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Topologia algebrica. — A characteristic ring of a Lie algebra
extension ©. Nota I di NicoLae TELEMAN, presentata ®” dal Corrisp.
E. MARTINELLI.

RIASSUNTO. — In questo lavoro costruisco un «anello caratteristico» per estensioni
corte di algebre di Lie. In particolare mostro che ad ogni fibrato principale pud associarsi
una estensione di algebre di Lie in tal guisa che si ritrova cosi sostanzialmente la costruzione
geometrica dell’anello caratteristico del fibrato dovuta a S.S. Chern e A. Weil.

Mostro inoltre, fra I’altro, che I'anello caratteristico qui considerato permette di intro-
durre un anello caratteristico per la coomologia di I. M. Gelfand e D. B. Fuks [4].

§ 1. INTRODUCTION

It is known [6], Ch. III, § 9 that any extension (&) of the Lie algebra T
by an abelian Lie algebra H, (8) = o~ H - P— T — O, is uniquely determi-
ned, up an equivalence, by an element of the cohomology group ¥2 (T, H).

By the other hand, there is a geometric construction of the real characte-
ristic ring of smooth principal bundles, due to S. S. Chern and A. Weil.

In this Note we construct a characteristic ring for any split Lie algebra
extension (&), with H not necessary abelian, in conditions which will be
defined below, using in essence the method of S.S. Chern and A. Weil.

We prove that for any smooth principal bundle we can associate a Lie
algebra extension which furnishes, with our definitions, for a particular
system of coefficients, the characteristic ring of S. S. Chern and A. Weil.
By using another system of coefficients, we construct for any principal
bundle, a characteristic ring which is a subring of the cohomology ring stu-
died by I. M. Gelfand and D. B. Fuks in [4].

Another application of our study is the construction of a characteristic
ring for bundles of type ISO (E, F), where E, F are vector bundles.

For any split extension (8) we define ‘“ connections ”, the ‘‘ connection
form ”’, the “ curvature”, ‘ covariant derivative ?, with which we prove
the ‘structure equation ”, the ‘ Bianchi identity ”’. Our constructions of
the curvature and connection form, and the corresponding classical definitions
in the specific case are different, but the curvature coincides with the cur-
vature of the associated linear connection.

Being in the possession of the curvature for any split extension (8),
we use the geometrical construction of the characteristic ring as it is presented

(*) Lavoro escguito presso I'Istituto Matematico «G. Castelnuovo» dell’Universita
di Roma, come professore visitatore del C.N.R.
(**) Nella seduta dell’8 aprile 1972.
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in the paper by Raoul Bott and S. S. Chern [2], § 2 (we use also some
notations from this paper). We remark that our context necessitates another
definition of the ‘“invariant form’ and of the integration process which is
utilized for the proof of the fact that the characteristic classes are independent
of the connection.

I express my profound gratitude to Prof. Enzo Martinelli.

§ 2. GENERAL CONSIDERATIONS

2.1. In the sections § 2—5 the following algebraic structures are fixed.

@) Let the following conditions be simultaneously satisfied:

M @) R = commutative ring with 1,
I
b) § = commutative R—algebra with 1.
S a) H, P, T = Lie R-algebras,
(2) 6) (8)=0->H->P-">T >0 exact sequence,

I

\ ¢©) v, = Lie R—algebra homomorphisms.

CONVENTION: we identify H with (HCP.

[ a) H,P, T = F-modules (which induce the R—structures modules 22)
(3) ; b) v = F—homomorphisms,

| ¢) there exists a S—homomorphism N :T—P, such that -V = I,

S @) § = T-module; hence, § is a P-module by .

4) )b> Xi(firfo)=Ef) fo+iXife), Vfi,fo€8, VX €T
o) [1Xy, Xo]=/1[X1, Xo]—(m (X)) f1- Xy for Vf1€F, VX;,X,€P.

REMARK '1. i) H s an ideal in P and hence a P-module by the adjoint
representation of P over H:

Xh=[X,h] for X€P heH.

ii) For any f€§ ,X1, Xo €T, we deduce (from (4) and w = epimor-
phism)

(4 [f X1, Xo] =7 [X1, Xo] — (Xef) Xa
iii) For any f€§,X1€P,Xs€H

[f X1, Xo] =/ [X1, Xa].
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2.2. If M, N are A-modules (A a commutative ring) let be Cx(M , N)
the A—module of all A-» linear, skew-symmetric functions on M with values
in N. If M is, in addition, a Lie algebra over A, let be d3:Cx(M, N) —
— Ci™' (M, N) defined as follows (f€CA(M,N), X, € M):

@H Xy X)) = 2 (— 0 X f(Xn,, Xy, Xogn) +

1<i<n41

+ 2 (—I)i+jf<[xi’Xj]!Xlr"':X{)"')Xj"’Xn_}_l).

