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A nalisi m atem atica. —- On a unilateral problem fo r  the N a v ier-  
Stokes equations (*}. Nota II di G i o v a n n i  P r o u s e ,  presentata (**} dal 
Corrisp. L. A m e r i o .

R iassu nto . — Si dà la dimostrazione dei due Teoremi enunciati nella Nota I.

2. Let us give the proof of Theorem 1 stated in the preceding Note I. 
Denote by ß a penalization operator relative to the convex set K, i.e. 

an operator such that

(2.1) K' =  {7 e ' V i | p ( 7 ) =  o } .

As is well known (see, for example, Lions [1], ch. 3, § 5) we can set

(2.2) ß O )  =  J (*  — p ku  .

where J is a duality operator from Vi to Vi (dual of Vi) and Pk is the 
projection operator from Vi to K. We shall assume to have chosen a duality 
operator relative to the function ® (f) =  r y which, by definition, satisfies 
therefore the conditions

(2.3) < J ( o A  =  I I J Ä  llv 'IMIVl

(2 4 ) Il J O ) ly  =  Il V ||Vi V ^eV i,

where the symbol ( , ) denotes the duality between Vi and V i.
Since Vi and Vi (which are Hilbert spaces) are reflexive and have uni

formly convex norms, such a duality operator is uniquely defined and is 
hemicontinuous and strictly monotone.

Let {g j}  be a basis in V i f i H 2^ )  and set

(2-5) «*00 =  i l  ZjÀÒgj-
/=1

Consider the system of n ordinary differential equations

(2.6) (u'n ( t) , gj) Yo +  (X (un (t) , £.)Vi +  b (un (t) , un (t) , gj) — < /(* ) ,# >  +

+  «<ß(«»(0) .<&•> + j ' ( ? ( x > * ) — 7 1 «»(*>012) <§>(>)X v d r i  =  o ( y = i , -  • - ,n )

(*) Lavoro eseguito nell’ambito del Gruppo Nazionale per l’Analisi funzionale e le 
sue applicazioni del C.N.R.

(**) Nella seduta dell’n  marzo 1972.
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with the initial conditions

(2.7) U„(p) =  o .

It is easily seen that (2.6), (2.7) admit a solution for t  >  o sufficiently small;

we shall now prove that a solution un(t) of (2.6), (2.7) exists on the whole 
of [o , T],

Multiplying (2.6) by a.Jn(t), adding and integrating between o and 
* e [ o , T ]  we obtain, bearing in mind (2.7),

t

(2.8) — \ \ u n ( t ) t f a +  J  I (A II « „ ( v j )  1 1 ^ +  ( « » ( • » ] ) , « „ ( > ) ) ,  « * ( > ] ) )  —  < / ( * ] ) ,  « ! ( • » ] ) >  +
0

+  «(ß (un (ri)), un (7])) +  l ’(xp(x,7)) —  ^ \ u n(x u„(x,rl)X  v d l^  j dvj =  o
r,

and consequently, by (1.16),
t

(2*9) ~  IIun (f) lly0 +  0î)||Vl ( f  C7)) > Un C7])) +  n (ß (Un C7])) > ^  C7])) +
0

+  ^ cp ( x , 7]) ^  , 7)) X V d l l  I dvj <  o .
i\

Since ß is monotone with ß (o) =  o, we have 

C2-10) <ß (*„) , «*> > 0  ;

hence, by (2.9),
t

(2.11) -  I K « l lv 0 +  J  j u l l * .W i ly , - < / ( > ) )  , Ì f t ) >  +
0

+  /  ?  ( # .  ■»]) « * ( # , >1)  X  V d l \  dv) <  o

r,

and also, denoting by y the operator trace on T,
t

C2 -12> Y  II (t )  | |^  +  y . f  II u„ (yj) 11̂  dv) <

b
t

^  I j l l /Oùllv;  I K 0 i)llVl +  IL'pC^)IIl^fo llT^C^IlL^rpj dyi ^
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From (2.12) it follows that
t

(2.13) II un(t) ||Vo <  Ml , J  II un(t) II*t d* <  M2 ,
0

—>■
Mi and M2 being independent of n. Hence the solution un(f) exists on the 
whole interval [o , T] and

(2.14) lim un(i) — u(f) , lim un(f) — u(t)  W
n —> 00  L2 (0, T ; Vi) n —> oo ^  i  • y  j

in the weak and weak-star topologies respectively. On the other hand, by 
(2.9), (2.13;,

