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Analisi matematica. — On a wunilateral problem for the Navier—
Stokes equations . Nota II di Giovanni Prousg, presentata ¢ dal
Corrisp. L. AMERTO.

RIASSUNTO. — Si da la dimostrazione dei due Teoremi enunciati nella Nota I.

2. Let us give the proof of Theorem 1 stated in the preceding Note I.
Denote by 8 a penalization operator relative to the convex set K, i.e.
an operator such that

(2.1) K={;EV1|B(;)=0}.

As is well known (see, for example, Lions [1], ch. 3, § 5) we can set
— —> -

(22) B(2) =] (z2— Pg2),

where ] is a duality operator from Vi to Vi (dual of Vi) and Pk is the
projection operator from Vi to K. We shall assume to have chosen a duality
operator relative to the function @ () =7, which, by definition, satisfies
therefore the conditions

(2.3) @), 2y = 1T @y, 17,
(2.4) 1T @) Iy, = 2 Iy, Vo eV,

where the symbol (,) denotes the duality between Vi and Vj.

Since Vi and Vi (which are Hilbert spaces) are reflexive and have uni-
formly convex norms, such a duality operator is uniquely defined and is
hemicontinuous and strictly monotone.

Let {g} be a basis in V; N H*(Q) and set

(2.5) 0 =jil 5a(2) 2,

Consider; the system of 7 ordinary differential equations
(26)  ((®), &y, + v (@D, 8)y, + 6 @, @), u, @), 8) — (f®), &) +
+ nBu,®), ;) —|—/<<p(x, £) ——%[u”(x,z)lg)gj(x)x vdlhi=o0 (j=1, --,%)
i
(*) Lavoro eseguito nell’ambito del Gruppo Nazionale per I’Analisi funzionale e le

sue applicazioni del C.N.R.
(**) Nella seduta dell’t1 marzo 1972.
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with the initial conditions
(2.7) 0,(0)=o.

It is easily seen that (2.6), (2.7) admit a solution for # > o sufficiently small;

we shall now prove that a solution Z,(t) of (2.6), (2.7) exists on the whole
of [o, T].

Multiplying (2.6) by «,,(#), adding and integrating between o and
¢t € [0, T] we obtain, bearing in mind (2.7),

(.8 NI, + [ | 1D I, 4 0, ()5, () — () e )+
0

1B () 16s )+ [ (oe, 1) — & |2 m) ) iy ) VT [y — o
i"l

and consequently, by (I1.16),

¢

o) U@, + [ el oI, — (), o) + B, (o, oy +

+ [ oG m e, xvdn] dy <o,
T,

Since B is monotone with B (0) = o, we have
(2.10) B @), ) =0

hence, by (2.9),

(2.11) L u, @I, + / el IR, — () +

+/<p<x,n>z7n<x,n>><7drl§dn <o
) Y

and also, denoting by vy the operator trace on T,

t

(2.12) T 1O, + b [ @R, dn <
. 0

< / ULE D Il oDy, 112 G sy 19060 () gy i <
0

< / !
0

17 Iy 126 )y, + ¢ 1 ) sy Nt Crd |
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From (2.12) it follows that
T

(2.13) le,@ly, <My j I @B, dr < My,
0

M and Ms being independent of #. Hence the solution u_:(z‘) exists on the
whole interval [o,T] and

i — — . - —
(2.14) lim 2,(6) = 2@ , limwx,() = u@) O
% —>00 L2(0,T; V,) 7n—>00 L%®(0,T ; Vy)

in the weak and weak-star topologies respectively. On the other hand, by

(2.9), (2.13),

[CIAORAOYE

=+ [1Fo.ae +|[e@ e nxvan

% dr < &
n
and, consequently,

@.19) lim [ (8 (), w,(0) dt = .
0

We now recall (see Lions [1] ch. 3 th. 5.1) that

(J@—Pev),Pgo) =0  VoeVi;

hence, by (2.3), (2.4),

(2.16) f (B oy () , 7,(8)) dt = f (J (&) — P10, 2)) , 0, (0)) dt =

T
=fb<J<Z,<t> — Py 1y (8), sy (£) — Py ey (&)t +
0

+ f (J (0 ()— P 10, (2)), P10, (£)) dt > j 9, (8) — P, ()|, dz.
0 0
From (2.15), (2.16) it follows that

