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Analisi matematica.

On Novlund summability of Jacobi Series.
Nota di R. S. CHouDHARY, presentata ® dal Socio G. SANSONE.

RIASSUNTO. — L’Autore prova un Teorema sulla sommabilita secondo Nérlund delle
serie di' Fourier—Jacobi corrispondente ad un Teorema di T. Singh per le serie trigonome-
triche di Fourier.

1. Let Za, be a given infinite series with the sequence of partial sums
{S,}. Let {p,} be a sequence of Constants, real or complex and let us write

Pn=p0+p1 +P2+’ +Pn

The sequence to sequence transformation; Viz.

w=n

(1.1) ty= 3= 2 PrvS, =3 2% 55, P,+o,
7y 7 v=0

0

Il

defines the sequence {#,} of Norlund means of the sequence {S,}, generated
by the sequence of constants {2,}. The series Za, is said to be summable
(N, 2,) to the sum S'if lim ¢, exists and equals S.

The conditions of regularity of the method of summability N, 2,
defined by (1.1) are

(1.2) nlgxl —{% =0
k=n
(1:3) lim 3% (2] =0 (P,).

If {#,} is a real non negative sequence then the condition (1.3) is
automatically satisfied and in that case (1.2) is the necessary and sufficient
condition for the regularity of the method of summation.

Two important particular cases of (N, p,) summability are () Harmonic

summability when p, = —> and (4) Cesiro summability when
741

2=("327T) 8 >0,

2. Let f(x) be a function defined in the closed interval [—1, + 1]
such that the function

(1—2)*(1 + 2P f (@) €L [—1, +1]

(*) Nella seduta dell’t1 marzo 1972.
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and @ >—1,8 >—1. The Fourier Jacobi Series expansion corresponding
to f(x) is given by

1) HOEDIER SIOR
2=()
where
(2.2). a. = T+ Tn+atB+1(2zntoat-B4+1)

D(r4o+ )T (n+ B+ 1) 22+0+
1
. /(I — 2 (1 + 2P F () PP (@) dx

]

and P{"® (x) are the Jacobi polynomials.

Dealing with (N, p,) summability of Jacobi Series Gupta (2) proved
the following Theorem.

Write
F () = [f(cos ¢) —A] (sin _z_)z at1 (cos _<2P>7)23+1 .

THEOREM. Let {p,} be a non negative non increasing sequence such that

oy Pz P,
(23) Zal é“+3/2 lOgé = O < na+1/2 ) )

a being fixed positive Integer and

ﬂa-i— 1/2

(2.4) ; p— <o,
If
(2.5) O =[1F @ de=of17)

g
then the series is summable (N | p,) at the point x = -+ 1 to the sum A provided
—1/2<a<1/2,B>—1/2 and the antipole condition

5

(2.6) J(I F P23 | F(x) | dx < oc,

hd
b fixed, is satisfied.

The object of this paper is to remove restriction (2 3) and replace the
condition (2.5) by a more general condition.
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3. We prove the following Theorem:

THEOREM. Let (N, p,) be a regular Norlund method defined by a real
non negative monotonic non increasing Sequence of coefficients {p,} such that
P,—> o< as n—>oc then if

(3.1) (t)—o{ é)) ﬂ“H] , as f—>o0
and

o+1/2
(32) PIRNEEPY

then the series (2.1) is summable (N, p,) at the point x = 1 to the sum A
provided — 1)2 < o < 1/2,B >—1/2 and the antipole condition

]
(3.3) f (1 2)PR=34 | £ (x)| dx < oc,
21
b fixed, is satisfied.

4. The following Lemmas are pertinent to the Proof of our Theorem.

LEMMA 1 (Szegé [6], p. 167) for ., B arbitrary and real and C a fixed positive
constant

0720 (7%, for ¢/n < 0 < /2

(0, 8) — ’ Pray ’

(4.1), P,"" (cos ) = [o (n%), for o< O < ¢/m.