T

<ß («» 00) , U„ (t)) At <

< d U At < m 3
^  /  |l ^ ®  +  [?(*>*) * .(* .  0  x v

0 Ti

and, consequently,
T

(2.15) lim f (ß (u„(t)) , un(t)) At =  o .
«->00 J 

0

We now recall (see Lions [i] ch. 3 th. 5.1) that

Q ( v — PKz>), PK»> >  O V z 'e V i ;

hence, by (2.3), (2.4),

T T

( 2- l 6 )  j  < ß  K  (fî) - « »  00)  =  j ( J  K  00 —  P K  « *  ( 0)  .  Un 00}  àt =
0 0

T

=  J  , 0  K O O  —  P K  « * ( 0 )  » u « ( f )  —  P K  « » ( 0 > d /  +
0

T T

■ rj(J ( « » 0 0 — p k « » 0 0 ) » p k u n 0 0 > d *“ >  J  I K ( 0  —  p k « » 0 0 l l v ,  à t  ■
0 0

From (2.15), (2.16) it follows that

r -  -  ,hin J II un (t) —  PK un (f) ||V] At =  o

(1) We shall always, for simplicity, again denote by {un} subsequences selected from {un}.
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which implies

('2 ' 1 ^  ™   ̂ ^  ^  : V )  =  J 1™   ̂^  ^  ~  P k  ^  ^ ! (0,T ; Vi) =

=  lim ||«„ — PK* J .L2(0 ,T ; Vi) =  ' O .

Denoting by <p an element of L2 (o , T ; Vi), we have, by (2.14), 
(2.17) and the monotonicity of ß,

T

(2. ï 8) I — <ß(? (*)) > «  (0 — ?(*)> d* =
«/0

T

=  l i m  f  < ß K 0 0 )  —  ß ( < T ( 0 ) , Î ( 0  —  9 ( * ) > d /  > 0 .» “>oo J 
0

Hence, setting ç (0 =  «CO +  *<K0 . <f(f) e L2 (o , T ; Vi), X >  o, it 
from (2.18) that

T

J  <ß (* (0  — *fe>) » F 00> d^ <  o v ?  (/) e L2 (o , T ; Vi)
0

and, letting X o and bearing in mind that ß is hemicontinuous,

T

0 - * 9 )  J  < ß  ( « ( 0 )  ,  ï ( 0 >  d /  <  o  V F ( / )  e  L2 ( o  , T  ; Vi) .
0

Therefore

(2.20) ß («) =  O ,

i.e. «  (t) e K a.e. on [o , T].
Let us now differentiate (2.6); we obtain

follows



[285] G io v an n i P ro u se , On a unilateral problem fo r  the Navier-Stokes, ecc. 471

Multiplying (2.21) by a/„(*), adding and integrating between o and t e [o , T], 
we have

t

(2.22) y  II u'„ ( t )  ||2 > — II u'n (o) ||yt +  J  I  H IW  O D I l y ,  +  ^ (U'n 0)) . Un (?)) , «4 (V))) +

b (u„ (ji) , u'n(?i), (yj)) +  n <(ß (u„ (y])))', (yj)> — </(yj) , 5  (y])> +

_L

Ti
' ~  Ì  «y, 0  , vi)  ̂ S= ' ’ >

J =1 dl\ X v dTx i dr\ =  o .

Observe that, by the monotonicity of ß,

<ß (<p (t +  k)) —  ß (9 $ )  , 9 ( /.+  A) — f(/)> > 0  V y(t)  e H 1 (o , T ; Vi)

and consequently, since ß satisfies a Lipschitz condition (Vi being a Hilbert 
space),

(2-23) < ( P ( ? W » ? ( 0 >  > 0 -

Moreover, by well known embedding theorems,

I b  (u n , ^  , Un) I <  ^  II Un ||l4(Q) II U n ||Vi <  C2 I,1 Un ||Vo II Un ||Vi || Un ||Vi <C

^  y  ll^llv, +  cs ||«i||v. II^JIVl >

I b (un, Ui, , u„)\ <  ci y un ||L, (Q) II u’„ ||Vj II u'n ||l4(Q) <  c& II un ||L.(Q) II «411? II u'n ||.