T
tim [ [4,)) Py, IR, dt = o
n—>o0 0

— -
(1) We shall always, for simplicity, again denote by {u.} subsequences selected from {u,}.
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which implies

@) B ) gy = B 1T Gl — P gy =

= lim || %,—Px 20, |l s piyy = O -

200 0,T;Vy)

Denoting by <p an element of L2 (0,T; Vi), we have, by (2.14), (2.15),
(2.17) and the monotonicity of B,
‘T
(2.18) [—@G®), i0—@) d=
[}

= lim [ (B @0, )—B (), ) — 5 D) dt Z 0.
0

Hence, setting ; @) = % @ + XJ(;‘) , J (t) €L?(0,T; Vi), A>o, it follows
from (2.18) that

f<a<z7<z>—n?<z>>,47<t>>dtso Ve el (o, T; V)

and, letting A —o0 and bearing in mind that 8 is hemicontinuous,

(2.19) f B@@), $@)ydt<o Vi@ Elio,T; V).
Therefore
(2.20) Ba)=o,

ie. ()€K ae. on [o,T].
Let us now differentiate (2.6); we obtain

(2.21) WD), 8y, + b (@), 2y + b Gh(0), ms0) ) 2) +
+ 80 ), 1 0) ,8) — (F@),2)) + 1B @), g +

2
-I-/ (acp(x I m(x ) du; (x ))(gj(x)xvdI‘l%d o}
=1
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Multlplymg (2.21) by &}, (¢), adding and integrating between o and € [o,T],
we have

(222) L@}, — Sl I, + f §uuz?2<n>u%, + 6 (o (n) 10, () , 6 () +
0

Bty () , ), 241 () 72 (B ot (O 2 () — (F (), 20 () —+

du, (x, s >
_Jl_/\(acp(x ) Z J;;(x’n) uln;: YD) 9””;’;’1]) Xvdliidyn=o0.

1

Observe that, by the monotonicity of B,

GO+ —BO®),9¢+AH—o@) =0 Ve eH (0,T;V)

and consequently, since B satisfies a Lipschitz condition (V; being a Hilbert
space),

(2.23) BE@)Y, @) =o0.

Moreover, by well known embedding theorems,

- > i TR e
|6l 00, D) < 0 160 ey 0y, < g, Nl 11y, <

P e o
< 5l unllv esllonlly, N2ty lly, s

N g > o g BaTE vz
I b(”n s Ui s uﬂ)l S ‘4 ” un ”L‘(g) ” u"”vl “%" ”L‘(Q) g 65 ”un”]_}(g) ”u"“ ” Un ”

2 AT TN
< & llwaly, + collznlly, 1122, le gy »

(2.24)P
J e 12 AT < it s 10 iy < 1 Wl N1, <
T
< call 2 )20, | 1 2 |22 ) s 2 < 2 R, + co il Naen 2, 22
f 9| [l dT1 < 10 Iy + - ey <
19 s oy + a0l unnvg,s R P AR P

35. — RENDICONTI 1972, Vol. LII, fasc. 4.
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From (2.22), (2.23), (2.24) it follows that

t
(2.25) TILOR, + % [ 1@, &n <
0

14

= LIGEI, + 5 [ HIF @I, + 190l +

0

+eralla I, (14 1,1, 112,00 gy + 1)k, 6w DI, || i

and also
T

(2.26) l@@@shl@@+fmﬂwaﬂwwmmw4
0

1

cexp ey [ |1+ 1), -+ 5 () ey + 156y, I ) 1

0

dn .

Hence, by (2.13) (since L*(0,T;L*(Q)) D L% ,T;Vi) N L®(©,T; Vo),

(227) e @)1y, < Nl (©)Ily, + Ms .
‘Setting, on the other hand, in (2.6) # = o, we obtain, by the assumptions
made,
(2.28) (4 (0) 1 &)y, = (f(0),£) = (f(0) &)y, (=
that is
(229) 2. @) lly, < Il.7 ©)lly, -
It follows from (2.27), (2.29) that
(2.30) 4, ly, < M
and, by (2.25),
T
(2.31) J o, 4 < s,
0
My and M5 being independent of z.
Hence
(2.32) lim () = #@ , lmu@ = 2@
7 —>00 L*0,T;V,) 7 —>00 LOO(O,T;VO)

in the weak and weak-star topologies respectively.
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By (2.14), (2.20), (2.32) the limit function ;(t) satisfies condition I).