1<i<j<n+1
REMARK 2. By (4), (4¢"), we have
dzC5(P, H) CCF'(P, H)
dxC%(T, §) C CE (T, ).
Hence, {C"(T,§),dr},on @nd {C5(P,H),dR}, .y @ cochain complexes.
DEFINITION 1. Let be:
(3) Hy(T, §) = H, {C%(T, 5), di},.
If f€C5(T,M), let be n*feCx(P,M) suck defined:
@) XKy X)) =f @Ky -0, mX,), X, €P.

Any element of w*Cx(T M) will be called “ a basic form over P .

§ 3. “GEOMETRIC "’ CONSIDERATIONS

DEFINITION 2. The splitting N (see (3)) will be called a *“ connection”
in the extension (8).

DEFINITION 3. The function o €Cyx(P,H) such defined
(6) oX)=X—VrX, XeP

will be called the ‘‘ conmection form” of the comnection N-H will be called
the. space of ““wvertical” elements and NT C P the space of *“ horizontal
elements.

DEFINITION 4. i) For any X, Xy €P, let be
@) Q Xy, Xe) = [Xq, 0(Xp)] — [Xy, 0(X)] — 0 ([Xy, Xo]) —
— [0(X;y), 0 (Xp)] .
ify For any Xi,Xs €T, let be
@ Qy(Xy, Xp) = V[X1, Xo] — [VX1, VXs] .

Q3 will be called the “ spatial curvature” of V and Qy the ** basic” cur-
vature of V.
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PROPOSITION 1.
i) Q,eC%(T,H)
®) i) Qy=rn"Qy; hence Q) €C%(P,H) and
i) Qp Xy, Xp) = Va[Xy, X;] — [Vr Xy, VaXy] .
Proof. Immediate.

NOTATION. [0, ] €C%(P,H) and [Q, ] €CL(P,H) are defined
as follows:
[0, 0] (X1, Xp) = [0(Xy), o (X5)]

Sfor any X1, Xg€P.
[Qy, 0] (X1, X, Xg) = [ (X1, Xa), 0(Xg)] — [ (X1, Xg), ©(Xp)] +
- [Qé\; Xz, X3), o (X)]
Jor any X;,X,, Xg€P.
PROPOSITION 2. (Structure equation).
(9) do = Q:—l—[w,w]
Proof. Immediate from the definitions.

DEFINITION 5. If 9€Cx(T,E), the ¢ covariant derivative” of
¢,Dyp €CE (T, E), is

Oy XKy X)) = A (77 @) (VXy -+, VXKyyr) , X, €T
PROPOSITION 3. (‘“ Bianchi identity )

(10) ) dQy=—[Q7, ]
ii)y DQy=o.

Proof. i) (d2) (X3, X3, Xg) = [Xy, Q% (X, X9),y— i ([X1, Xs], X)) =
((p) denotes cyclic permutation of indices 1, 2, 3)

=—[Q, 0] (X1, Xa, Xp) + [VrXy, Vr [Xg, Xg] — [VnXy, VaXg]], —
— (V7 [[X1, Xs], X, — [Vn [Xy, Xo] , VnXs] ) =
= —[Qy, 0] (X, Xy, Xg) — [VaX;, [VrX,, VnXs]],, —
— Vr [[X1, Xo], Xal = — [Qy, ©] (X1, Xy, Xy)
(by Jacobi identity).

ii) It follows immediately from i) and Definition 35, because o (VX) = o
for VX €T.
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§ 4. CONSTANT INVARIANT FORMS ON H

DEFINITION 6. Let be ¢:HX .- -XH —>§ a §n lnear function.

o ——
7 times

We call ¢ “ constant invariant” function if and only if, for any X €P and
ﬁ1,~--,}&”€H,

) ¢l ) = B9 Chay oy X, Ao, ).
Let 15 (H | §) be the space of all constant invariant forms on H.
NOTATIONS. Let be (m)= (my,---,m,) € N" ,m = ﬁ ﬁz(x,f(cx):mi1 m;.
Let P, denote the symmetric group on {1, 2 , -, m}, 2;11 -
Poy={%|T€P, , 1<T(f(+1D)< - <T(f()+ &) <---
< E(flat+1)—1)<m 1< Ak<my, 1 <a<n}.