LEMMA 2 (Szegd [6], p. 196). If a>—1,B>—1,¢/n <0 <n—¢/n

(4-2> »PE,OC,B) <COS 6) =512, (6) [COS (Ne +Y) 490 O (1)

Tnsin®

where

u(0) = l/1—‘;‘:_<sir1 %)_a—m <cos %)_5_1/2 , N=#n+ %ﬂ RV — ((?‘_}_ %) _121:_

LEMMA 3 (McFadden[5]). Zf {p,} is a non negative and non increasing
Sequence then

np, <P,.
LEMMA 4 (Gupta [2]). Lez

2¢+B +1 k=n

N, (¢) = 2 25 s PSP (cos @)

where

3 — 2 % B-1T (n 4 a4 B + 2) L 2Teht
" T T+ DT +B+1)  — Tatn ”

(43)  For o<o<1/n , |N,(p)|=0 (25t




[389] R. S. CHOUDHARY, On Norlund summability of Jacobi Series 647

LemmA 5 (Gupta [2]). For 1/n <9 <mn—1Jn
(4-4) N (@) | = 4. O [ Pt/ (sin #)"*"" (cos 2

+0 [noc_1/2 // <sin %)Hm (cos %>3+3/2} .

LemMmAa 6 (Gupta [2]). The antipole condition Vis. the condition

s
4.5) [ aprn py | ar <o,
implies that _ B
(4.6) f (cos 27| (cos 6) —A | db < ox,
whick further z'mp;z'es that

1/n
4.7) J/z‘e—m |f(—cos#) —A|dt=o0(1).

0

5. The n-th partial sum of the series (2.1) at the end point x=1 is given
by (Obrechkoff, [1], p. 99)

(5.1)  S,(1) = 2a+Bf<sin %)M (cos %)wf (cos 9) S, (1, cos ) sin ¢ de
0
where S, (1, cos ¢) denote the z-th partial sum of the series

sz,ﬁ) (1) ng,ﬂ) (cos @)

(5.2) u 3
and
(5.3) Lo = 2°‘+B+_1 r (u+o{,_|_l) N (u + B + I)

ut+at+B+ DT @+ T @+oa+p+1)
As shown by (Rau [4])

S, (1, cos @) = &, PP (cos ¢)

where 1, is as defined in Lemma 4.
Consequently

1

(5.4) S, (1) —A = 20+8+1 Mf(sin %)Zaﬂ(cos %>2B+1 o
0
X [f (cos ) — A] PSP (cos ¢) dop
= 20t J F (¢) PSP (cos ¢) do .
0
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The Nérlund mean (N, p,) of the series (2.1) at the point x =1 is
given- by

k=n
(5-5) ty= 5= 25 2s Sui (1)
7 k=0

2
Il
N

or Ly A

Oﬁk [Su—z (1) —A]

k3
ben ~

=7, 2552 b | F(9) I (cos )
== .
0

1
P, £

7

=J' F() N, (¢) do,
0

where

k=n
Q% +B+1

N, (¢) = P, 1;—0 P2 M PEEP (cos @)

In order to prove the Theorem, therefore we have to show that

()= [ F@)N.@) dp =o(1), as n-occ.
0

Write

l./n S 1::—1/72 bid
(56 t@=[+[+[+]

0 1/n 3 w—1/n
3 being a suitable constant.

1
L= j F(p) N, (9) do
0

1/n

f@%ﬂ) | F(g) | d@]

0

e
=O<ﬂ2°‘+2)><0 P—n ,

[L|=0

Using Lemma 4 and hypothesis
9 1
(5-7) = 0 (n?**1) - (%) gere=y

=o0(1), using Lemma 3.
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Making use of the result of Lemma g

|To| = OU] F(9) | 2 P (1)) (sm_) a_3/2d<p}
1/n
+0 [ / | F (q) | me-1i2 (sin »‘;’_)‘“‘5‘/2 dcp]
ijn
= J1+ Jz, say.

o+1/2 F (o) |P
Jl — O( ”P >f| ;Pzis/z(l/q’) d

n
1/n

( a+1/2)
"‘“’2> 2 (1/o) g2+l P(1/p) |
' P(ife) T ™32 |y,

12
20/e) o, P (1/9)
( U (wa ¢ ) ) ; o gd‘PJ

= Jia1 + Jie, say.