< :  f i t  ^ l l ^  +  ^ e l l  ^ H v .  Il Ï I I l ‘ ( Q ) ,

1/2 
V. :

(2.24)

J\un\\v!n I2  dr <  Il yun | | L . ( r )  Il y  u'n | | 2 , ( r )  <  r 7 1| « „  | | V g /#  | |  Z  | | 2 2 /3  <  
r

^  C% Il "*llv0 II un llyf II II? Il u'n II?  ̂  y  II u'n lly, + ̂ 9 II Un llVo II Un lly, II U>‘\iya >

J  I V I l^” l <̂^'1 — Y  II libero +  Y  llT^ll^tr,) ^

2 H IlLqr,)-^  Yo ll^»llya/s ^  Y  II ^  llL*(r,)~l" Y  l l^ l ly ,  +  cn II *4 li

35. — RENDICONTI 1972, Voi. LII, fase. 4.
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From (2.22), (2.23), (2.24) it follows that
t

(2 -2 5) +  — J  IKODIIv, dy) ^
0

t

^  -  I K ( o ) | l v 0 +  -  j j  H v .  +  l l ? ' ( l ) f e r o  +

+  ^ 1 2 l K ( l ) l l v .  [ l  +  l / » ( l ) l l v 1 +  l / » ( l ) l l t ( Q ) +  l l « . ( l ) l l V i  l / « ( l ) l l v 1 ] I d l

and also

(2.26) k ( o i i v , <  i k ( ° ) i i V o  +  J  [ \ \ f m l  +  i i ç ' c o i i L v r o dt

exp £12 I + 11«.(l) ||^  +  ||« .( l) ||£ .(0) +  II « . ( l ) | |v. , | |« .( l ) | |^  dl  ■

Hence, by (2.13) (since L4(o ,T  ; L4(Ü)) D L2(o ,T  ; Vi) n  L°°(o , T ; V0)),

(2 -2 7) IK (O l lv 0 ^  IK (° ) l lv „  +  M s •
Setting, on the other hand, in (2.6) t =  o, we obtain, by the assumptions 

made,

(2.28) (u'„(o) , g j \ t =  < /(o) ,gj) =  ( / (o) , g j \  ( 7 =  I

that is

(2 -29) ll^ (o )||Vo< | | / ( o ) | |Vj.

It follows from (2.27), (2.29) that

(2.30) |K ( 0 HVo< M 4 

and, by (2.25),
T

(2.31) J  K ( 0 llv, d ^ <  M5 ,
0

M4 and M5 being independent of n.
Hence

(2.32) lim Un(t) =  u r(t) , lim Un(t) =  u r(t)
n-> 00 L2(0>T;Vi) n->co L°°(0,T;Vo)

in the weak and weak-star topologies respectively.
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By (2.14), (2.20), (2.32) the limit function u(f) satisfies condition Ia ) .

It remains to be proved that u(t) satisfies also IIA).
Let

_> ° °

(2 -33) h(t)  =
y= 1

be any function e H \o ,T ; V in  H2(0)), with h ( x , t ) > o  for x e V 2, ife[o,T]; 
setting

(2 -34) ht (t) =
J= 1

it is obvious that, when p  is >  p sufficiently large, hp(t) 6 H ^ o .T jV iO  H2(Q)) 
and e K V/e [o , T], Assuming then that p  > p  and setting y-f (t) =  (t)
when j  <  p , yp (t) =  o when j  >  p,  let us multiply (2.6) by a.jn (t) — yy (t) ; 
if n p  we obtain, adding and integrating over [o , T],

T

( 2 ' 3 5 )  J  j ( “ » ( 0  » U n ( f )  ^ ( ^ ) ) v „ +  ! * ( « » ( * )  ,  ^ » ( ^ )  —  ^ ( 0 ) V l  +
0

+  *& 0O  - « .(0  - Î 09 — î f ô )  — ( f( f)  , « ,(/)  — %(t))Yq +

+  n <ß (*« (0) . (0 — hp (t)) +

+ J  ^  Y  > 0 12) (Un(x  > *) — hp{x , £)) X v d r x I d/ =  o .