If X=(Xy, -+, X,) € M”, where M is a set, we denote, for T € P,y 1 < a < n,
— m
(X = Kgr@+n,  Xg@in-1) €M

DEFINITION 7.  If ¢€l5(H,§) and ©,€Cy(P,H), we define
(w1, -, 0, €C5(T, &) such:
(I I) e(wy, -, wn) (Xl L] Xm) = z EP sig © ¢ (o ((%X)Dr T %(@X%))-
(m)
If o €I5(H,5), 9, € 12(H,§), then the (n, 4 ny)~linear function over H,
with values in §,¢,-@,, defined by the formula:

(12) <<P1 ‘<P2) (/21 PR ;znx-l ”z) =
.

_ L ‘Pl</‘z‘n""’ﬁinl)ch(ﬁl"'"/;iu""/;%"'";‘"1+"z>

B ET R
is an element of Ig*™ (H , ).

COROLLARY 4. Ig(H,§)= @ I"(H,§) is a R-algebra.
n€N

PROPOSITION 5. Let be ¢ € I5(H ,§) and ;€ C’;"(T, H), 1<i<n.
We define ¢ (w1, -, 0,) €Cx(T,§) (m = Zm,), by the formula:

<I3) éﬁ(“ol" ' "(‘)n><X1" : ‘,X,,,):(p(ﬁ*o.)l,- . ',TE*O.),,><VX1,' : ',VX,,,), Xz-GT.

Then, we have:

n

<I4) d&(wl y" Ty (‘)n) = Z <_ I>f(a)cp<n*ml yt T 7'C*<D0.)a) y "ty T“’%) .

o=1

Proof. The proof is direct utilizing the definitions.
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REMARK 3. If o, € Cgi(P , H), but o, are not basic forms, then a relation:
<I4/) dcp(")l P} mn) =X <_ I)f(a)(P((’)l ) dma»’ ) "")n)

is generally false.

§ 5. CHARACTERISTIC CLASSES OF EXTENSIONS

THEOREM 6. i) If ¢ € I5(H,§), then (see (13))
(15) $(Qy, -, Q) €CF (T, 5)
is a closed form.

i) If 1/k€R, 2 < k< 2n, then the homology class of §(Qy,---, Q)
in Wg (T, %) is independent of the connection V.

Proof. i) By the Proposition 5, and Bianchi identity, we have:
dg(Qy, -+, Qp) = 2;{ @(Qé:‘ " W*<DVQV) »T Qé) =0.

ii) Let Vo and V; be two connections in (6) and (w,, Qp), (o1, Q)
the corresponding connections and curvature forms.

The fact' that §(Q;, -, Q) — ¢(Qq,- -, Q) is a coboundary, will
be a consequence of the Lemmas 8-11.

We change in (1), (2), (3) resp. R,§,H, P, T by resp. R[#], §[¢],
H[#], P[#],T[¢], where # is an indeterminate.

If A is a commutative ring with 1, so A[f] does by the operation:
(@1?) (ayt) = (ayas) £, ay,as€A. If M is a A-module, then M [£] is
an Af[f]-module by the operation (af)(mt) = (am) £, a€A, meM.
If L is a Lie A-algebra, then L[f] is a Lie A [¢f]-algebra: [47,/y¢] =
=[l4,56]¢", (4,5, eL). With these generic definitions we introduce the
corresponding structures in the new objects and we extend in the natural
manner the morphisms v, n, (we denote them (:[#],=[£])). Now the new
algebraic structures satisfy the conditions (1), (2), (3@, 8), (4). We denote
by &[#] the new extension.

We construct now a connection V, in & [¢]. It is sufficient to define it
on T CTI[¢]; we define:

(16) V,(X)=Vi(X) ¢4+ Vo(X) (1 —#), Xe€T

Then:
n[f] V,(X) = V(X)) + 7V (X) 1 —9) = X,

and hence V, is really a connection.

37. — RENDICONTI 1972, Vol. LII, fasc. 4.
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LEMMA 7. 1) The connection form w, of the comnection V; is

(17) o, =0+ 0y(1 —17),
i) The spatial curvature QF of V, is:
(18) Q= Qy+ {d (01— wp) + 2 [0y, ] — [wg, 1] — [0, 0]} £—
— [y — @y, @ — wg] 2.
Proof. 1) is immediate,
ii) it follows from 7° and the structure equation.
LEMMA 8. The coefficients of ¢, from (18) are basic forms.

