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Analisi matematica. — Oz @ unilateral problem jfor the Navier—
Stokes  equations. Nota 1 di Giovanni Prouse ©, presentata 9
dal Corrisp. L. AMERIO.

RIASSUNTO. — Si considera, per le equazioni di Navier—Stokes, un problema « uni-
latero » che, tradotto in una formulazione debole, di luogo ad una disequazione di Navier—
Stokes. Si enuncia un Teorema di unicitd ed esistenza della soluzione di tale disequazione
nel caso bidimensionale ed un Teorema di esistenza di una soluzione « molto debole » in tre
dimensioni spaziali. Le dimostrazioni di tali Teoremi vengono date nella Nota II.

1 — Let Q be a tube with initial section I'1, final section I's and wall I's;
we assume that the tube actually terminates at I's and consider the motion
of a viscous incompressible fluid which enters through Iy and flows out of Q
and into the atmosphere through I's. This problem obviously arises very
often in practical cases, whenever the free flow of a fluid through an orifice
is considered.

The motion of the fluid (of unit density and viscosity @) in Q is governed
by the equations of Navier-Stokes

gt BB Zos e
(I.I) ot W%y Pe1 2 ka ij —Ji J 12,3
diV Z=O (xGQ),

%= (w1 , ug , u3) being the velocity, p the pressure, 7= (f1,/2,/3) the
external force. The problem we shall study corresponds to the following
initial and boundary conditions:

@) #(x,0)=o0() x€Q,
b uw@,H=o xely |, t>o0,

O P+ L lu@,H = , || =|u@Hxv| xeli, r>o,
d) p(x,t)=o, zxely , t>o0, |

— > - - -
e) |u(@,d)|=|ul,)Xv| , ulx,)Xv=o0 x€le , ¢£>o0,
—
where v denotes the outer normal to I
(*) Istituto Matematico del Politecnico di Milano. Lavoro eseguito nell’ambito del

Gruppo Nazionale per ’Analisi Funzionale e le sue applicazioni del C.N.R.
(**) Nella seduta dell’t1 marzo 1972.
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Condition &) assigns the value of the velocity at all points of Q when
t=o.

Condition &) imposes (in accordance with the limit layer theory) that
on the wall I's the velocity of the fluid vanishes.

By ¢) we assign on the initial section I'y the value of the total energy

of the fluid which, being the density =1, is given by 2 (x,#) + — [u(x D?;

moreover, we assume that the velocity at each point of I is dlrected as the
normal to I%.

Conditions &) and ¢) refer to the final section I's; they interpret the fact
that, since the fluid flows out of Q and into the atmosphere (where the pressure
is assumed = 0) through I's, the pressure at all points of I's is = o0 and the

—
velocity has the same direction as the outer normal v.
—_—

It is obvious that the initial function v(x) will necessarily have to satisfy

the conditions

div;(x)=o x€Q,
(1.2) [i<x)I = [_)” (x)x_)v] r eI,
|v ()] = v(x) Xv x €Ty,
ZT(X):O 9C=F3,

Let us now introduce some functional spaces in which the solutions of
our problem will be defined. In what follows we shall always assume that Q
satisfies the cone property and that I'i and I’z are plane sections, perpen-
dicular to the x;—axis.

We denote by 9T the manifold of vectors ;(x) indefinitely differentiable
and with null divergence in Q and such that ]z_;(x)l = [Z{x) XT| on

i —
I'uTe, v(¥) =0 on I's; moreover, if N° is the closure of ®C in H°(Q),
we can set, by the definitions given,

(7}! w)NO = (’U) w)Lﬁ(Q) = Jg UJ <x) wJ (x) dQ )
o}
(1-3). S
(v, W) = (v, W)y @ / j,;:"l —Qx’: — dQ

Q

Let D(A) be the set of elements # € N* such that the linear form

v—> Qu U)N, is continuous in the topology of N°; it is then possible to define
a linear, self-adjoint, positive operator A, from D(A) to N° such that

(1.4) @, 0) = (A, 0)y VZeD(A) , veN.
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Let us denote by A° (¢ real > o0) the power of order ¢ of A and by V,
the domain of A%?; V, is a Hilbert space with scalar product defined by

(1.5) (1, 0)y = (A", A7),

By the definitions given,

N'=v; , N'=V, , H(@QDV,

and the interpolation property ‘
(1.6) [V Vilo = Vaa-o0+80
holds.

Finally, we introduce the closed convex set KC Vi:
(1.7) K= {Z(x)[ZE Vi, :(x)szo a.e. on I }.

Observe that, setting

b(u,v,w) f}S_,

£

—
and assuming that div# = o, we have

(1.8) b(h,0,w)=—b(u,w,0) + / (@xw) (#xv) dT
r
and, consequently,

—

(1.9) b, o,0) = g[ 2|2 (4xv) dl .