It remains to be proved that Z(z‘) satisfies also IIa).
Let

(233) ORNYOY:

be any function € H'(0,T; Vi H(Q)), with 4(x,£)>0 for x €Ty, z€[o0,T];
setting

— 2 -
(2.34) hy () = J; N (@) &,

it is obvious that, when pis > p sufficiently large, /:;(t) € H'(0,T;Vin Hz(Q))
and €K Vze [0, T]. Assuming then that p =>p and setting v, (£) = »; (¢)
when j < p, v,(#) = 0 when j > p, let us multiply (2.6) by «;, () — v, (2);
if #>p we obtain, adding and integrating over [0, T],

T

(2.35) f {(Z; O 90— Ty D)y, + W ©) , 1) — Ty (). +

0
- 8n(0) 14 0) 10 (&) — () — (FO), &) — () +
7 B, ), un(d) — By (D) +

+f(<p(x,z)—~§ |Z,,(x,¢)|2) (0, £) — Iy, ) X vdTy | dt — o

Since %, (2) € K,

<B<%n) ’ %n—-}z? = <B(%n> - B(ﬁﬁ) ) uﬂ_ﬁﬁ> =0
and consequently

T

30 [0, 4@ — O+ 160, 5O — E O, +

+ 6n(®) 1 (8) ) — g () — (F D), 0 8) — Ty @), +

+f(<p(x,z)-—§ (a2, 2) ) a8 — Ty, £) X vlTy | de < o
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Observe now that, by (2.13), (2.31),

-
” Uy, <t) ”1-[1(0,'1‘; Vy) < MG )

hence, by well known trace and compactness Theorems,

X — - . — —
(2.37) limyu,() = oy , lmw@ = @
n—>00 L2(0,T ; L*(T)) n—>00 L4(0, T ;L4 ()

in the strong topologies. Letting 7z —oco in (2.36), we obtain then, by (2.14),
(2.32), (2.37),

T

(2.38) f {<Z' @), 5 (t) — Iy By, + 0. (0@ , 14 () — Iy @)y, +

b, u(t), () — (D) — (F @), #(D) — gDy, +

+J~<<P(x,t)~—% ]Z(x,z) |2) (Z(x,t) —Zﬁ(x,z‘)) ><7 diylde <o
A

Vi, (£) given by (2.34), with p > 5.
Since the set of such functions is dense in L? (0, T; K), the relation
:
@3 [|@ @, O —EE, @O, WO O, +

0

Lo, ut), €D — ) —(F O, 4 @) —h@)y, +

—{—'J‘<<p(x,l‘)—-% (e, ) ) G, ) — A (x, 2) X vdTy [ de < o
I
will hold V/i(9) € L*(o, T ; K).
The existence of a weak solution is therefore proved.
Let us now show that the solution Z(z‘) is unique. Assume, in fact,
that§Z(z‘) is a second solution, i.e. is such that ;(t)GLz (o, T;Vy,
v () €el(0,T; V) AL 0, T;Vy), v(f)€K Vre[o,T] and satisfies the

inequality
T

(2.40) f

0

@ @), o) —E D)y, + p@@) , 0() — Ay, +

£ @), 00, 0@ —h@D)— (F &), v () — h(®)y, +

+f(<p<x H— L |Z(x,¢>|2) (W, ) — h(x, ) ><7d1‘1/ dt<o

Vi) €eL2(0, T ; K).
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Setting in (1.12) and (2.40) respectively % () = o (2) and % () = # (¢),
adding and denoting by z_e;(t) the difference Z(z‘)—;(t), “we obtain
T

(2.41) f @) 0O, + 1w OIR, + 8 GO, 4),w(6) —

0

—b0®, 00 ,Z(;))—gfq;(x,t)[z— oG, 8) [ w(x,2) x Tdn% dt<o
Iy

and from (2.41) it follows directly, since w (o) = o, that zej)(t) =oin [o,T].

3. We now prove Theorem 2 stated in § 1.

Repeating without any modifications the initial part of the proof given
in §2, we can show that system (2.6) admits a solution #, (#) in [0, T]
satisfying the initial condition
— —-

n

- el — — —
where v :]; %&i s Un =1§1 %;&; - Moreover,

. — — . — —
(3.1) limz,(f) = «@ , limu,() = «@)
n—>00 L*(0,T;Vy) 7 —>00 L°(0,T; V)
=
in the weak and weak-star topologies respectively and #« (£) € K a.e. on

[0, T]. The limit function Z(t) therefore satisfies condition Ig).
Let

G2) 0= X5,

be a function € H(0,T;V; A H2(Q)), with %(x,/) >0 for x€ Ty, z€[0,T],
2 (0) = ¥,;. Setting

- 2 -
(3-3) Iy () = ;1 M@ &,

it is obvious that, when p > p sufficiently large, /_z;(t) € Hl(o, T;V, N H?(Q))
and € K V¢e [o,T].