Since hp (t) e K,

<ß <X) > hp) =  (ß («„) — ß (hp) ,u„ — hp) >  o 

and consequently

T
/ ( —> —>
/  «  (0 > *• (*) —  h  0))Vo +  (x («. (/) , un (t) —  hp (t))Vi +

Ò

+  b (« .(0 , « . (/) , un(t) —  Ip (*)) —  (Jit)  , u„(t) —  hp(0)Vo +

+  J (?(* , t) —  - \un(x  , f) I2) (Zn(x , t) —  hp(x , t)) x t d l \  j dt<> o .
Ti '

(2.36)
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Observe now th a t; by (2.13), (2.31),

IKOOIIhhO.Tî V!)^ M 6Ì

hence, by well known trace and compactness Theorems,

(2.37) l im y u nit) =  y uit)  , lim unit) =  u it)
« -> o o  L3(0 ,T ;L 3(D ) n~>oo L4(0,T ;L4(£2))

in the strong topologies. Letting n —>oo in (2.36), we obtain then, by (2.14), 
(2.32), (2.37),

T

(2.38) J I <y (/) ,u ( t )  —  hp +  [t. (u ( t ) , u (t) —  hp 0))Vi +
0

+  b (u ( t) , u (f) , u (t) — hp (0) — (J  if) ,.«(*) —  hp (7))Vo +

.+ J (9 (x y t ) -----\ \ u (x  > 0  |2) (T > 0  — hp(x ,£)) X v d r x I d/ <  o
r\

Vhp(t) given by (2.34), with p > p .
Since the set of such functions is dense in L2(o ,T  ; K), the relation

T

(2.39) j  j (u' (7) , u it)  — h (7))Vo + \ x ( u ( t ) , u  (7) —  h (0 )Vi +  
o '

+  £(>(7) , uif) , u if)  — h i t ) ) — { f i t ) , uif) —  h (7))v> +

-j- j ̂ <p(x , t ) ---- J « (# , t) |2j {u(x , t) — h{x , t)) X v d r  ! I d7 <  O

will Jiold v /(7 ) e L2 (o , T ; K).
The existence of a weak solution is therefore proved.

—X
Let us now show that the solution u(f) is unique. Assume, in fact,

that v (f) is a second solution, i.e. is such that v(t) e L2 (o , T ; Vj),

v' (t) e L2 (o , T ; n  L°° (o , T ; V0), v (f) e K W e [o , T] and satisfies the 
inequality

T

(2.40) [  j (V (7) , v it) —  h (7))Vo +  [i 0  (7) , z/ (7) — Ä (7))Vi +
0

+  b{v{t) , v{t) , v{t) —  h(f)) —  i f ( t )  , zf t )  — Ä(7))Vo +

+  J  (9 (x , 7) — — I v (x , 7) |2j (z* (a: , 7) — Æ (* , 7)) X v d l \  j d7 <  O

vl(7) e L2 (o , T ; K).
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Setting in (1.12) and (2.40) respectively hit') — v if) and h (f) =  u (/)., 
—  ̂

adding and denoting by w (t) the difference u (f) — v (t), we obtain

T

(2.41) J  I (w'(t) ,w (t))Vù +  (X [| w(t) ||^ +  b (u(t) , u(t) ,w (t)) —
0

— b (vit) , vit) ,w ( t) )------   I ( I u (x ,t)  |2'— \ v(xyt) |2) w ( x , t ) x  V d r i j  dt < o

and from (2.41) it follows directly, since w (o) =  o, that w it) — o in [o , T].

3. We now prove Theorem 2 stated in § 1.
Repeating without any modifications the initial part of the proof given

in § 2, we can show that system (2.6) admits a solution un it) in [o , T] 
satisfying the initial condition

Un (O) =  Vn ,

where v =  2  y .g . , vn =  2  • Moreover,
1 y=1

(3-0 lim ^  (£) =  ^  it)
B ^ o o  L2 (0 ,T ; Vx)

lim un (t) =  ^ (/)
«_^oo L°°(0 ,T;Vo)

in the weak and weak-star topologies respectively and u it) e  K a.e. on

[o ,T ]. The limit function uit)  therefore satisfies condition I b ) .

Let

. 00
(3-2)

y=1

be a function e H x(o ,T ; V x n  H 2 (Q)), with ^ (T ,zf) > o for T2, / e [ o , T ] ,  
xy ( ° ) = ly- Setting

(3*3) hp (f) 2  \  (?) £ j y
y=1

it is obvious that, when >  p sufficiently large, hpit) e H 1 (o , T ; Vx n  H 2(O)) 
and e K  V te  [o ,T].