H

Now
oz+1/2
Jii=0(Z 5 ) f0p (1fe) g1,

oc+1/2 na—{-l/z
— —o-+1/2
( > ( P, ) Pu

=o[45) +ol8]

=o0/(1), by (3.2) and Lemma 3.

Consider the integral

8
2(9) o1 | 4§ P(1/e)
Pae O a? ST ;1 de
1/n
d ) I d N
= —%%)— T | dr {P(x) x*+32} | dx
1/8
— 0 o | s (P @y x4
’ ) d .
+o<1)U§E’;—) it | 47 (P a%+3) }dx

HIO Pfi’;?zg +/¢<>d@ Ll

&
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where ¢ = [1/8] + 1,

—ow+o0|3 For e [P @)
0w +0[S 44 2 - # 0T R G+ )

=01 +0 Z—{;((ﬁ’) T </é)+2 A e {(k+1)p(é+1)}]

P (4 < P4
=O(I> "‘"O az ka-l(—3321 [; ka.ﬁ:;/)z

P (n)

=0 12 :

And
)
|F (@)] o~*-92 do
1/n

z'[q,-a—m o (L4e) <P2a+1>

P (1/9) + o

—a—T/2 15(1/‘1’) 20+1
k P(I/<P) ¢ ),d@}

1/n
3

wesz 2 (1/e) )
[ P (1/e) dq’}

I/n

1 np,,

‘—O<>+O a1/2 +O

Now
5

' o—5/2 p(1/e)
J L T
1/n

n

= /xm““ %((xx—; dx
18
=0(1) [[x'“*m dx]
i/s

= O (mi=) .

Therefore
5

[1F@o-=nap
1'/n )
=o(1) + o |1y 2=

cx—-l/z

+ 0 =s).
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Thus we have

(5-8) [Ji] = o (1)
and
(5.9) |Je| = o (D).
Coming to I3 we have
‘rr—l/n
d
| I3| — J IF(CP)l( )P<I/<P) 9 o;.|_3/2cp ® B+1/2
5 (sm *24) ) (COS 7)
T—1/n
o —1/2 g qu
+0 =) [ |F @) | eront—srms
8' (sm 7) <COS 7)
n—1/n

=O( P )/]f(coscp)———A](cos >_/2cos—<§d<p-—l—

“—1/n

+ O (na—I/Z)flf(COS ) —A | ( )B i de

<x+ 1/2

= o[ ) o), by (46)
(5.10) = 0 (1) by hypothesis and from the condition « < 1/2.
We finally come to Iy

ki3

/F(@

T—1/n

b=
Jat B A

Z 22 bt PSTP (cos ) dop

substituting ¢ = 7®— 0 we obtain

1/n
A=n atpt
EPIE 2iMa-i ></ F (m — 6) PE5™ (cos 0) db
£20
. ’ 1n
=O<];n>2 (%""‘/é)u"'l/‘lF(Tt—e)l O(n.—__é)ade
= ¢
S
= O (n*+8+1) / | f (— cos ) — A | (sin 0/2)28+1 (cos 0/2)2+1 d6
0
Al

= O (n=+8+1) /‘(f(— cos 6) — A | 6241 dp .

0
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Writing
@
u () *—‘ff‘“/z | f(—cost) —A | ds
0
1/n
l I4] =0 (nm+ﬁ+l)flf<_ coS 6) — A l 63—1/2 69+372 de
0
Yn
= O (WP [T (] £ O (Y j AU 0, ) dy

g
= 0 (n*12) + 0 (1) 4 O (n*+P+1) . o (n—B-3/2)

=0 (»*"1) 40 (1), by relation (4.7)
(5.11) =o0(1).
Combining (5.6), (5.7), (5.8), (5.9), (5.10), (5.11) we have I () = o (1).

The Author is grateful to Prof. D. P. Gupta for his kind encouragement
and valuable suggestions during the preparation of this paper.
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