Proof. 1If XeH, then (0; — wg)(X) = 0; hence w; — wy is a basic form
and also [, — @y, ®; — og]. We know that Q; and Qp are basic forms;
hence, the remainder term is a basic form, too.

We perform now a ‘“differential”” and ““integral” calculus in this context.

Let A be a commutative ring, M an A-module and # an indeterminate.
We define the derivative:

(19) ’(%:M[l‘]*M[l‘] ,  mt > (rm) ¢ for m e M.
LEMMA 9. If M, N are two A-modules, -and ¢: MX..-XM —N s

n times

A-multilinear, let ¢,: M[f] X---XM [{] >N [¢] be the Al[t]-prolongation
Of - For any Ql:"':QnEM[t]»

d < d
(20) ﬁ@(Ql)"')Qn)zécp(Ql)"')—&‘;Qa""aQn)

Proof. Obvious.
Let be Vy,V;: M[¢f] > M the A-homomorphisms as defined:

v m, for »r=o0 N
= €
(21) 0 (8 o, for r>o’ ’
Vymty=m, meM.
I I I
Let € N be a fixed number. We suppose 23 T €A,

and let be the A-module:
M, =1{Q,QeM[/], grade Q < #}.
1

We define the definite integration f* d¢ as being the A—homomorphism

0
1

(22) f* d¢:M[#],—M

0
1

! . 4 __”m
(22") Jmtdt—r_l_l, r<mn, meM.
¢
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LEMMA 10 (““ Newton-Leibnitz” formula). If Q € M [flyr1, then
1

(23) J Qe =vi@—Vo@.

0

Proof. It follows immediately from (21), (22').

LEMMA 11. Let be Q€C5 (T, 8)[2],,. Then

1 1

(24) d JQQ df = f (dQ) dr.

Proof. Obvious.
We pass now to the proof of ii) Theorem 6. We have from (17)

d
(25) qF @ = 01— g,

which is a basic form.
We have in consequence:

(26) d;@(Qt,":’Q;y%")tigtﬂ"ygt):

(formula (14))

= 3 cp<Qf,...,-n;*DVtQ,’...’Qf,ditmt,gf,...’gf)_F
@
+ Xe(0f, o, Q7D (o), O, 0F)—
—1<U§i<”(9<gfs“')QT:%(’J;)Qf,"',n*thQt,-..’Qf):

(Bianchi identity and (25))
= 20 (@, O, 7w Dy (0 — ), oo, Q.

By the other hand, we have, from (8), (9), (16), (18)

d
(27) " Dy (01— @p) = — Q.

Hence, from (26), (27) and (20), we deduce

(28) dé@'(QN...’%m“...,Qt>=a§(§<gu...’gh,(%‘_Q“...’Q‘)—_—

d -
='—‘<P<Qt"": QI)-
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We have, from (28), (23), (24)

(29) Vi@, Q) — V(@ (Q, -+, Q) =
1
= / d i@(gi)"'ygtyi‘wx’ Qt,"'sz')dt:
5 Py | ds

:d/ a;@(ﬂf,...’gt,-s—to)ugt,...,gt)dl“

We observe that the integrand is a polynomial of degree << 27— 2,
and from (18), (21), we have:

V1<$<Qly"°) Qt>>= C’ﬁ(Ql,-",Q])
\TO(EP.(QI‘,"', Qt))z @(QOJ'."Q()))

hence, from (29)
1

~ ~ < - d \
@(Qly"'; £21>_CP(901; Q0>: d/ 2:]{.(?(Q/) 7 Wy, ey, Qf) dt:
i
and the Theorem 6 is completely established.

DEFINITION 8. Let be ¢ € I5(H,&) and Q the curvature form of a
connection for (&). If—:i—ER, 7 €N, then we denote by [p(Q)] the
homology class (in ¥ (T, &) of $(Q, --, Q) €C¥ (T,§). The set
{le (Q]]¢€I5(H, §} CU5(T, ) will be called the characteristic ring
of the extension (8) (see Corollary 4).

COROLLARY 12. If there exists a connection N for the extension (8) which
is a Lie algebra homomorphism <z’n the presence of the condition 711— €ER,ne€ N)

then the characteristic ring of (8) is trivial.

See the following Nota II.