Assuming that p > p  and setting f j(t)  =  Xy(zf) when j  <  p  , ŷ  (£) =  o 
when j  > p, we multiply (2.6) (written for n > p )  by ay»(0 ~  Ïy00> a^d an<̂
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integrate over [o ,T]; we thus obtain
I

(34) J  I (Un (f) , Un(t) kp 00)yo +   ̂(Un(t) , Un(t)  hp (f)\^ +
0

+  b(un(t) , un(t) , un(t) — kp(t)) — { f ( t )  , Zn(t) — hp(f)) +  

n (ß (un (/)) , un (t) hp (/)) +

+  (  ( ?  (x  > t) —  ~ \ u „ ( x  , t ) | 2)  (un{x , t )  —  hp(x  , t)) X  V dVÀ

On the other hand, bearing in mind (1 .16) and that u„(o)• 

==SXy<£y— Xy £y =  2  X; £y a n d  kp(f) G K, we h a v e
/ - I

(3-5)

y=i>+i

, u » , U n ) = - ~ j \ u»\2 X V d r  >  —  f  | « „ | 2 x T d l V  

r.ur, r,
T

/  ( 2 ( 0 , 2 ( t ) ~ ~ h p( t ) \  d/ =  - l  ||^ (T ) (T)||2o -

- t K ( o ) - ^ ( O ) II* +  (/) , (*) — h ,(0 )v d />

>  I (bp (£), un (t) — hp (t))Va d̂  — s  2
y-j>+i

(3-6)

<ß(«„) . u« — bp) =  <ß(*„) — $(bp) , 2  — bp) > o .  

Consequently, substituting (3 .5) into (3 4 ),

T

j \ (k (o. 2 (0—X (oxo +1* («„ (o, «„ (o—X co)Vl ■
c>

 ̂(^» (0 > (0 > ̂  (0 ) C/ (0 ) (0 ^  00) d“

-b / 9 > 0  Ô  > 0̂ ^  (# > )̂) x  v dr^  -f-
Ti

+  ■- j  \ uH(x , t ) \
h

2 -  ) hp(x , t) X v dr-ij d̂  < Xy Sj
j=p+1

d/ =  o .

î ( o )  =
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Observe that, by (3.1), it is obviously

(3.7) lim \{h'pit) , u„(t) —  hp(t))v +  \x(u„(t),un{t) —

( f  (f) > Un (f) K  (f)) I à-t >  I I (hp it) , U (f) hp (̂ ))yo 4"

+  \l (u (/) , u (t) —  ht  (t))Vi —  ( /  (t) , u ( t ) —  hp it)) j dt . 

Moreover, by a Lemma of Hopf, from (3.1) follows that

(3-8) lim un (t) — u (f)
oo L2(0 ,T;Vo)

in the strong topology. Hence, observing that ^ e H ^ O j T  ; H 2(Q))C 
C L°° (o , T  ; L°° (O )),

■du-
lim ukn h.{jp

»-> 0 0  L2(0,T ; V0)
uk hjp , lim

du.
J

dx.h L2(0,T;Vo) ^Xk

respectively in the strong and weak topologies and consequently

T T
_> r  r  \  dujn

(3.9) lim / b [unQ(), un(it), hp(11)) dt =  lim / I ukn hjp dO dt =
n- -̂OOJ »->00,/ J  j,k = 1

0 0 Q

5̂ .
2  ^  ^  dt =  b (u(t) , u(t) , ^ ( 0 )  d/ .

0 Q
j ,k—1

Analogously, since

(3-IO)

we have

(3-10

li C II Un IIl̂ O.T ; V,) — ^  ’

lim
n —> 0 0

J  \u„(x , t ) f  h.p(x , t)X  v d l \  d* =
0 r t

T

I u (x , t) |2 hp{x , i) X v d f i  d/ .
0 T*
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From (3.6), (3.7), (3.9), (3.11) it follows that u (t) satisfies the relation
T

( 3. 12)  J  j  (5  (t) , u ( t )  -  X  o o ) v # + n ( « ( o , *  ( ? )  -  X  ( 0)  V l — * ( « ( # ) » «  c o , X  i t ) )  -
0

—  < /(* )  , « ( 0  —  K i t ) )  +  j  cp ( x  , t )  {u (x , t )  —  ht  ( x , t ) )  X v d r ,  +
r 1

+  — I I u  {x  , f  hp (x, t) X v d T i ! d*1 < . 2  x j  g  jj=p+ 1

V/^00 defined by (3.2), (3.3). Letting p  -> oo , ' u(t) is therefore a solution

of (1.18) VA(Y) given by (3.2). The set of such functions is however dense in 
the space of test functions considered in condition I IB) and the theorem is 
therefore proved.
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