Moreover, VZGD(A) R }76 Vi,
- - - = 3
(1.10) (— D, )y = (u, h)y, — /le e ~ h; cos vz, dI' =
— > T3 us —_ =
= (u,h)y, — / by G by AT = (u, Ay,

Jo7=1
r

3 3 & ony > >
(1.11) fze—p./zjd9=—/‘p2—a—’dﬂ—|—fph><vd1".
g /1 Zj g xj F

(1) Identifying V, with its dual space, we shall denote by V., the dual of V.
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We now associate to problem &), ¢), &), ¢) for system (1.1) the following

weak formulation. A function Z(z‘) = {Z(x,t) ;2 €Q} will be called a
weak solution in [0, T] of the Navier-Stokes equations (1.1) satisfying the
boundary conditions &), ¢), &), ¢) if:

L) 2@ el?©,T;V) , #@el(©,T;V)nL®(©,T;Vy,
#()eK Vie[o,T];
I1a) 2 (2) satisfies the inequality

T

(1.12) O/

+E@ R, u @), 1@ —hO) — (O, @O —h@E), +

— -

@@ w@) — k@), + o, u ) —h @By, +

+J~ oG )— = |Z(x,z)i2] @(x, ) — 4 (x , 2)) x?dn% dt <o

VE() €L (0, T; K).

Let us show that 1), IIs) actually represent a weak formulation of the
problem considered.

Observe, first of all, that condition I,) implies that ;Z(t) satisfies ¢) and

the second of ¢). Moreover, if we set in (1.12) Z(z) =0 and Z(z‘) = 227(;‘)
we obtain that necessarily

(1.13) j{ (D), 1Oy, + 0@ @) )y, + @), (D, D) — (D, u By +
!
+f[<p(x‘,z)—g[Z@,z)[z}z?(x,z)x%n dt=o.
Hence, by (1.12), (1.13),
(1.14) f g W), BBy, + w @) O, bty we), D) — (F (O, 5By +
g
+ e =2 126 of] F(e,5)x v dTy{ de >0

Vi () €L (o, T; K).
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Let 7(2‘) be a function € L? (o ,T ; Vi), with Z_>(x ,t)=o0 a.e. on Iy X [0 ,T];
setting in (1.14) Z(t) =4 7(;‘), it follows that

(1) [ WO, 700, +uO. 70, +5GO.40, [0 — T, T+
0

+J‘[<p(x,t)—-~;—|z7(x,¢)|2] J,)xvdlhldt=o.

I

The same equation (1.15) can also be obtained multiplying by /; the
first of (1.1), adding, integrating over QX [o,T] and bearing in mind the

second of (1.1), (1.10), (1.11) and conditions ), ¢),d). Hence, if z_;(z‘) satisfies
I14) (and consequently (1.15)), it is a weak solution in QX J[o,T] of the
Navier-Stokes equations satisfying conditions &), &) and the first of ¢).

In § 2 we shall prove that, in the case of two space dimensions (i.e. for
plane flows), there exists, under appropriate assumptions on the data, a
unique weak solution in QX [o,T] of system (1.1) satisfying the initial and
boundary conditions «), &), ¢), &), e).

In order to study the general three-dimensional case, we introduce a
“very weak ” formulation of the problem considered. Observe, for this,
that, by (1.9) and conditions &), e),

- > =

(1.16) b(u,0,u)=

I
2

|%* £ x V) dT 2%[ |2|? (kX v) dT;
Ul I

moreover,

(117) OO — A D)y, = D, 5 O —h D)+ D — D, 0O — Oy =
— L =R, + ), v — F),.

Let us assume that Z@: besides satisfying the assumptions made so

far, is such that %/(?)€L%(o,T;Vs), %(0) = (o). Substituting (1.16),
(1.17) in (1.12), we obtain, denoting by (,) the duality between Vi and Vi,

(1.18) f 0,50 — O, + 0G50 — )y, — b 0), w0, ) —
0
—FO . aO—h @) + J.cp(x,z‘) (@, ) — (e, ) X v ATy +

+ —}flZ<x,t>|2Z’(x,t)x7dn§dzgo.
Iy
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We shall therefore say that Z(t) is a wery weak solution in [0, T] of the
Navier-Stokes equations satisfying the initial and boundary conditions &),

b), o), d), e), if
Is) #()el?(0,T;Vi)NL®0,T;Ve), #(®)€eK ae on [o,T];
1) u(2) satisfies (1.18) VA() € L2(0,T; K), with /'(t)€L%(0,T;Vy),
K@) =0.

In § 3 we shall prove an existence Theorem on [0, T] of a very weak
solution in the general three-dimensional case. We obtain therefore results
similar to the well known ones which have been proved for the classical
mixed problem with Dirichlet boundary conditions: when the space dimen-
sions are 2, an existence and uniqueness Theorem holds for an appropriately
defined weak solution, whereas, for more than two dimensions, the existence

of a solution is proved in a functional class in which the uniqueness is not
guaranteed.

Let us now state the two Theorems that, as mentioned above, will be
proved in the next two paragraphs.

THEOREM 1. — Assume that the fluid is initially at rest, i.e. that
v(X)=0, ¢(x,0) =0 and that f(#)€L?(0,T; Vo), F(H)eL?(0,T;Vy),

e@€EeL? (0, T;L* (M), ¢ @) €L?(,T;LAIY). There exists then in
[0, T] one and only one weak solution of the two-dimensional problem.

THEOREM 2. — Assume that v(x) € K, f@®) €l®(0,T; V),
e €L, T;LE(). 7 here exists then, in the three-dimensional case, at
least one very weak solution in [0 ,T].