Assuming that p >p and setting vy;(#) = N;(#) when ;< p,v,(®) =0
when 7 > p, we multiply (2.6) (written for 7z > p) by «;, (#) — v;(¢), add and
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integrate over [0,T]; we thus obtain

(3.4) f §<Z; @), 10 &) — Teg Oy, + 1 0n D), 20 (&) — @)y, +

 6(n(E) s 1n(9) s en (&) — Iy (D) — (S ), 2 (8 — Ty () +
2 (B (0 () 20, (D) — iy (B)) +

+J.(<p(x,t —%I%(:c,t)lz) (Zn(x,t)—/;:,(x,t))x7dF1 dt=o.

On the other hand, bearing in mind (1.16) and that Z,,(o)-——}z;(o) =
7 — 2, - i — —
=2xjgj——2‘xjgj= > X, & and 4,(Y) € K, we have
s=1 7=1 J=p+1

Bt e, 1) =~ [ |20y Py X3 AT > L f|u| 2, X v dTy,

rur,

f (W ®) 9 (8 — Ty By, A2 = L [0, (D) — T (DI, —

(3-5) — L@ — %, )1, + f @) s 10 () — By D)y, dt =
0

T
2

= / (hz;@) ’ ”n(’)_kp(t))vo dl‘_% “ 2 X &5\l o
J=p+1 Vo

§

(B, 1oy — gy = (Bat) — B , 1y — ) = 0.

Consequently, substituting (3.5) into (3.4),

(3.6) ] 3&2; @) s 10 8)— Ty D)y, + 1 @0 2), 20 (D) — Iy 2y, —

0

—bCn(0), 1 @), Ty @) — (@) s sy (8)— Ty (D)) +

—I—fcp(x,z‘) (ty (% ) — hy( , £)) X v AT +

%/]u(x DIy (x, t)><vdI‘1 dt <

I,
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Observe that, by (3.1), it is obviously

67 lim [JBE, OOt O, 4O~ HE), —
0

T

—FO . mO—he| = [ (GO, 10 —hoN, +
0

@), w@) — @)y, — (f @), u() — Ay()] de.
Moreover, by a Lemma of Hopf, from (3.1) follows that

(3.8) lim () = ()

7n—>00 Lo, T Vo)

in the strong topology. Hence, observing that l:;(t) eH'(o,T;H*(Q))C
CL*®(o,T;L*®(Q),

lim 2, 7 lim 22 el
1m %b ; - uk . m =
msoo T n0mive © 0T e T w0,V R

respectively in the strong and weak topologies and consequently

T

T — — [ 3 Qu.n
(39)  lim / b6 (®), 4,0, iy (1) dt = lim_ | / Xt ey dQ dt =
n—>00, n—>o00, ) jik=1
0 Q

=jfﬂ21 wy o /z”,det—/é(u(z‘) u(?), i, L, (2) de .

Analogously, since

(3'10) ”Yun”]j(o,'f Lﬂ(['» — L‘”% “]_,3(0 T;Vy) < M )

we have

(3.11) lim // [y, ) dey(, )X v dTy dt =
”n —>00 t

T
- / /}Z(x,t)[z /z_;(x,z‘)xjdrldt.
T
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From (3.6), (3.7), (3.9), (3.11) it follows that “ (#) satisfies the relation
512) [} B0 — By, +u o), 50) — oy (D — b0, ), Fy)—
0

— O, uO0—B@®) + [ 06,06 @, H—k (x, 9)x 7 dl +

T,
I - — — .00 |2
—I—?f]u(x,t)[zhp(x,z‘)deFlgdtg_ 2 X, &
?, J=p+1 Vo

V/_z;(t) defined by (3.2), (3.3). Letting p — oo, ;(t) is therefore a solution

of (1.18) V/_;(t) given by (3.2). The set of such functions is however dense in
the space of test functions considered in condition IIg) and the theorem is
therefore proved.
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