given by

k—n
(5-5) <, =  f  S A  S - i Wk=0

k—n
in-A. “  p Pk [S«_Æ (i) A]rn k=0

TC

=  S  Pk 2a+ß+1 K -k I  F (9) Piai 1>ß) (cos 9)
Ò

T

F (?) N« (?) dtp ,

oc +  3+1 k = n

N„ (<p) =  2- ~ —  2  Pk X P l +i ’ß) (cos <p) .
rn k=0

In order to prove the Theorem, therefore we have to show that
TC

K ?) =  J F(?) N*(cp) d<p = 0 (1 ) ,  as n ■

where

■ oc  .

Write

(5-6)
1/n 8 7r — l/«  TC

I(H +M + /0 1 In 8 t

S being a suitable constant.

1/n
l i  =  J  F (9) Nk (9) dcp

O (n2 <x+2) J F (9) I d9

P* 1n à a + 1n— o  (n2 a+2) X o  

Lfsing Lemma 4 and hypothesis

(5.7) = O («*■«)•

=  o (1) , ■ using Lemma 3.
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Making use of the result of Lemma 5 
s

O

+ 0

F (9)
^a+ï/2 / m \—a—3/2

-------- P (1/9) sin pP*
1 fn

F (<p) I %a-!/2 sin cp \ — a —5/2
d9

Ji +  J2 , say.

Ji = 0

=  O

«,« + 1/2

o

o

â+1/2
P»

«̂+1/2
~p7 ~

,,« + 1/2
“l + ~

f  I F (9) I P (1/9) .J ç«+3/2 dcp
1/«

of./W * ) T2«+i\ P (i/9)
P (ï/9) 9

a +  3/2 1/«

l jn

I S.1 If) 2tt+1\ d j p (i/9) j '
P (1/9) 9 ) d9 ) <p“ + 3/2 i d<P

=  J i i  +  J i 2 ,  say.
Now

Jl ! =  O
„«+1/2

P»
«̂+1/2

) [ o p  (1/9) 9“~1/2]81/«

=  O
,a+l/2

+  O
,a + l/2

Pn Pn n‘-a+1/2

) + o ( + )

=  0 (1) , by (3.2) and Lemma 3. 

Consider the integral

d (+ (1/9)f  P W
J p (h

1 \n

L?L m2«+l
(I/?) 9 d9 ( <̂*+3/2 d9

_  f  +  (■*) 1
J P ' W  * 2a+ l

l /S

=  0 (1) 

+  0 (1 )

d.r { P  (x) # a+3/2} dx

[ p{x) I
- ^ { P ( > r ) * “+ 8/9}j  P(-r)  “ 1

1 1/8

n

f  P(x)  1
- ^ { P ( * ) * “ t 8« } j ,J  P W  ^ 2a+ 1

dx  +

dx

649
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where a — [1/8] +  1,

=  0 (0+0

=  0(0 +  0 

= 0 (0  +  o

P(k ) I
P{k) ^sot+i

p { k ) I

P ( 0 £2a+1

p {k ) I
"  p(/6) ^+1/* +

=  0 ( 0  +  o
p ( +

T 1 £*+3/2
+  0 P(*)

a M,a+ 3 /2

o P W
n(a+l/2

A nd

I F  (<p) I cp“ a“ 5/2 d9
1 In

-a -5 /2 ,2a-}-1

=  O ( l )  +  O

Now

I n p n

PK

II n

+  O

<p-a~7/2 (4 w  92a+1) dtp
1 in

ö

f  mOc-5/2 £  ( .0 ? ) dm  
I  V  P (.1/9) U ?

ljn

cpot-5/2 /  5 / ? )  dm  
T P ( i / 9 )

f  ~ l / 2 - a  £  + )  d ar
/  ■ P ( +  QX

=  0(0
Î/S

=  O  (^ 1/2_a) .

x -oc-l/2 ç[x

Therefore

 ̂ I F (9) I cp~a~5/2 dcp

I npn
p«

+  O (^ 1/2~ a) .=3 0 ( l)  +  O
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Thus we have

(5-8)

and

0>-9)

Coming to I3 we have

TZ—ljn.

I I»  I =  O  j  I F  ( 9 )  I

| J i |  =  0 ( 1 ;

IJ2I =  0 (1 ) .

„«+1/2
P ' 0/40

(I9
CD \ a + 3 /2 / «j \ß-j-l/2

sin c o s y 1

iz — l/n

+  O («* >/■’) f j  F (9) (I9
/ . 9 \a + 5 /2  / m \ß-f- 3/2
Ŝln-_J  ( c o s - J

=  o
^a+i/2

Pm

TC — lfn

I /(co s  9) — A I COS * \ P_1/2 ?cos d9 +
8

7T-1/«.

+ ’ O (^a -1/2) J  j/(c o s  9 ) — A I I cos 1/2 d9
8

/  ?7a+1/2 \
( - V - ) + ° O a" 1/2>> by (4 -6)=  O

(S*10) — O (1) by hypothesis and from the condition a <  1/2.

We finally come to 14
n

C a+ß+l k~n
I4 =  / F (9) — 2  A  "K-k 1* S  ’e> (cos 9) CI9

n—l/n
6=0

substituting 9 = n  — 0 we obtain
1 In

k—tt
Ï4 =  n  ~ -----Pk \>-k: x  / F(tc — 0) V t v  0 (cos 0) dOk=0 J

0
1 In

! =  O ( - ) | a  (* -  ^)“+1 [ j  F (tc -  0) I • O (n -  k f  d6
0

IJn

=  O (7za+ß+!) j  j/  (— cos 0) — A I (sin 0/2)2ß+1 (cos 0/2)2oc+1 d0 
Ó

1 in

=  0 (n « + ^ )  I  | / ( — cos 0 ) — A I 02P+Id0 .
Ò
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Writing
cp

u  ( ? )  —  J  t ß~1/21 /  (— COS t )  — A I d t  
0

1 /n

I I4 I =  O (»“+P+1) J I/ ( —  cos 0) — A  I 03_1/2 03+3/2
0

1/n

=  O (n +ß+1) |>3+3/2 ^  +  O (n +ß+1) ■ j  t ß+m u O') d(
0

=  O O*“ - ! / 2)  +  o  ( 1)  +  O  ( » « + ß + l )  . O ( w - ß - S / 2) .

=  o (^a“ 1/2) +  0 (1) ,  by relation (4.7)

(5.11) = 0 ( 1 ) .

Combining (5.6), (5.7), (5.8), (5.9), (5.10), (5.11) we have I (9) =  o (i).

The Author is grateful to Prof. D. P. Gupta for his kind encouragement 
and valuable suggestions during the preparation of this paper.
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